Trigonomet 


Eighth Edition 





Margaret L. Lial 


American River College 


John Hornsby 


University of New Orleans 


David |. Schneider 


University of Maryland 


PEARSON. 


Addison 
| esley 





Boston San Francisco New York 
London Toronto Sydney Tokyo Singapore Madrid 
Mexico City Munich Paris Cape Town Hong Kong Montreal 


Publisher: Greg Tobin 

Senior Acquisitions Editor: Anne Kelly 

Editorial Assistant: Cecilia Fleming 

Associate Project Editor: Joanne Ha 

Senior Production Supervisor: Karen Wernholm 

Production Coordination and Text Design: Elm Street Publishing Services, Inc. 
Senior Marketing Manager: Becky Anderson 

Marketing Coordinator: Carolyn Buddeke 

Senior Author Support/Technology Specialist: Joe Vetere 
Associate Media Producer: Sara Anderson 

Software Development: Kathleen Bowler and Malcolm Litowitz 
Senior Manufacturing Buyer: Evelyn Beaton 

Rights and Permissions Advisor: Dana Weightman 

Cover Design: Barbara T. Atkinson 

Composition: Beacon Publishing Services 

Illustrations: Techsetters, Inc. 


Cover Photo: © Getty/National Geographics 


Photo Credits: p. 1, 26, 92, 126, 132, 211, 386 Corbis RF; p. 36, 45, 75, 85, 117, 129, 181, 216, 284, 319 (T) 
(B), 432 PhotoDisc; p. 44 Bob Kramer Studio, Courtesy Museum of Science, Boston; p. 65 PictureQuest/Brand 
X Pictures (RF); p. 72 SAU: p. 93, 121, 234 NASA: p. 131, 151 A.J. Sisco/Corbis; p. 144 Courtesy Joseph A. 
Dellinger; p. 179, 235, 253 Thinkstock (RF): p. 193 © Jutta Klee/Corbis: p. 245, 259, 274, 387, 398 PhotoDisc 
Blue; p. 275, 281 Corbis TL; p. 330 Artville (RF); p. 331, 358 University of Waterloo; p. 385 Susan Ragan/ 
Reuters NewMedia Inc./Corbis; p. 414, 450 Beth Anderson; p. 430 © AFP/Corbis 


Library of Congress Cataloging-in-Publication Data 
Lial. Margaret L. 
Trigonometry.— 8th ed./Margaret L. Lial, John Hornsby, David I. Schneider. 
p. cm. 
Includes indexes. 
ISBN 0-321-22736-0 
i. Trigonometry. I. Hornsby. E. John. II. Schneider, David I. IIT. Title. 
QAS31.L5 2005 
516.24 —dc22 
2004044494 


Copyright © 2005 Pearson Education, Inc. All rights reserved. No part of this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, 
recording, or otherwise, without the prior written permission of the publisher. Printed in the United States 


of America. 


12345678 9 10—QWT-— 07060504 


Contents 


Preface yiii 
Supplements Guide xii 


1.1 


1.2 
1.3 


1.4 


Trigonometric Functions  ; 
Angles 2 


Basic Terminology = Degree Measure « Standard Position = Coterminal 
Angles 


Angle Relationships and Similar Triangles 9 

Geometric Properties a Triangles 

Trigonometric Functions 20 

Trigonometric Functions = Quadrantal Angles 

Using the Definitions of the Trigonometric Functions 27 


Reciprocal Identities = Signs and Ranges of Function Values a Pythagorean 
Identities « Quotient Identities 


Summary 37 = Review Exercises 39 = Test 42 m 
Quantitative Reasoning 44 





2.5 


Acute Angles and Right Triangles 45 


Trigonometric Functions of Acute Angles 46 

Right-Triangle-Based Definitions of the Trigonometric Functions = 
Cofunctions m Trigonometric Function Values of Special Angles 
Trigonometric Functions of Non-Acute Angles 55 

Reference Angles a Special Angles as Reference Angles = Finding Angle 
Measures with Special Angles 

Finding Trigonometric Function Values Using a Calculator 62 
Finding Function Values Using a Calculator = Finding Angle Measures Using 
a Calculator 

Solving Right Triangles 68 

Significant Digits © Solving Triangles * Angles of Elevation or Depression 
Further Applications of Right Triangles 77 

Bearing * Further Applications 


Summary 86 ® Review Exercises 88 * Test 9] = 
Quantitative Reasoning 92 


iv 


Contents 


5 Radian Measure and Circular Functions 93 





3.1 Radian Measure 94 
Radian Measure * Converting Between Degrees and Radians » Finding 
Function Values for Angles in Radians 

3.2 Applications of Radian Measure 99 
Arc Length on a Circle » Area of a Sector of a Circle 


5.5 The Unit Circle and Circular Functions 108 
Circular Functions » Finding Values of Circular Functions a Determining a 
Number with a Given Circular Function Value a Applying Circular Functions 


5.4 Linear and Angular Speed 116 
Linear Speed = Angular Speed 


Summary 122 = Review Exercises 724 m Test 728 u 
Quantitative Reasoning 129 


4 Graphs of the Circular Functions — 137 


4.1 Graphs of the Sine and Cosine Functions 132 
Periodic Functions * Graph of the Sine Function * Graph of the Cosine 
Function « Graphing Techniques, Amplitude, and Period = Using a 
Trigonometric Model 


4.2 Translations of the Graphs of the Sine and Cosine Functions 146 
Horizontal Translations = Vertical Translations = Combinations of 
Translations = Determining a Trigonometric Model Using Curve Fitting 

4.5 Graphs of the Other Circular Functions 155 


Graphs of the Cosecant and Secant Functions » Graphs of the Tangent and 
Cotangent Functions » Addition of Ordinates 


Summary Exercises on Graphing Circular Functions 768 


4.4 Harmonic Motion 168 
Simple Harmonic Motion = Damped Oscillatory Motion 


Summary 773 = Review Exercises 175 © Test 178 = 
Quantitative Reasoning 179 


5 Trigonometric Identities 187 


5.] Fundamental Identities 182 
Negative-Angle Identities = Fundamental Identities = Using the Fundamental 
Identities 





5.2 Verifying Trigonometric Identities 188 
Verifying Identities by Working with One Side a Verifying Identities by Working 
with Both Sides 

5.5 Sum and Difference Identities for Cosine 197 


Difference Identity for Cosine = Sum Identity for Cosine = Cofunction 
Identities = Applying the Sum and Difference Identities 


Contents v 


5.4 Sum and Difference Identities for Sine and Tangent 205 
Sum and Difference Identities for Sine = Sum and Difference Identities for 
Tangent = Applying the Sum and Difference Identities 


5.5  Double-Angle Identities 212 
Double-Angle Identities =  Product-to-Sum and Sum-to-Product Identities 


5.6 Half-Angle Identities 22] 
Half-Angle Identities «= Applying the Half-Angle Identities 
Summary Exercises on Verifying Trigonometric Identities 227 


Summary 229 m Review Exercises 231 = Test 233 a 
Quantitative Reasoning 234 


O Inverse Circular Functions and 
Trigonometric Equations — 235 





6.1 Inverse Circular Functions 236 
Inverse Functions « Inverse Sine Function a Inverse Cosine Function a» 
Inverse Tangent Function » Remaining Inverse Circular Functions «= Inverse 
Function Values 


6.2 Trigonometric Equations I 249 
Solving by Linear Methods = Solving by Factoring «= Solving by Quadratic 
Methods «= Solving by Using Trigonometric Identities 


6.5 Trigonometric Equations II 256 
Equations with Half-Angles = Equations with Multiple Angles 


6.4 Equations Involving Inverse Trigonometric Functions 262 
Solving for x in Terms of y Using Inverse Functions « Solving Inverse 
Trigonometric Equations 


Summary 269 s Review Exercises 271] m Test 273 u 
Quantitative Reasoning 274 


7 Applications of Trigonometry and 
Vectors 275 





71 Oblique Triangles and the Law of Sines 276 
Congruency and Oblique Triangles » Derivation of the Law of Sines = Solving 
SAA and ASA Triangles (Case I) = Area of a Triangle 


72  TheAmbiguous Case of the Law of Sines 287 
Description of the Ambiguous Case = Solving SSA Triangles (Case 2) = 
Analyzing Data for Possible Number of Triangles 

7.5 The Law of Cosines 293 


Derivation of the Law of Cosines «= Solving SAS and SSS Triangles (Cases 3 
and 4) = Heron's Formula for the Area of a Triangle 


vi 


Contents 


7.4 Vectors, Operations, and the Dot Product 305 
Basic Terminology «= Algebraic Interpretation of Vectors = Operations with 
Vectors = Dot Product and the Angle Between Vectors 


75 Applications of Vectors 315 
The Equilibrant «= Incline Applications = Navigation Applications 


Summary 322 = Review Exercises 325 =m Test 329 u 
Quantitative Reasoning 330 


8 Complex Numbers, Polar Equations, and 
Parametric Equations 331 


8.1 Complex Numbers 332 


Basic Concepts of Complex Numbers «= Complex Solutions of Equations a 
Operations on Complex Numbers 





8.2 Trigonometric (Polar) Form of Complex Numbers 341 
The Complex Plane and Vector Representation «= Trigonometric (Polar) Form = 
Converting Between Trigonometric and Polar Forms = An Application of 
Complex Numbers to Fractals 


8.5 The Product and Quotient Theorems 347 
Products of Complex Numbers in Trigonometric Form = Quotients of Complex 
Numbers in Trigonometric Form 


8.4 De Moivre’s Theorem; Powers and Roots of Complex Numbers 352 
Powers of Complex Numbers (De Moivre's Theorem) » Roots of Complex Numbers 


8.5 Polar Equations and Graphs 359 
Polar Coordinate System = Graphs of Polar Equations = Converting from 
Polar to Rectangular Equations = Classifying Polar Equations 


8.6 Parametric Equations, Graphs, and Applications 371] 
Basic Concepts = Parametric Graphs and Their Rectangular Equivalents = 
The Cycloid = Applications of Parametric Equations 


Summary 379 m Review Exercises 382 m Test 385 m 
Quantitative Reasoning 386 


9 Exponential and Logarithmic Functions 387 





9.1 Exponential Functions 388 
Exponents and Properties = Exponential Functions « Exponential 
Equations = Compound Interest = The Number e and Continuous 
Compounding = Exponential Models and Curve Fitting 

9.2 Logarithmic Functions 402 
Logarithms = Logarithmic Equations a Logarithmic Functions = Properties 
of Logarithms 

9.5 Evaluating Logarithms; Equations and Applications 413 


Common Logarithms « Natural Logarithms = Logarithms to Other Bases a 
Exponential and Logarithmic Equations 


Summary 426 m Review Exercises 428 = Test 43] m 
Quantitative Reasoning 432 


Contents vii 


Appendix A Equations and Inequalities 433 
Equations ® Solving Linear Equations œ Solving Quadratic Equations = 
Inequalities = Solving Linear Inequalities œ Interval Notation m 
Three-Part Inequalities 


Appendix B Graphs of Equations 442 
The Rectangular Coordinate System a The Pythagorean Theorem and the 
Distance Formula a The Midpoint Formula © Graphing Equations m 
Circles 


Appendix C Functions 450 
Relations and Functions ® Domain and Range ® Determining Whether a 
Relation Is a Function ® Function Notation * Increasing, Decreasing, and 
Constant Functions 


Appendix D Graphing Techniques 460 


Stretching and Shrinking » Reflecting = Symmetry ^ Translations 


Glossary 469 

Solutions to Selected Exercises — S-7 
Answers to Selected Exercises A-1 
Index of Applications 1-1 

Index 1-3 


Preface 


In the eighth edition of Trigonometry, we continue our ongoing commitment to 
providing the best possible text to help instructors teach and students succeed. 
To help students develop both the conceptual understanding and the analytical 
skills necessary to experience success in mathematics, we present each mathe- 
matical topic in the text using a systematic approach designed to actively engage 
students in the learning process. We have tried to address the diverse needs 
of today's students through a more open design, updated figures and graphs, 
helpful features, careful explanations of topics, and a comprehensive package of 
supplements and study aids. 

Although we assume that students have had at least one course in algebra, 
we include four new appendices that review algebraic prerequisites and we ref- 
erence these appendices throughout the text. Additional algebraic and geometric 
concepts are reviewed as needed. Students planning to continue their study of 
mathematics in calculus, statistics, or other disciplines, as well as those taking 
this as their final mathematics course, will benefit from the text's student- 
oriented approach. We believe instructors will particularly welcome the new 
Annotated Instructor's Edition, which provides answers in the margins to almost 
all exercises, plus helpful Teaching Tips. 


New or Enhanced Features 


We are pleased to offer the following new or enhanced features. 





Chapter Openers These have been updated and streamlined and provide a 
quick preview of the chapter topics, plus a reference to a motivating application 
within the chapter. 


Examples We have added even more examples in this edition. Step-by-step 
solutions to examples are now easily identified using a Solution head. We have 
carefully polished all solutions and incorporated more side comments and expla- 
nations, including helpful section and appendix references to previously covered 
and prerequisite material. Selected examples continue to provide graphing 
calculator solutions alongside traditional algebraic solutions. The graphing cal- 
culator solutions can be easily omitted if desired. 


Now try Exercises To actively engage students in the learning process, each 
example now concludes with a reference to one or more parallel odd-numbered 
exercises from the corresponding exercise set. In this way, students are able 
to immediately apply and reinforce the concepts and skills presented in the 
examples. 


Exercise Sets We have taken special care to respond to the suggestions of 
users and reviewers and have added new exercises to this edition based on their 
feedback. As a result, the text includes more problems than ever to provide 
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students with ample opportunities to practice, apply, connect, and extend con- 
cepts and skills. We have included writing exercises =| and optional graphing 
calculator problems ^H, as well as multiple-choice, matching, true/false, and 
completion problems. Concept Check problems, which focus on mathematical 
thinking and conceptual understanding, were well received in the previous edi- 


tion and have been expanded in this edition. 


Solutions to Selected Exercises Exercise numbers enclosed in a blue circle, 
such as 11., indicate that a complete solution for the problem is included at the 
back of the text. These new solutions are given for selected exercises that extend 
the skills and concepts presented in the section examples—actually providing 
students with a pool of examples to different and/or more challenging problems. 


Summary Exercises These new sets of exercises in Chapters 4 and 5 give stu- 
dents the all-important mixed review problems they need to synthesize concepts 
and select appropriate solution methods. 


Function Boxes Special function boxes offer a comprehensive, visual intro- 
duction to each circular and inverse circular function and also serve as an excel- 
lent resource for student reference and review throughout the course. Each 
function box includes a table of values alongside traditional and calculator 
graphs, as well as the domain, range, and other specific information about the 
function. 


Figures and Photos Today's students are more visually oriented than ever. 
As a result, we have made a concerted effort to include mathematical fig- 
ures, diagrams, tables, and graphs whenever possible. Photos accompany select- 
ed applications in examples and exercises. 


Chapter Reviews Each chapter ends with an expanded Summary, featuring a 
section-by-section list of Key Terms, New Symbols, and a Quick Review of 
important Concepts, presented alongside corresponding all-new Examples. A 
comprehensive set of Review Exercises and a Chapter Test are also provided. 


Quantitative Reasoning Now appearing at the end of each chapter, these 
problems enable students to apply trigonometric concepts to life situations, such 
as the relationship between utility costs and average annual temperatures or 
financial planning for retirement. A photo highlights each problem. 


Glossary As an additional student study aid, a comprehensive glossary of key 
terms from throughout the text 1s provided at the back of the book. 


Continuing Features 


We have retained the popular features of previous editions of the text, some of 
which follow. 


Real-Life Applications We are always on the lookout for interesting 
data to use in real-life applications. As a result, we have incorporated new or 
updated applied examples and exercises that show the relevance of trigonometry 
to daily life. Applications that feature mathematical modeling are labeled with 
a Modeling head. All applications are titled, and a comprehensive Index of 
Applications is included at the back of the text. 
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Use of Technology As in the previous edition, we have integrated the use of 
graphing calculators where appropriate. although graphing technology is not a 
central feature of this text. We continue to stress that graphing calculators are an 
aid to understanding and that students must master the underlying mathematical 
concepts. We have included graphing calculator solutions for selected examples 
and continue to mark al! graphing calculator notes and exercises that use 
graphing calculators with an icon œ= for easy identification and added 
flexibility. This graphing calculator material is optional and can be omitted 
without loss of continuity. 


Cautions and Notes We often give students warnings of common errors and 
emphasize important ideas in CAUTION and N OTE comments that appear 
throughout the exposition. 


Looking Ahead to Calculus These margin notes offer glimpses of how the 
trigonometric topics currently being studied are used in calculus. 


Connections Connections boxes continue to provide connections to the real 
world or to other mathematical concepts, historical background, and thought- 
provoking questions for writing. class discussion, or group work. 


Relating Concepts Exercises Appearing in selected exercise sets, these sets 
of problems help students tie together topics and develop problem-solving skills 
as they compare and contrast ideas, identify and describe patterns, and extend 
concepts to new situations. These exercises make great collaborative activities 
for pairs or small groups of students. 


Content Changes 


A primary focus of this revision of the text was to polish and enhance individual 
presentations of topics, and we have worked hard to do this throughout the book. 
Additional content changes you may notice include the following: 


a In addition to reviewing algebraic and geometric concepts as needed through- 
out the text, we have included a thorough review of algebraic prerequisites in 
new Appendices A - D. As a result, Chapter 1 begins immediately with former 
Section 1.2 on angles. 


m Sections 4.1, 4.3, and 6.1 include new function boxes to highlight important 
information about the circular and inverse circular functions. 


& Chapter 4 concludes with a new section on harmonic motion. 
m Section 5.5 now includes product-to-sum and sum-to-product identities. 


# Section 8.5 features increased coverage of polar forms of lines and circles. 


Supplements 


For a comprehensive list of the supplements and study aids that accompany 


Trigonometry, Eighth Edition, see pages xii and xiii. 
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in the text. A detailed worked-out example and guided solution accompany each 
practice exercise. The Web site recognizes student errors and provides feedback. 





^ has been an increasing interest in recent years in finding and uti- 
lizing sources of renewable energy. Some of these sources include wind, 
water, and sun. Photovoltaic solar cells convert sunlight directly into elec- 
tricity. The simplest cells power watches, calculators, and such, while 
more complex systems light houses and provide power to the energy grid. 
(Source: U.S. Department of Energy.) 

The amount of energy a solar cell pro- 
duces depends on its area. You are asked to 
solve a problem like this in Exercise 61, 
Section 1.3. 


1.1 Angles 
1.2 Angle Relationships and Similar 
Triangles 
| 1.5 Trigonometric Functions 


1.4 Using the Definitions of the 
Trigonometric Functions 
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Trigonometric Functions 
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Figure 1 






Terminal side 


Vertex A 


Initial side 


Figure 2 


A complete rotation of a ray 
gives an angle whose measure 
is 360°. 


—P—Ó e s 


1 
——- of a complete rotation 
360 P 


gives an angle whose measure 
is 1°. 


Figure 4 


Degree Measure = Standard Position = Coterminal Angles 


Basic Terminology Two distinct points A and B determine a line called 
line AB. The portion of the line between A and B, including points A and B 
themselves, is line segment AB, or simply segment AB. The portion of line AB 
that starts at A and continues through B, and on past B, 1s called ray AB. Point A 
is the endpoint of the ray. (See Figure 1.) 

An angle is formed by rotating a ray around its endpoint. The ray in its ini- 
tial position is called the initial side of the angle, while the ray in its location af- 
ter the rotation is the terminal side of the angle. The endpoint of the ray is the 
vertex of the angle. Figure 2 shows the initial and terminal sides of an angle 
with vertex A. If the rotation of the terminal side 1s counterclockwise, the angle 
is positive. If the rotation is clockwise, the angle is negative. Figure 3 shows 
two angles, one positive and one negative. 


hr. 
B 


Positive angle Negative angle 


Figure 3 


An angle can be named by using the name of its vertex. For example, the 
angle on the right in Figure 3 can be called angle C. Alternatively, an angle can 
be named using three letters, with the vertex letter in the middle. Thus, the angle 
on the right also could be named angle ACB or angle BCA. 


Degree Measure The most common unit for measuring angles is the 
degree. (The other common unit of measure, called the radian, 1s discussed in 
Section 3.1.) Degree measure was developed by the Babylonians, 4000 yr ago. 
To use degree measure, we assign 360 degrees to a complete rotation of a ray.* 
In Figure 4, notice that the terminal side of the angle corresponds to its initial 
side when it makes a complete rotation. One degree, written 1?, represents 315 of 


a rotation. Therefore, 90° represents a = i of a complete rotation, and 180* 


represents ee = 4 of a complete rotation. An angle measuring between 0° and 
90° is called an acute angle. An angle measuring exactly 90° is a right angle. 
An angle measuring more than 90° but less than 180° is an obtuse angle, and an 
angle of exactly 180° is a straight angle. See Figure 5, where we use the Greek 
letter 6 (theta)** to name each angle. 


*The Babylonians were the first to subdivide the circumference of a circle into 360 parts. There are vari- 


ous theories as to why the number 360 was chosen. One is that it is approximately the number of days in 
a year, and it has many divisors. which makes it convenient to work with. Another involves a roundabout 
theory dealing with the length of a Babylonian mile. 


**In addition to 8 (theta), other Greek letters such as æ (alpha) and f (beta) are sometimes used to name 
angles. 


1.1 Angles 3 


Acute angle Right angle Obtuse angle Straight angle 
0? < 8 < 90° @ = 90° 90? < 0 < 180° 0 = 180° 
Figure 5 


If the sum of the measures of two positive angles is 90°, the angles are 
called complementary. Two positive angles with measures whose sum is 180° 
are supplementary. 


EXAMPLE 1 Finding Measures of Complementary and Supplementary Angles 





Find the measure of each angle in Figure 6. 

Solution 

(a) In Figure 6(a), since the two angles form a right angle (as indicated by 
the | symbol), they are complementary angles. Thus, 

(6m)? 6m + 3m = 90 
oe Om = 90 Combine terms. 
(a) m = 10. Divide by 9. (Appendix A) 

The two angles have measures of 6(10) = 60° and 3(10) = 30°. 


(b) The angles in Figure 6(b) are supplementary, so 
(4k)° V (6k)° 


4k + 6k = 180 
(b) 10k = 180 
Figure 6 k — 18. 


These angle measures are 4(18) = 72° and 6(18) = 108°. 


Now try Exercises 13 and 15. 


Do not confuse an angle with its measure. Angle A of Figure 7 is a rotation; 
the measure of the rotation is 35°. This measure is often expressed by saying 
that m(angle A) is 35°, where m(angle A) is read “the measure of angle A.” It is 
convenient, however, to abbreviate m(angle A) = 35° as A = 35°. 

x Traditionally, portions of a degree have been measured with minutes and 
seconds. One minute, written |’, is zn of a degree. 


— — or 60 = ] 
60 





"| ] 
Figure 7 One second, 1”, is gg of a minute. 


p 74 


= — = or 60" = 1° 
60 3600 


_ 2 





The measure 12° 42’ 38" represents 12 degrees, 42 minutes, 38 seconds. 


— — 
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rd"8g'14" 
T4. 13722222 
r4*8'14" 
74.137 


34.817 *DMS 
34? 49'1,2" 


A graphing calculator per- 
forms the conversions in Ex- 
ample 3 as shown above. 


Trigonometric Functions 


EXAMPLE 2 Calculating with Degrees, Minutes, and Seconds 
Perform each calculation. 
(a) 51°29’ + 32? 46' 


Solution 


(b) 90° — 73° 12’ 


(a) Add the degrees and the minutes separately. 


51° 29’ 
+ 32° 46’ 
83? 75' 
Since 75’ = 60’ + 15’ = 1° 15’, the sum is written 
83° 
+ 1° 15’ 
84° 15’. 
(b) 89°60’ Write 90° as 89° 60’. 
= T ia 
16° 48’ 


Now try Exercises 23 and 27. 


Because calculators are now so prevalent, angles are commonly measured 
in decimal degrees. For example, 12.4238° represents 


4238 " 
124998" = R. 
sn 10,000 


EXAMPLE 3 Converting Between Decimal Degrees and Degrees, Minutes, 
and Seconds 


(a) Convert 74° 8' 14" to decimal degrees. 
(b) Convert 34.817? to degrees, minutes, and seconds. 
Solution 
(a) 74° 8' 14" = 74° + = 2s an I’ = dg and 1" = gd 
e 74° + .1333° + .0039° 
e 74,137° 
(b) 34.817° = 34? + .817° 
= 34° + .817(60") 
= 34° + 49.02’ 
= 34° + 49’ + .02’ 
= 34? + 49’ + .02(60") 
= 34° + 49’ + 1.2” 
= 34° 49' 1.2" 


a 








Add: round to the nearest thousandth. 


1° = 60’ 


1’ = 60" 


Now try Exercises 33 and 37. 
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Standard Position An angle is in standard position if its vertex is at the 
origin and its initial side is along the positive x-axis. The angles in Figures 8(a) 
and 8(b) are in standard position. An angle in standard position is said to lie in 
the quadrant in which its terminal side lies. An acute angle is in quadrant I 
(Figure 8(a)) and an obtuse angle is in quadrant II (Figure 8(b)). Figure 8(c) 
shows ranges of angle measures for each quadrant when 0^ < 0 « 360°. Angles 
in standard position having their terminal sides along the x-axis or y-axis, such as 
angles with measures 90°, 180°, 270°, and so on, are called quadrantal angles, 


90? 


QII QII QI 


90° < 9 < 180° 0? « 8 « 90? 









Terminal side 180° 





Q III Q IV 
Vertex|Ü Initial side d 0 x 180° < 9 < 270° | 270° < 0 < 360° 
i 
270? 
(a) (b) (c) 


Figure 8 


Coterminal Angles A complete rotation of a ray results in an angle measur- 
ing 360?. By continuing the rotation, angles of measure larger than 360? can 
be produced. The angles in Figure 9 with measures 60? and 420? have the same 
initial side and the same terminal side, but different amounts of rotation. Such 
angles are called coterminal angles; their measures differ by a multiple of 360°. 
As shown in Figure 10, angles with measures 110? and 830? are coterminal. 





Figure 9 Figure 10 





— EXAMPLE 4 Finding Measures of Coterminal Angles 
igure 


Find the angles of smallest possible positive measure coterminal with each angle. 
(a) 908° (b) —75? 
Solution 


(a) Add or subtract 360? as many times as needed to obtain an angle with mea- 
sure greater than 0° but less than 360°. Since 908° — 2 - 360^ = 188°, an 
angle of 188? is coterminal with an angle of 908°. See Figure 11. 


(b) Use a rotation of 360? + (—75?) = 285°. See Figure 12. 


Now try Exercises 45 and 49. 
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Sometimes it is necessary to find an expression that will generate all angles 
coterminal with a given angle. For example, we can obtain any angle coterminal 
with 60° by adding an appropriate integer multiple of 360? to 60°. Let n repre- 
sent any integer; then the expression 


60° + n - 360° 
represents all such coterminal angles. The table shows a few possibilities. 


po Eme——M—ÁÀ = —— M — M Ó——ÀS!á Es Feqertithyttetmpmm 


Valu JE ( n | 7 Angle [ Ti ‘otermi n al w ith h 60° 


So RES 


2 60° + 2 - 360° = 780° 

1 60° + 1 - 360° = 420° 

0 60° + 0 - 360° = 60° (the angle itself) 
= 60° + (—1) - 360° = —300° 


EXAMPLE 5 Analyzing the Revolutions of a CD Player 


CAV (Constant Angular Velocity) CD players always spin at the same speed. 
Suppose a CAV player makes 480 revolutions per min. Through how many de- 
grees will a point on the edge of a CD move in 2 sec? 


Solution The player revolves 480 times in 1 min or ru times = 8 times per 


sec (since 60 sec = 1 min). In 2 sec, the player will revolve 2 - 8 = 16 times. 
Each revolution is 360°, so a point on the edge of the CD will revolve 
16 - 360° = 5760? in 2 sec. 


Now try Exercise 75. 





E 1. Explain the difference between a segment and a ray. 
2. What part of a complete revolution is an angle of 45°? 
3. Concept Check What angle is its own complement? 
4. Concept Check What angle is its own supplement? 


Find (a) the complement and (b) the supplement of each angle. 
5. 30° 6. 60° 7. 45° 8. 18° 9. 54° 10. 89° 


Find the measure of the smaller angle formed by the hands of a clock at the following 
times. 
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Find the measure of each angle in Exercises 13—18. See Example 1. 


13. 14. 15. 








(3k +5)° 





16. supplementary angles with measures 10m + 7 and 7m + 3 degrees 
17. supplementary angles with measures 6. — 4 and 8x — 12 degrees 


18. complementary angles with measures 9z + 6 and 3z degrees 
Concept Check | Answer each question. 
19. If an angle measures x^, how can we represent its complement? 


20. If an angle measures x^, how can we represent its supplement? 


21. 'If a positive angle has measure x^ between 0° and 60°. how can we represent the first 
negative angle coterminal with 1t? 


22. lf a negative angle has measure x^ between 0° and —60°, how can we represent the 
first positive angle coterminal with it? 


Perform each calculation. See Example 2. 


23. 62? 18' + 21°41’ 24. 75° 15° + 83" 32 25. 71° 18' — 47? 29' 
26. 47° 23! — 73° 48' 27. 90? — 51° 28' 28. 180? — 124? 51’ 
29. 90? — 72° 58' 11” 30. 90? — 36? 18' 47" 


Convert each angle measure to decimal degrees. Round to the nearest thousandth of a 
degree. See Example 3. 


31. 20° 54’ 32. 38° 42’ 33. 91° 35' 54" 
34. 34^ 51' 35" 35. 274° |8' 59” 36. 165° 5]' 9" 


Convert each angle measure to degrees, minutes, and seconds. See Example 3. 


37. 31.4296" 38. 59.0854^ 39. 89.9004" 
40. 102.3771? 41. 178.5994° 42. 122.6853° 
eala. Read about the degree symbol (°) in the manual for your graphing calculator. How 
is it used? 


= 44. Show that 1.21 hr is the same as 1 hr. 12 min, 36 sec. Discuss the similarity between 


converting hours, minutes, and seconds to decimal hours and converting degrees, 
minutes, and seconds to decimal degrees. 


m: 


Find the angle of smallest positive measure coterminal with each angle. See Example 4. 


45. —40° 46. —98° 47. —125* 48. —203° 
49, 539° 50. 699* 51. 850° 52. 1000" 


Give an expression that generates all angles coterminal with each angle. Let n represent 
any Ue @er. 
53. 30° S4. 45° 55. 135 56. 270° SOU 99. = 130° 
559. Explain why the answers to Exercises 56 and 57 give the same set of angles. 
60. Concept Check Which two of the following are not coterminal with r^? 
A. 360° + r? B. r^ — 360° C. 360° — r° D. r° + 180° 
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Concept Check Sketch each angle in standard position. Draw an arrow representing 
the correct amount of rotation. Find the measure of two other angles, one positive and 
one negative, that are coterminal with the given angle. Give the quadrant of each angle. 


61. 75° 62. 89* 63. 174° 64. 234° 
65. 300° 66. 512° 67. —61? 68. —159* 


Concept Check Locate each point in a coordinate system. Draw a ray from the origin 
through the given point. Indicate with an arrow the angle in standard position having 
smallest positive measure. Then find the distance r from the origin to the point, using the 
distance formula of Appendix B. 


69. (—3,—3) 70. (—5,2) 71. (-3, —5) 
72. (3,1) 73. (-2,2V3) 74. (4V3, —4) 


Solve each problem. See Example 5, 
75. Revolutions of a Turntable A turntable in a shop makes 45 revolutions per min. 
How many revolutions does it make per second? 


76. Revolutions of a Windmill A windmill makes 90 revolutions per min. How many 
revolutions does it make per second? 





Rotating Tire A tire is rotating 600 times per min. 
Through how many degrees does a point on the edge of 
the tire move in 5 sec? 





78. Rotating Airplane Propeller An airplane propeller rotates 1000 times per min. 
Find the number of degrees that a point on the edge of the propeller will rotate in 
1 sec. 


79. Rotating Pulley A pulley rotates through 75° in 1 min. How many rotations does 
the pulley make in an hour? 


80. Surveying One student in a surveying 
class measures an angle as 74.25°, while 
another student measures the same angle 
as 74° 20', Find the difference between 
these measurements, both to the nearest 
minute and to the nearest hundredth of 
a degree. 





81 


Viewing Field of a Telescope Due to Earth's rotation, celestial objects like the 
moon and the stars appear to move across the sky, rising in the east and setting in 
the west. As a result, if a telescope on Earth remains stationary while viewing a 
celestial object, the object will slowly move outside the viewing field of the tele- 
scope. For this reason, a motor is often attached to telescopes so that the telescope 
rotates at the same rate as Earth. Determine how long it should take the motor to turn 
the telescope through an angle of | min in a direction perpendicular to Earth's axis. 
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82. Angle Measure of a Star on the 
American Flag Determine the 


AN 
measure of the angle in each point / | 

of the five-pointed star appearing on 

the American flag. (Hint: Inscribe 

the star in a circle, and use the fol- LXX 


lowing theorem from geometry: An 
angle whose vertex lies on the cir- 


cumference of a circle is equal to half the central angle that cuts off the same arc. 
See the figure.) 





igle Relationships and Similar Triangles 


Geometric Properties «= Triangles 





Geometric Properties In Figure 13, we extended the sides of angle NMP to 
form another angle, RMQ. The pair of angles NMP and RMQ are called vertical 
angles. Another pair of vertical angles, VMQ and PMR, are formed at the same 
time. Vertical angles have the following important property. 


Vertical Angles 











Vertical angles Vertical angles have equal measures. 


4 
ay 
FE RRR i eae a RM oA RY I a ee deam ede am e RIP qa oce (OR OS MU ERE, a abito de ne a ee ur ses RG 





Figure 13 


Parallel lines are lines that lie in the same plane and do not intersect. 
Figure 14 shows parallel lines m and n. When a line q intersects two parallel 
lines, q is called a transversal. In Figure 14, the transversal intersecting the par- 
y allel lines forms eight angles, indicated by numbers. 
We learn in geometry that the degree measures of angles 1 through 8 in 
Figure 14 possess some special properties. The following chart gives the names 
of these angles and rules about their measures. 


Transversal 










Angle measures 
are equal. 


Alternate interior angles 


Figure 14 












Alternate exterior angles Angle measures 


are equal. 


nm 


n 


8 (also 2 and 7) 


(continued) 
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Transversal 






Figure 14 (repeated) 





Figure 15 





(b) 
Figure 16 







Angle measures 
add to 180°. 


Interior angles on same 
side of transversal 













Angle measures 
are equal. 


Corresponding angles 








(also 1 and 5, 3 and 7, 
4 and 8) 






EXAMPLE 1 Finding Angle Measures 





Find the measure of each marked angle in Figure 15, given that lines m and n are 
parallel. 


Solution The marked angles are alternate exterior angles, which are equal. 


Thus, 
3x + 2 = 5x — 40 
42 = 2x Subtract 3x; add 40. (Appendix A) 
21 = x. Divide by 2. 


One angle has measure 
3x +2=3-2) +2 = 65°, Substitute 21 for x. 
and the other has measure 


Sx — 40 =5- 21 — 40 = 65°. Substitute 21 for x. 





Now try Exercise 11. 


Triangles An important property of triangles, first proved by Greek geome- 
ters, deals with the sum of the measures of the angles of any triangle. 


Angle Sum of a Triangle . 
The sum of the measures of the angles of any triangle is 180°. : 


EAT a EUM E og GEL Ne DNE depone cop tuc the e tme torti imr e ie 






While it is not an actual proof, we give a rather convincing argument for the 
truth of this statement, using any size triangle cut from a piece of paper. Tear 
each corner from the triangle, as suggested in Figure 16(a). You should be able 
to rearrange the pieces so that the three angles form a straight angle, which has 
measure 180°, as shown in Figure 16(b). 


NN 
M 


Figure 17 
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EXAMPLE 2 Applying the Angle Sum of a Triangle Property 


The measures of two of the angles of a triangle are 48° and 61°. (See the figure.) 
Find the measure of the third angle, x. 


Solution 48° + 61° + x= 180° The sum of the angles is 180°. 
109° + x = 180° 
x= 7]? Subtract 109°. 


The third angle of the triangle measures 71°. 


Now try Exercise 15. 


We classify triangles according to angles and sides, as shown in the follow- 
ing chart. 


Types of Triangles - oom 
All acute One right angle ^ One obtuse angle 
Angles E * 
Acute triangle Right triangle Obtuse triangle 
All sides equal Two sides equal No sides equal 


: 
í 


4 
E 


Sides j; 


SERES Sr 





Now try Exercises 25, 27, and 31. 


Many key ideas of trigonometry depend on similar triangles, triangles of 
exactly the same shape but not necessarily the same size. Figure 17 shows three 
pairs of similar triangles. 

The two triangles in Figure 17(c) not only have the same shape but also the 
same size. Triangles that are both the same size and the same shape are called 
congruent triangles. If two triangles are congruent, then it is possible to pick 
one of them up and place it on top of the other so that they coincide. If two tri- 
angles are congruent, then they must be similar. However, two similar triangles 
need not be congruent. 

The triangular supports for a child's swing are congruent (and thus similar) 
triangles, machine-produced with exactly the same dimensions each time. These 
supports are just one example of similar triangles. The supports of a long bridge, 
all the same shape but decreasing in size toward the center of the bridge, are 
examples of similar (but not congruent) triangles. 


Equilateral triangle Isosceles triangle Scalene triangle | 


pA tT OAT eA d En OS E A E E RE E RO E ee 
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D F 


Figure 18 





M 
3T 
Figure 19 
C 
32 
16 
8 
A 24 5 5 F 
Figure 20 


Suppose a correspondence between two triangles ABC and DEF is set up as 
shown in Figure 18. 


Angle A corresponds to angle D. Side AB corresponds to side DE. 
Angle B corresponds to angle E. Side BC corresponds to side EF. 
Angle C corresponds to angle F. Side AC corresponds to side DF. 


For triangle ABC to be similar to triangle DEF, the following conditions must 
hold. 


Conditions for Similar Triangles 





1. Corresponding angles must have the same measure. 


2. Corresponding sides must be proportional. (That is, their ratios must be 
€ | 


I ms = = — — = = — — — — = = —2 ae E DS E SES 








Now try Exercise 41. 


EXAMPLE 3 Finding Angle Measures in Similar Triangles _ 





In Figure 19, triangles ABC and NMP are similar. Find the measures of angles B 
and C. 


Solution Since the triangles are similar, corresponding angles have the same 
measure. Since C corresponds to P and P measures 104°, angle C also measures 
104°. Since angles B and M correspond, B measures 31°. 


Now try Exercise 47. 


NOTE The small arcs found at the angles in Figures 17—19 denote the corre- 
sponding angles in the triangles. 


EXAMPLE 4 Finding Side Lengths in Similar Triangles 
Given that triangle ABC and triangle DFE in Figure 20 are similar, find the 
lengths of the unknown sides of triangle DFE. 


Solution As mentioned before, similar triangles have corresponding sides in 
proportion. Use this fact to find the unknown side lengths in triangle DFE. Side 
DF of triangle DFE corresponds to side AB of triangle ABC, and sides DE and 
AC correspond. This leads to the proportion 


8 DF 
16 24' 


Recall the cross-multiplication property of proportions from algebra. 


C 
If — th d = bc. 
J en a C 


2 
b 


Figure 21 





Not to scale 


Figure 22 


Umbra 





Earth 
2 
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We use this property to solve the equation for DF. 
8 DF 


16 24 
8:24 = 16: DF Cross multiply. 
192 = 16: DF Multiply. 
12 = DF Divide by 16. 
Side DF has length 12. 
Side EF corresponds to CB. This leads to another proportion. 


86. EF 
16 232 

8-32-— 16- EF Cross multiply. 
16 = EF Solve for EF. 


Side EF has length 16. 


Now try Exercise 53. 


EXAMPLE 5 Finding the Height of a Flagpole 


Firefighters at the Arcade Fire Station need to measure the height of the station 
flagpole. They find that at the instant when the shadow of the station is 18 ft 
long, the shadow of the flagpole is 99 ft long. The station is 10 ft high. Find the 
height of the flagpole. 


Solution Figure 21 shows the information given in the problem. The two tri- 
angles are similar, so corresponding sides are in proportion. 


MN 99 

10 18 

on = E Lowest terms 
10 2 


2- MN = 110 Cross multiply. 
MN = 55 Divide by 2. 
The flagpole is 55 ft high. 


Now try Exercise 57. 


EXAMPLE 6 Determining When a Solar Eclipse Can Occur 


The sun has a diameter of about 865,000 mi with a maximum distance from 
Earth’s surface of about 94,500,000 mi. The moon has a smaller diameter of 
2159 mi. For a total solar eclipse to occur, the moon must pass between Earth 
and the sun. The moon must also be close enough to Earth for the moon’s umbra 
(shadow) to reach the surface of Earth. See Figure 22. (Source: Karttunen, H., 
P. Kröger, H. Oja, M. Putannen, and K. Donners, Editors, Fundamental As- 
tronomy, Fourth Edition, Springer-Verlag, 2003.) 
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(a) Calculate the maximum distance that the moon can be from Earth and still 
have a total solar eclipse occur. 


(b) In a recent year, the closest approach of the moon to Earth's surface was 
225.745 mi and the farthest was 251,978 mi. (Source: The World Almanac 
and Book of Facts.) Can a total solar eclipse occur every time the moon is 
between Earth and the sun? Explain. 


Solution 


(a) Let D, be the Earth-sun distance, d, the diameter of the sun, D,, the Earth- 
moon distance, and 4, the diameter of the moon. 





D, d, | 
— = — Similar triangles 
LE Gy 
Not to scale Umbra D.d, 94,500,000 x 2159 
D, = — = ————————— ® 236,000 mi 
Figure 22 (repeated) d " 865,000 


(b) No, a total solar eclipse cannot occur every time. The moon must be less 
than 236,000 mi away from Earth for an eclipse to occur, and sometimes it 
is farther than this. 


Now try Exercise 73. 


1.2 Exercises 


1. A geometry book states, "When two straight lines intersect, the opposite angles are 
equal." What term do we use for "opposite angles"? 


| 2. Consider Figure 14. If the measure of one of the angles is known, can the measures 
of the remaining seven angles be determined? Explain. 


= 


Find the measure of each marked angle. In Exercises 11—14, m and n are parallel. See 
Examples I and 2. 


3. 






(5x — 129)? (2x — 21)? 







(01 —37)° X (7x + 27)° 


6. (v+ 15)" 


(210 — 3x)? 





(10x - 20)° 
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7. (2x = 120)° 8. 


(x - 30)? 


(3x + ip 


10. 





(5x — 1)? 
(2x)° 


11. 


(2x- 5), 
(x + 22)° 





The measures of two angles of a triangle are given. Find the measure of the third angle. 
See Example 2. 

is. 379,92" 16. 29°, 104° 17. 147° 12’, 30° 19’ 

18. 136° 50’, 41° 38’ 19, 74.2°, 80.4° 20. 29.6°, 49.7° 


=) 21. Can a triangle have angles of measures 85° and 100°? Explain. 
E 22. Can a triangle have two obtuse angles? Explain. 


23. Concept Check Use the given figure to find the 
measures of the numbered angles, given that lines m 
and n are parallel. 





24. Concept Check Find the measures of the marked angles, 
given that x + y = 40. (Hint: You must solve a system of 
equations.) 
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Concept Check Classify each triangle in Exercises 25—36 as acute, right, or obtuse. 
Also classify each as equilateral, isosceles, or scalene. 


26. 27. 
60* 
8 8 


60° 60° 


25. 


28. 29. 


31. 


VA o> 


34. 35. 
60° 


: 
N 4 
z 
5 » 
50° E 





60° 60° 
- 


3 37. Write a definition of isosceles right triangle. 


B 38. Explain why the sum of the lengths of any two sides of a triangle must be greater 

than the length of the third side. 

5 39. Must all equilateral triangles be similar? Explain. 

40. Carpentry Technique The following technique is used by carpenters to draw a 60° 
angle with a straightedge and compass. Explain why this technique works. (Source: 
Hamilton, J. E. and M. S. Hamilton, Math to Build On, Construction Trades Press, 
1993.) 


Step 1 Draw a straight line segment, and mark a point near the center of the line. 
See the figure at the top of the next page. 





Step 2 Place the compass tip on the marked point and draw a semicircle. 


Step 3 Without changing the setting of the compass, place the tip of the compass at 
the right intersection of the line and the semicircle and then mark a small 
arc across the semicircle. 
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Step 4 Draw a line segment from the marked point on the line to the point where 
the arc crosses the semicircle. This line will make a 60° angle with the 
original line. 


Point marked Compass tip placed 
on line in Step | here in Step 3 


Concept Check Name the corresponding angles and the corresponding sides of each 
pair of similar triangles. 


41. Qo 42. B Q 
| "P 
hoc Í : J 
C A PR 
A C 


43. (EA is parallel to CD.) 44. (HK is parallel to EF.) 


C Hi. 
E 
G 
B 
A 
D 
E F 


Find all unknown angle measures in each pair of similar triangles. See Example 3. 


45. A 


D 


46. E 
Q a 
TE? P 
s ge A 
3t B [À N 
B R P M 
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49. X 50. 
M 
/| 
N 
20? 
yy 
ES 38° * 
38° gis R V U 
Z 


Find the unknown side lengths labeled with a variable in each pair of similar triangles. 
See Example 4. 


51. 52. b 
a 
e 
79 23 
25 T 
X 
b 6 


53. 54. 
M > d k P 
P Cw 3 
| bss b 
9 


55, 56. 12 m 
6 
y 14 
24 
4 
X 


Solve each problem. (Hint: Draw a sketch.) See Example 5. 


57. Height of a Tree A tree casts a shadow 45 m long. At the same time, the shadow 
cast by a vertical 2-m stick is 3 m long. Find the height of the tree. 


58. Height of a Lookout Tower A forest fire lookout tower casts a shadow 180 ft long 
at the same time that the shadow of a 9-ft truck is 15 ft long. Find the height of 
the tower. 


59. Lengths of Sides of a Triangle Ona photograph of a triangular piece of land, the 
lengths of the three sides are 4 cm, 5 cm, and 7 cm, respectively. The shortest side 
of the actual piece of land is 400 m long. Find the lengths of the other two sides. 


60. Height of a Lighthouse " 
The Santa Cruz lighthouse E 
in the figure casts a shadow 
28 m long at 7 P.M. At the 
same time, the shadow of 
the lighthouse keeper, who 
is 1.75 m tall, is 3.5 m long. 
How tall is the lighthouse? 





Not to scale 
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61. Height of a Building A house is 15 ft tall. Its shadow is 40 ft long at the same time 
the shadow of a nearby building is 300 ft long. Find the height of the aps 


62 


Distance Between Two Cities By drawing lines on 
a map, a triangle can be formed by the cities of 
Phoenix, Tucson, and Yuma. On the map, the dis- 
tance between Phoenix and Tucson is 8 cm, the dis- 
tance between Phoenix and Yuma is 12 cm, and the 
distance between Tucson and Yuma is 17 cm. The 
actual straight-line distance from Phoenix to Yuma 
is 230 km. Find the distances between the other pairs 
of cities. 





In each diagram, there are two similar triangles. Find the unknown measurement. (Hint: 
In the sketch for Exercise 63, the side of length 100 in the small triangle corresponds to 
the side of the length 100 + 120 = 220 in the large triangle.) 


63. 64. 
60 
X 
E. e Ó—— Et 
100 120 
65. 66. 


V ——————M 


10 90 


Work each problem. 


67. Lengths of Sides of a Quadrilateral Two quadrilaterals (four-sided figures) are 
similar. The lengths of the three shortest sides of the first quadrilateral are 18 cm, 
24 cm, and 32 cm. The lengths of the two longest sides of the second quadrilateral 
are 48 cm and 60 cm. Find the unknown lengths of the sides of these two figures. 

68. Height of a Carving of Lincoln 
Assume that Lincoin was 63 ft tall and his 
head ift long. Knowing that the carved 
head of Lincoln at Mt. Rushmore is 60 ft 
tall, find how tall his entire body would be 
if it were carved into the mountain. 





In each figure, two similar triangles are present. Find the value of each variable. 


70. 
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Solve each problem. 


71. Sizes and Distances in the Sky Astron- 
omers use degrees, minutes, and seconds 
to measure sizes and distances in the sky 
along an arc from the horizon to the 
zenith point directly overhead. An adult 
observer on Earth can judge distances in 
the sky using his or her hand at arm's 
length. An outstretched hand will be 
about 20 arc degrees wide from the tip of 
the thumb to the tip of the little finger. A clenched fist at arm's length measures 
about 10 arc degrees, and a thumb corresponds to about 2 arc degrees. (Source: 
Levy, D. H., Skywatching, The Nature Company, 1994.) 

(a) The apparent size of the moon is about 31 arc minutes. What part of your thumb 
would cover the moon? 

(b) If an outstretched hand plus a fist cover the distance between two bright stars, 
about how far apart in arc degrees are the stars? 





72. Eclipse on Mars Refer to Example 6. The sun's distance from the surface of 
Mars is approximately 142,000,000 mi. One of Mars' two moons, Phobos, has a max- 
imum diameter of 17.4 mi. (Source: Zeilik, M., S. Gregory, and E. Smith, Introductory 
Astronomy and Astrophysics, Second Edition, Saunders College Publishers, 1998.) 


(a) Calculate the maximum distance that the moon Phobos can be from Mars for a 
total eclipse of the sun to occur on Mars. 

(b) Phobos is approximately 5800 mi from Mars. Is it possible for Phobos to cause a 
total eclipse on Mars? 


73. Eclipse on Jupiter Refer to Example 6. The sun’s distance from the surface of 
Jupiter is approximately 484,000,000 mi. One of Jupiter's moons, Ganymede, is the 
largest moon in the solar system with a diameter of 3270 mi. (Source: Wright, J. W., 
General Editor, The Universal Almanac, Andrews and McMeel, 1997.) 


(a) Calculate the maximum distance that the moon Ganymede can be from Jupiter 
for a total eclipse of the sun to occur on Jupiter. 

(b) Ganymede is approximately 665,000 mi from Jupiter. Is it possible for 
Ganymede to cause a total eclipse on Jupiter? 


j| Trigonometric Functions. 


T. 









'rigonometric Functions = Quadrantal Angles 


Trigonometric Functions The study of trigonometry covers the six 
trigonometric functions defined here. To define these functions, we start with an 
angle 0 in standard position, and choose any point P having coordinates (x, y) on 
the terminal side of angle @. (The point P must not be the vertex of the angle.) 
See Figure 23. A perpendicular from P to the x-axis at point Q determines a 
right triangle, having vertices at O, P, and Q. We find the distance r from P(x, y) 
to the origin, (0,0), using the distance formula. 


r= V(x — 0)? + (y — 0)? = Vx? + y? (Appendix B) 


Notice that r > 0 since distance is never negative. 





Figure 23 





Figure 24 





(-3, -4) 


Figure 25 
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The six trigonometric functions of angle 0 are sine, cosine, tangent, cotan- 
gent, secant, and cosecant. In the following definitions, we use the customary 
abbreviations for the names of these functions. 


SOUS 


Trigonometric Functions 


Let (x, y) be a point other than the origin on the terminal side of an angle 0 : 


in standard position. The distance from the point to the origin is 
r= Vx? + y?. The six trigonometric functions of 0 are defined as follows. 


SSE AR eR EN 


x 
din gi: = cos 0 = — tan 9 = — (x #0) 
r r x 
r r x 
cscO=— (y #0) sec 0 — — (x #0) cot 0 = — (y #0) 


EXAMPLE 1 Finding Function Values of an Angle - 


The terminal side of an angle 0 in standard position passes through the point 
(8, 15). Find the values of the six trigonometric functions of angle 6. 


Solution Figure 24 shows angle 0 and the triangle formed by dropping a per- 
pendicular from the point (8, 15) to the x-axis. The point (8, 15) is 8 units to the 
right of the y-axis and 15 units above the x-axis, so x = 8 and y = 15. Since 
r- Vx y) 


r= V8? + 15? = V 64 + 225 = V289 = 17. 


We can now find the values of the six trigonometric functions of angle 0. 


y 41$ x 8 y B 

2S ens 9 ——— | S=- [=T 
sın " 17 S ~ p z 

r p r n7 x 8 

csc 8 = — = — sec 8 = — = — cot 9 = — = — 

» 19 x 8 y 15 


Now try Exercise 9. 


EXAMPLE 2 Finding Function Values of an Angle 


The terminal side of an angle @ in standard position passes through the point 
(—3, —4). Find the values of the six trigonometric functions of angle 6. 


Solution As shown in Figure 25, x = —3 and y = —4. The value of r is 


r= V(—3) + (—4Y = V25 — 5. Remember that r > 0. 


Then use the definitions of the trigonometric functions. 


—4 4 -a 3 —4 4 
snp RE "MT cU d ae eal 
—4 4 — 3 —4 4 


Now try Exercise 5. 
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Q 


Figure 26 





Figure 27 





x+2y=0, x20 


Figure 28 


We can find the six trigonometric functions using any point other than the 
origin on the terminal side of an angle. To see why any point may be used, refer 
to Figure 26, which shows an angle @ and two distinct points on its terminal 
side. Point P has coordinates (x, y), and point P’ (read *P-prime") has coordi- 
nates (x’, y'). Let r be the length of the hypotenuse of triangle OPQ, and let r’ be 
the length of the hypotenuse of triangle OP’Q’. Since corresponding sides of 
similar triangles are proportional, 

D ac 


— 
—— € Bá 


r r 


(Section 1.2) 


so sin 0 = Žž is the same no matter which point is used to find it. A similar result 
holds for the other five trigonometric functions. 

We can also find the trigonometric function values of an angle if we know 
the equation of the line coinciding with the terminal ray. Recall from algebra 
that the graph of the equation 


Ax + By =0 (Appendix B) 


is a line that passes through the origin. If we restrict x to have only nonpositive 
or only nonnegative values, we obtain as the graph a ray with endpoint at the 
origin. For example, the graph of x + 2y = 0, x = 0, shown in Figure 27, is a 
ray that can serve as the terminal side of an angle in standard position. By choos- 
ing a point on the ray, we can find the trigonometric function values of the angle. 


EXAMPLE 3 Finding Function Values of an Angle 


Find the six trigonometric function values of the angle 0 in standard position, if 


the terminal side of 0 is defined by x + 2y = 0, x = 0. 


Solution The angle is shown in Figure 28. We can use any point except (0,0) 
on the terminal side of 0 to find the trigonometric function values. We choose 
x — 2 and find the corresponding y-value. 


x + 2y=0,x 20 


2+2y=0 Let x = 2. 
2y = —2 Subtract 2. (Appendix A) 
y=-l Divide by 2. 


The point (2, —1) lies on the terminal side, and the corresponding value of r is 
r= V2? + (-1 = V5. Now we use the definitions of the trigonometric 


functions. 
| 74 -1 W3 — v3 
Yes VS L- vs : \/5 = ES S Multiply the numerators and 
T denominators by V/5 to rationalize 
0 2 2 VS 2V5  thedenominators. 
ue = — = n 
X5 v€ ws 3 
m =) ] 
UE ue coe o e 
x 2 2 
r v5 r V5 x z 
m dq USD Cage oou M o cene. ecco 
p 9 x 2 y Sil 


Now try Exercise 25. 





A calculator in degree mode returns 
the correct values for sin 90? and 

cos 90°. The second screen shows an 
ERROR message for tan 90°, because 
90? is not in the domain of the tan- 
gent function. 
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Recall that when the equation of a line is written in the form y = mx + b, 
the coefficient of x is the slope of the line. In Example 3, x + 2y = 0 can be 
written as y = — $x, so the slope is -i . Notice that tan 0 — -i . In general, it 
is true that m = tan 0. 


NOTE The trigonometric function values we found in Examples 1—3 are 
exact. If we were to use a calculator to approximate these values, the decimal 
results would not be acceptable if exact values were required. 


Quadrantal Angles If the terminal side of an angle in standard position lies 
along the y-axis, any point on this terminal side has x-coordinate 0. Similarly, an 
angle with terminal side on the x-axis has y-coordinate 0 for any point on the ter- 
minal side. Since the values of x and y appear in the denominators of some 
trigonometric functions, and since a fraction is undefined if its denominator is O, 
some trigonometric function values of quadrantal angles (i.e., those with termi- 
nal side on an axis) are undefined. 


EXAMPLE 4 Finding Function Values of Quadrantal Angles 


Find the values of the six trigonometric functions for each angle. 

(a) an angle of 90? 

(b) an angle 0 in standard position with terminal side through (—3, 0) 
Solution 


(a) First, we select any point on the terminal side of a 90? angle. We choose the 
point (0, 1), as shown in Figure 29. Here x = O0 and y = 1, so r = 1. Then, 


1 
=] cos90° =—=0 tan 90° = (undefined) 


=1  sec90? = = . 


0 
| 
(undefined) cot 90° = F 





Figure 29 Figure 30 


(b) Figure 30 shows the angle. Here, x = —3, y = 0, and r = 3, so the trigono- 
metric functions have the following values. 


0 -— 0 
1 = — = = —— = — = — = 0 
sin 0 3 0 cos 6 3 1 tan 0 = — 3 
5 3 —3 
csc Q = " (undefined) sec 6 = = =] cot 9 = T (undefined) 


Now try Exercises 7 and 11. 
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The conditions under which the trigonometric function values of quadrantal 
angles are undefined are summarized here. 


Undefined Function Values 


If the terminal side of a quadrantal angle lies along the y-axis, then the tan- 
gent and secant functions are undefined. If it lies along the x-axis, then the 
cotangent and cosecant functions are undefined. 


The function values of the most commonly used quadrantal angles, 0°, 90°, 
180°, 270°, and 360°, are summarized in the following table. 







SU UMS 


cotd — 
te E 
ies [0 | nie 
Ie ee 


The values given in this table can be found with a calculator that has 
trigonometric function keys. Make sure the calculator is set in degree mode. 










Undefined 





4 CAUTION One of the most common errors involving calculators in 
trigonometry occurs when the calculator 1s set for radian measure, rather than 
degree measure. (Radian measure of angles is discussed in Chapter 3.) Be sure 
you know how to set your calculator in degree mode. 





Concept Check Sketch an angle 0 in standard position such that 0 has the smallest pos- 
sible positive measure, and the given point is on the terminal side of 0. 


i. (5, —19) 5: (—18,—5) 3. (—3,4) 4. (—4, —3) 


Find the values of the six trigonometric functions for each angle in standard position 
having the given point on its terminal side. Rationalize denominators when applicable. 
See Examples 1, 2, and 4. 

8. (73,4) 6. (—4, —3) 7. (0,2) 8. (—4,0) 

9. (1, V3) 10. (-2V3,-2) 1. (-2,0) 12. (3, —4) 


13. For any nonquadrantal angle 0, sin 0 and csc 0 will have the same sign. Explain why. 


= 14. How is the value of r interpreted geometrically in the definitions of the sine, cosine, 
secant, and cosecant functions? 


15. Concept Check If cot 0 is undefined, then what is the value of tan 0? 


16. Concept Check If the terminal side of an angle 0 is in quadrant III, then what is 
the sign of each of the trigonometric function values of 0? 
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Concept Check Suppose that the point (x. v) is in the indicated quadrant. Decide 
whether the given ratio is positive or negative. (Hint: Drawing a sketch may help.) 


17. IL Š 18. III, > 19. IV. > 20. IV, Ž 
r r x y 
| ' . 
21. IL — 22. III — 33: IVS 24. IV. È 
F F r r 


In Exercises 25—30, an equation of the terminal side of an angle 0 in standard position 
is given with a restriction on x. Sketch the smallest positive such angle 0, and find the 
values of the six trigonometric functions of 0. See Example 3. 


25. 2x - v —- 0. x z 0 26. 3x + 5y —0,x = 0 
27. —6x —y— 0.x cm 28. —5x —3y =0,x = 0 
29. —4x + 7y —- 0, x x 0 30. 6: — 5y = 0, x z0 


31. Find the six trigonometric function values of the quadrantal angle 450°. 


32. Rework Example 3 using the values of x and v for which the point (x, y) is on the 
circle of radius | having center at the origin, and then show that the six trigonometric 
function values you obtain are the same as those obtained in Example 3. 


Use the trigonometric function values of quadrantal angles given in this section to evalu- 
ate each expression. An expression such as cot’ 90° means (cot 90°)’, which is equal to 
(em 

33. cos 90? + 3 sin 270? 34. tan 0? — 6 sin 90° 

35. 3 sec 180? — 5 tan 360° 36. 4 csc 270° + 3 cos 180? 

37. tan 360° + 4 sin 180° + Scos? 180° 38. 2 sec 0? + 4 cot? 90° + cos 360° 

39, sin? 180° + cos? 180? 40. sin? 360° + cos? 360? 

41. sec’ 180° — 3 sin’ 360° + 2 cos 180? 

42. 5 sin’ 90° + 2 cos” 270? — 7 tan 360? 





If n is an integer, n * 180? represents an integer multiple of 180°, and (2n + 1) - 90? 
represents an odd integer multiple of 90°. Decide whether each expression is equal to 0, 
l, —1, or is undefined. 


43. cos|(2n + 1) - 90°] 44. sin|n - 180°] 
45. tan[n - 180°] 46. tan[(2n + 1) 90°] 


Provide conjectures in Exercises 47—50. 


47. The angles 15? and 75? are complementary. With your calculator determine sin 15? 
and cos 75°. Make a conjecture about the sines and cosines of complementary 
angles, and test your hypothesis with other pairs of complementary angles. (Note: 
This relationship will be discussed in detail in Section 2.1.) 


48. The angles 25? and 65? are complementary. With your calculator determine tan 25? 
and cot 65°. Make a conjecture about the tangents and cotangents of complementary 
angles, and test your hypothesis with other pairs of complementary angles. (Note: 
This relationship will be discussed in detail in Section 2.1.) 


49. With your calculator determine sin 10? and sin(— 10°). Make a conjecture about the 
sines of an angle and its negative, and test your hypothesis with other angles. Also, 
use a geometry argument with the definition of sin 0 to justify your hypothesis. 
(Note: This relationship will be discussed in detail in Section 5.1.) 
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50. With your calculator determine cos 20° and cos(—20°). Make a conjecture about the 
cosines of an angle and its negative, and test your hypothesis with other angles. Also, 
use a geometry argument with the definition of cos 0 to justify your hypothesis. 
(Note: This relationship will be discussed in detail in Section 5.1.) 


Concept Check Work each problem. 


51. Give two values of 0, 0? = 0 « 360°, for which sin 0 = cos @. 
52. Give two values of 0, 0? = 0 « 360°, for which tan 0 = 1. 


53. The equation cos 0 = .8 has the approximate solution 0 = 36.87°. Find an approxi- 
mate solution for cos 0 = —.8. 


54. The equation sin 0 = .8 has the approximate solution @ = 53.13*. Find an approxi- 
mate solution for sin 0 = —.8. 


“In Exercises 55—60, set your graphing calculator in parametric and degree modes. Set 


the window and functions (see the third screen) as shown here, and graph. A circle of 
radius 1 will appear on the screen. Trace to move a short distance around the circle. In 
the screen, the point on the circle corresponds to an angle T = 25°. Since r = 1, cos 25° 
is X = .90630779, and sin 25? is Y = .42261826. 





WINDOW 










Tminzi 
Tmax-3eB 
Tster=! 
amin--1.8 
Amax-1.8 
Azcl-1 
JYmin--71.2 





-1.2 


This screen is a continuation 
of the previous one. 


55. Use the right- and left-arrow keys to move to the point corresponding to 20°. What 
are cos 20° and sin 20°? 

56. For what angle T, 0° = T = 90°, is cos T = .766? 

57. For what angle T, 0° = T = 90°, is sin T = .574? 

58. For what angle T, 0° = T = 90°, does cos T = sin T? 


59. As T increases from 0° to 90°, does the cosine increase or decrease? What about 
the sine? 

60. As T increases from 90? to 180?, does the cosine increase or decrease? What about 
the sine? 














61 


Area of a Solar Cell A solar cell converts the 
energy of suniight directly into electrical ener- 
gy. The amount of energy a cell produces 
depends on its area. Suppose a solar cell is 
hexagonal, as shown in the figure. Express its 
area in terms of sin 0 and any side x. (Hint: 
Consider one of the six equilateral triangles 
from the hexagon. See the figure.) (Source: 
Kastner, B., Space Mathematics, NASA, 1985.) 





i“sint9@) 
1/cosciS05 
Csint -2703371 
1“cos (98) 





(b) 


Figure 51 


Using the Definitions of the Trigonometric Functions 


'eciprocal Identities * Signs and Ranges of Function Values = Pythagorean Identities = Quotient Identities 
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62. (Modeling) Distance Between the Sun and a Star Bart 
Suppose that a star forms an angle 0 with respect to 
Earth and the sun. Let the coordinates of Earth be 
(x, y), those of the star (0,0), and those of the sun 
(x, 0). See the figure. Find an equation fof x, the dis- 
tance between the sun and the star, as follows. 





(a) Write an equation involving a trigonometric Sun 
function that relates x, y, and 6. Not to scale 
(b) Solve your equation for x. 






Identities are equations that are true for all values of the variables for which all 
expressions are defined. Identities are studied in more detail in Chapter 5. 


(x+y)? =x*+ 2x ty! 2(x + 3) =2x + 6 Identities (Appendix A) 


Reciprocal Identities Recall the definition of a reciprocal: the reciprocal of 
the nonzero number x is L For example, the reciprocal of 2 is I and the recipro- 
cal of U is Hu There is no reciprocal for 0. Scientific calculators have a recipro- 
cal key, usually labeled Or [=o Using this key gives the reciprocal of any 
nonzero number entered in the display. 

The definitions of the trigonometric functions in the previous section were 
written so that functions in the same column are reciprocals of each other. Since 
sin 0 = Ž and csc B 


l 
and ese 0 = ——, 
csc @ sin @ 





sin ĝ = 


provided sin 0 # 0. Also, cos 0 and sec @ are reciprocals, as are tan @ and cot 8. 
In summary, we have the reciprocal identities that hold for any angle 0 that 
does not lead to a 0 denominator. 


Reciprocal Identities 





EH The screen in Figure 31(a) shows how to find csc 90°, sec 180°, and 
csc(—270°), using the appropriate reciprocal identities and the reciprocal key of 
a graphing calculator in degree mode. Be sure not to use the inverse trigonomet- 
ric function keys to find the reciprocal function values. Attempting to find 
sec 90° by entering 55:959; produces an ERROR message, indicating the reci- 
procal is undefined. See Figure 31(b). Compare these results with the ones 
found in the table of quadrantal angle function values in Section 1.3. m 
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Signs of Function Values 





NOTE Identities can be written in different forms. For example, 


l l 
sin 0 = —— can be written csc 0 = —— or (sin 0) (csc 0) = 1. 
csc 0 sin 0 





EXAMPLE 1 Using the Reciprocal Identities 
Find each function value. 


5 V 12 
(a) cos 0, ifsec 0 — 3 (b) sin 6, if csc 0 = a 


Solution 
(a) Since cos @is the reciprocal of sec 6, 
1 3 3 
009 ge SS mA eS d rcu 
se 5 5 5 
Simplify the complex fraction. 


(b) sin 0 = 





en diis i. 
sin 8 = zè 


Vi 
2 
2 "P ! 
— VH Simplify the complex fraction as in part (a). 
2 


=—— Wei 


Simplify. 


V3 


. va = —-————  Rationalize the denominator. 


3 





Now try Exercises 5 and 7. 


Signs and Ranges of Function Values In the definitions of the trigono- 
metric functions, r is the distance from the origin to the point (x, y). Distance is 
never negative, so r > 0. If we choose a point (x, y) in quadrant I, then both x 
and y will be positive, and the values of all six functions will be positive. 

A point (x, y) in quadrant II has x « 0 and y > O. This makes the values of 
sine and cosecant positive for quadrant II angles, while the other four functions 
take on negative values. Similar results can be obtained for the other quadrants, 
as summarized here. 


y 
x<0,y>0,r>0 x>0,y>0,r>0 





I! I 
Sine and cosecant All functions 
positive positive 
0 x 
x<0,y<0,r>0 x»0,y«0,r»0 
Iii IV 


Tangent and cotangent Cosine and secant 
positive positive 





Figure 32 
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EXAMPLE 2 Identifying the Quadrant of an Angle 


Identify the quadrant (or quadrants) of any angle 80 that satisfies sin 0 > O, 
tan 9 < 0. 


Solution Since sin 0 > 0 in quadrants I and II, while tan 0 < 0 in quadrants II 
and IV, both conditions are met only in quadrant II. 


Now try Exercise 27. 


Figure 32 shows an angle @ as it increases in measure from near 0° toward 
90°. In each case, the value of r is the same. As the measure of the angle in- 
creases, y increases but never exceeds r, so y = r. Dividing both sides by the 
positive number r gives ^ = i. 

In a similar way, angles in quadrant IV suggest that 


—] <= um 
r 
SO -l= pa = |} 
r 
and —1=sin@< |. Ž= sin @ for any angle 6. (Section 1.3) 
Similarly, —]- cos 0 = l. 


The tangent of an angle is defined as z, It is possible that x < y, x = y, or 
x > y. Thus, Z can take any value, so tan 0 can be any real number, as can cot 8. 

The functions sec 0 and csc 0 are reciprocals of the functions cos 0 and 
sin 6, respectively, making 


sec 0 = —lorsec@= 1 and csc 0 - —lorcsc 0 2 1. 


In summary, the ranges of the trigonometric functions are as follows. 


Ranges of Trigonometric Functions 





For any angle 0 for which the indicated functions exist: 


1. -1- sin0x 1 and —1z-cos0- 1; 

2. tan 0 and cot 0 can equal any real number; 

3. sec 0 = —lorsec0 = 1 and csc@S—lorcsc@= I. t 
| 
À 
] 


(Notice that sec 0 and csc 0 are never between — 1 and 1.) 


[oe 14 ARMATIS Ne tasen ttt —— zi a ub LB EOE ate s IH DEI HN SAT eT NEN EE RE S ICT Re Ee DOE DO NER ERTL NERIS e SIEUT eae ES SEM n RE 
gd MERLO SEDE EIL mE UE UR Hut t MANDO E KT TES OTRAS NUR ARCA Ce pA M cont ae 





EXAMPLE 3 Deciding Whether a Value Is in the Range of a Trigonometric 
Function 





Decide whether each statement is possible or impossible. 
(a) sin 0 = V8 (b) tan 0 — 110.47 (c) sec 0 — .6 
Solution 


(a) For any value of 0, —1 = sin 0 = 1. Since V8 > 1, it is impossible to find 
a value of 0 with sin 0 = V8. 
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Figure 53 


(b) Tangent can equal any value. Thus, tan 0 — 110.47 is possible. 


(c) Since sec 0 = —lorsec 0 = |, the statement sec 0 = .6 is impossible. 


Now try Exercises 47 and 49. 


The six trigonometric functions are defined in terms of x, y, and r, where the 
Pythagorean theorem shows that r^ = x^ y^ and r > 0. With these relation- 
ships, knowing the value of only one function and the quadrant in which the 
angle lies makes it possible to find the values of the other trigonometric functions. 


EXAMPLE 4 Finding All Function Values Given One Value and the Quadrant 


suppose that angle 0 is in quadrant II and sin 0 — d Find the values of the other 
five functions. 


Solution Choose any point on the terminal side of angle 0. For simplicity, 


. . Y . . 
since sin 0 = 7, choose the point with r = 3. 
| 2. ig 
sin @ = — Given value 
3 
y 2 mida TON 
cc ae Substitute = for sin 0. 
r Jj 


2 


If r = 3, then y = 2. To find x, use the result x? + y? =r’. 


y + y =F 
x He =y Substitute 
xr+4=9 
x= 5 Subtract 4. (Appendix A) 


X — V5 or omm -V5 Square root property (Appendix A) 


since 0 is in quadrant II, x must be negative, as shown in Figure 33, so x = 
— V 5, and the point (— Vs, 2) is on the terminal side of 0. Now we can find the 
values of the remaining trigonometric functions. 


o | WS 





C08 oto = 
r 3 3 
0 r 3 3 vs 3V5 
sec 9 = — = Á — = —— " — = ~m 
yo =v ws. "uS 5 
y 2 2 5 2N/5 
tan 0 = = = E eu SS 2S SS 
x —V5 va y3 5 
x -V5 Vs 
cot Q = — = — = - 
y 2 2 
r 3 
csc 0 = — = — 
y 2 


Now try Exercise 67. 


Looking Ahead to Calculus 


The reciprocal, Pythagorean, and quo- 
tient identities are used in calculus to 
find derivatives and integrals of 
trigonometric functions. A standard 
technique of integration called trigono- 
metric substitution relies on the 


Pythagorean identities. 
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Pythagorean Identities We derive three new identities from the relation- 
ship x^ + y= r* 





cf J oe ! 

- -= — Divide byr 

F F` F 

3 q 
X y j ` a a yl 
—]| + |>] ^1 Power rule for exponents; p" (5) 
F F 
(cos 0) + (sin 0) —1 cos0— *.sin 0 = 4 (Section 1.2) 
Or sin 0 + cos 0— | 


Starting again with x^ + y? = r^ and dividing through by x^ gives 





2 yop € 
uS Divide by x. 
X X X 
2 k 
x r | 
L= SM Power rule for exponents 
X X 


1 + (tan 0) = (sec Oy tan 0 =~, sec 0 = Ë (Section 1.3) 
Or an 0 + ] — sec* 6. 
On the other hand, dividing through by y? leads to 
| + cot? 0 = csc? 0. 


These three identities are called the Pythagorean identities since the original 
equation that led to them, x^ + y^ = r^, comes from the Pythagorean theorem. 


Pythagorean Identities 


sin? 0 + co? 0 = 1 tan? 0 + 1 = sec? 0 1 + cot? 0 = csc’? 0 


AS Although we usually write sin’ 6, for example, it should be entered 
as (sin 0) in your calculator. To test this, verify that in degree mode, 
sin? 30° = .25= 5. m 


As before, we have given only one form of each identity. However, alge- 
braic transformations produce equivalent identities. For example, by subtracting 
sin’ 6 from both sides of sin’ 0 + cos” 0 = 1, we get the equivalent identity 


cos? 0 = | — sin’ 8. 


You should be able to transform these identities quickly and also recognize their 
equivalent forms. 


Quotient Identities Consider the quotient of sin 0 and cos 0, for cos 0 # 0. 





3 

S y xo y 
= = = = + — = >. — ` = (an 0 
cos@ = r F rF xXx x 


Similarly, cost = cot 0, for sin 0 # 0. Thus, we have the quotient identities. 
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Quotient Identities 











EXAMPLE 5 Finding Other Function Values Given One Value and the Quadrant 


Find sin 0 and tan 0, if cos 0 — — y3 and 6 is in quadrant II. 





Solution Start with sin? 0 + cos? 0 — 1. 


V3 


2 
sin’ 0 + 2 wl Replace cos 6 with -xi 
ge 
sın —_— = 
16 
13 
JD. 3 
sin 0— — Subtract 1c. 
V 13 
sin 0 = + a Take square roots. 
: v 13 Choose the positive square root since 
üRJBB =~ m ld a - 
4 sin 0 is positive when 60 is in quadrant II. 


To find tan 6, use the quotient identity tan 0 = =, d 


sing XE E- :)--Y8 
V3 





vB V3 X VS 


= — e — = — Rationalize the denominator. 





Now try Exercise 55. 


CAUTION In problems like those in Examples 4 and 5, be careful to choose 
the correct sign when square roots are taken. 


EXAMPLE 6 Finding Other Function Values Given One Value and the Quadrant 
Find sin 6 and cos 6, if tan 0 = 3 and 6 is in quadrant III. 


Solution Since 0 is in quadrant IIL, sin 0 and cos 0 will both be negative. It is 
tempting to say that since tan 0 = 23$ and tan 0 — $, then sin 0 = —4 and 
cos 6 = —3. This is incorrect, however, since both sin 0 and cos 0 must be in 


the interval [— 1, 1]. 
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We use the Pythagorean identity tan? 0 + 1 = sec? @to find sec 6, and then 
the reciprocal identity cos 0 — 3 to find cos 8. 


tan? 0 + 1 = sec? 0 


4 2 
($) +1=sec?@ tand=% 


3 
16 
— + | = sec’ 0 
9 
25 ; 
—— — sec” p 
9 
5 Choose the negative square root since sec 0 
— — = sec 9 y RE mag rie 
3 is negative when @ is in quadrant III. 
3 ' i 
Us — cos 0 Secant and cosine are reciprocals. 


Since sin? 6 = 1 — cos? 6, 


3 2 
a ox» " 3 
sin @=1 -— |- cos 9 = —= 
5 
9 
sin @= 1 — — 
29 
np” 16 
sin 0 = 
23 
4 | 
sin 0 = — * Choose the negative square root. 


Now try Exercise 59. 





NOTE Example 6 can also be worked by drawing 0 in standard position in 
quadrant III, finding r to be 5, and then using the definitions of sin 0 and cos 0 
in terms of x, y, and r. 


14 Exercises 


1. Concept Check What positive number a is its own reciprocal? Find a value of 6 
for which sin 0 = csc 0 = a. 


2. Concept Check What negative number a is its own reciprocal? Find a value of 6 
for which cos 6 = sec 0 = a. 


Use the appropriate reciprocal identity to find each function value. Rationalize denomi- 
nators when applicable. In Exercises 9 and 10, use a calculator. See Example 1. 


l 
3. cos 0, ifsec 0 = —2.5 4. cot 6, if tan @ = E 
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5. sin 0, ifcsc 0 = 3 6. sec 0, if cos 0 — -¥ 
V5 
7. sin 0, ifcsc 0 = V15 8. tan 0, if cot 0 = = 
9. sin 0, ifcsc 0 = 1.42716321 10. cos 0, if sec 0 — 9.80425133 


—|11. Can a given angle 0 satisfy both sin 0 > 0 and csc 0 < 0? Explain. 


= 12. Explain what is wrong with the following item that appears on a trigonometry test: 


8 
Find sec 0, given that cos 0 = ry. 
iz] 13. What is wrong with the following statement? tan 90? = XE. 


14. Concept Check One form of a particular reciprocal identity is tan 0 = x5. Give 
two other equivalent forms of this identity. 


Find the tangent of each angle. See Example 1. 


15. cot 0 = —3 16. cot0 = 2 17. cot 0 = 4 
18. cot 0 = e 19. cot 0 = 4 20. cot 0 = —.01 


Find a value of each variable. 


2b tan(30 — 4°) = ————— 22. 20 + 6" 6+ 3°) =1 
21. tan( 4?) co(58 — 89) sec(20 ) cos(5 ) 
" — SCR SABEN 
23. sin(40 + 2°) csc(30 + 5°) = 1 24. cos(6A + 5°) sec(4A + 15°) 
B 25. The screen was obtained with the calculator in degree [coge c148795 
mode. Vi can we use it to justify that an angle of icd ass 
14,879? is a quadrant II angle? 8746197871 





TP 


=|26. The screen was obtained with the calculator in degree 
mode. An angle of 1294° lies in which quadrant? 


i | 294) 
Explain. -, 9991929835 





Identify the quadrant or quadrants for the angle satisfying the given conditions. See 


Example 2. 
27. sin 0 > 0,cos 0 < 0 28. cos 6 > 0, tan 9 > 0 
29. tan 0 > 0,cot 0 — 0 30. tan 0 < 0,cot 0 < O 


31. cos 0 « 0 32. tan0— O 
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Concept Check Give the signs of the sine, cosine, and tangent functions for each angle. 
33. 74° 34. 298° 55. 129° 36. 183° 

37. 406? 38. 412? 39. —82° 40. —121? 
Concept Check. Without using a calculator, decide which is greater. 

41. sin 30° or tan 30? 42. sin 20° or sin 21? 43. sin 33? or sec 33° 


44. cos 5° or cos" 5? 45. cos 26? or cos 27? 46. cos 2? or cot 2? 


Decide whether each statement is possible or impossible for an angle 0. See Example 3. 


47. sin 0 — 2 48. cos 0 = — 1.001 49, tan 0 — .92 
50. cot 0 = —12.1 5]. sec 0 = | 52. tanO = | 

| 
53. sin 0 = E andcsc 0 = 2 54. tan 0 = 2 and cot 0 = —2 


Use identities to find each function value. Use a calculator in Exercises 61 and 62. See 
Examples 4 —6. 


55. tan 0, if sec 0 = 3, with 0 in quadrant IV 


l 
56. sin 0, if cos 0 = E with 0 in quadrant II 


l 
57. csc 0, if cot 0 = ae with @ in quadrant IV 


W7 


58. sec 0. if tan 0 = ^ with 8 in quadrant III 


59. cos 0, if csc 0 = —4, with 8 in quadrant III 

60. sin 0, if sec 0 = 2, with 0 in quadrant IV 

61. cot 0, if csc 0 = —3.5891420, with 0 in quadrant IH 
62. tan 0. if sin 0 = .49268329, with 0 in quadrant II 


63. Concept Check Does there exist an angle 0 with cos 0 = —.6 and sin 0 = .8? 


Find all trigonometric function values for each angle. Use a calculator in Exercises 70 
and 71. See Example 4. 


3 15 
64. cos 0 = = with 8 in quadrant III 65. tan 0 — a with 8 in quadrant II 
"m | NS us um 
66. tan 0 = V3, with 0 in quadrant III 67. sin 0 = EE with @ in quadrant I 


V3 
68. csc 0 = 2, with 0 in quadrant H 69. cot 0 — RO with 0 in quadrant | 


70. cot 0 = — 1.49586, with 0 in quadrant IV 
71. sin 0 = .164215, with 0 in quadrant H 


Work each problem. 


72. Derive the identity | + cot? 6 = csc? 0 by dividing x^ + y^ = r^ by y”. 
73. Using a method similar to the one given in this section showing that sing = tan 9, 
cos 8 


show that zs = cot 8. 
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74. Concept Check True or false: For all angles 6, sin 0 + cos 0 = 1. If false, give an 
example showing why it is false. 





75. Concept Check True or false: Since cot 6 = $$, if cot 6 = $ with @ in quadrant I, 


then cos 6 = 1 and sin 0 = 2. If false, explain why. 


Use a trigonometric function ratio to solve each problem. (Source for Exercises 76 and 
77: Parker, M., Editor, She Does Math, Mathematical Association of America, 1995.) 


76. Height of a Tree A civil engineer must determine the height of the tree shown in 
the figure. The given angle was measured with a clinometer. She knows that 
sin 70? ~ .9397, cos 70? ~ .3420, and tan 70? ~ 2.747. Use the pertinent trigono- 


metric function and the measurement given in the figure to find the height of the tree 
to the nearest whole number. 





This is a picture of one type of 
clinometer, called an Abney hand 
level and clinometer. The picture is 
courtesy of Keuffel & Esser Co. 


77. (Modeling) Double Vision To correct mild double vision, a small amount of prism 
is added to a patient's eyeglasses. The amount of light shift this causes is measured 
in prism diopters. A patient needs 12 prism diopters horizontally and 5 prism diopters 
vertically. A prism that corrects for both requirements should have length r and be 
set at angle 0. See the figure. 


12 





(a) Use the Pythagorean theorem to find r. 


(b) Write an equation involving a trigonometric function of 0 and the known prism 
measurements 5 and 12. 


Concept Check Suppose that 90? « 0 « 180°. Find the sign of each function value. 


0 
78. sin 20 79. tan — 80. cot(@+ 180°) — 81. cos(— 0) 
=] 82. The straight line in the figure determines both angle o (alpha) and angle f (beta) 
with the positive x-axis. Explain why tan a = tan f. 


a 


"x. 


"Tout 








KEY TERMS | 











1.1 line negative angle second congruent triangles 
line segment (or degree angle in standard 1.3 sine 
segment) acute angle position cosine 

in right angle quadrantal angle tangent 

angle obtuse angle coterminal angles cotangent 
initial side straight angle 1.2 vertical angles secant : 
terminal side complementary angles parallel lines cosecant | 
vertex of an angle supplementary angles transversal 






positive angle minute similar triangles 





| NEW SYMBOLS 





0 Greek letter theta 


Sana cora 
ac me 











: degree | A 
QUICK REVIEW 
CONCEPTS EXAMPLES 
1.1 Angles 
Types of Angles i 
If 0 = 32°, then angle 0 is an acute angle. ] 
If 0 = 90°, then angle 0 is a night angle. 2 
i a If 0 = 148°, then angle @ is an obtuse angle. L. 
If 0 = 180°, then angle @ is a straight angle. 1 A 
Acute angle Right angle 1 
0° < 8 < 90° 9 = 90° : 
TN NET ET 
Obtuse angle Straight angle 
90? « 0 « 180? 0 = 180° 


1.2 Angle Relationships and Similar Triangles 





Vertical angles have equal measures. 





m and n are parallel lines. 


Vertical angles 4 and 5 are equal. 


(continued) 


Ne ee ee RR 
SE aa i 
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| CONCEPTS 


The sum of the measures of the angles of any triangle is 


| 180*. 


| When a transversal intersects parallel lines, the following 
angles formed have equal measure: alternate interior, alter- 

| nate exterior, and corresponding. Interior angles on the same 
| side of the transversal are supplementary. 


| Similar triangles have corresponding angles with the same 
| measures, and corresponding sides proportional. 


| Congruent triangles are the same size and the same shape. 


| 1.3 Trigonometric Functions 


Definitions of the Trigonometric Functions 

| Let (x, y) be a point other than the origin on the terminal side 
| of an angle 6 in standard position. Let r = Vx? + y?, the 

| distance from the origin to (x, y). Then 

| sing = — 
| r 


cos à = — tan 0 =~ (x 4 0) 
r x 


7 cse 0 = — (y # 0) sec 0 = — (x # 0) cot 0 = — (y 4 0). 


See the summary table of trigonometric function values for 
quadrantal angles on page 24. 





1.4 Using the Definitions of the Trigonometric 
Functions 


| Reciprocal Identities 


EXAMPLES 


m 


m and n are parallel lines. 
The sum of angles 1, 2, and 3 is 180°. 


Angles 5 and 7 are alternate interior angles, so they are 
equal. Angles 4 and 8 are alternate exterior angles, so they 
are equal. Angles 4 and 7 are corresponding angles, so they 
are equal. Angles 6 and 7 are interior angles on the same 
side of the transversal, so they are supplementary. 


B Pairs of corresponding angles as marked 
in triangles ABC and DEF are equal. 


AB BC AC 
O, —— ae 377 
“> BE EF DF 


E 
D { we F 
If the point (—2, 3) is on the terminal side of angle 6 in 


standard position, then x = —2, y =3,r=V4+9= 
V 13, and 


Corresponding angles are 
equal, and corresponding 
sides are equal. 


i35, 59 = NA is dme 
13 ' 13. ' "e 

Y 13 Y 13 
akd A a cot 0 = —— 








us. | 1. EM! The preceding examples given for Section 1.3 satisfy these 
sin 8 = sc 0 nae sec 0 une cot 0 identities. For example, 
1 1 1 l 3 
= —— = = tan 0 = — = TFs = 
csc 0 ang sec 0 . 6 cot 0 — tø = 2 


es 





EXAMPLES 





CONCEPTS 


Pythagorean Identities 
Using the preceding trigonometric values for Section 1.3, 


3V13 V " WBF 
13 13 


sin? 0 + cos? 0 = 1 tan? 0 + 1 = sec? 0 


1 + cot’ 0 = csc? 8 sin’ 6 + cos? 8 = | 


| " EV j 
| cot 021 + E = 


Quotient Identities : 
| From the preceding trigonometric values, 














sin 0 cos 0 | 
im m amy ms sing — e _3V13f — 135 LÀ" 
i x E 2 


cosQ _2¥V13 
13 


Signs of the Trigonometric Functions 


[e 


x>0,y>0,r>0 Identify the quadrant(s) of any angle @ that satisfies 


x<0,y>0,r>0 


II I 
Sine and cosecant 
positive 


All functions 
positive 


sin 0 < 0, tan 0 > O. 


Since sin 0 < 0 in quadrants III and IV, while tan 0 > 0 in 
quadrants I and III, both conditions are met only in 





x<0,y<0,r>0 x>0,y<0,r>0 quadrant III. 
IH IV 
Tangent and cotangent Cosine and secant 
positive positive 


Chapter 1 Review Exercises 


1. Give the complement and the supplement of an angle of 35°. 


Find the angle of smallest possible positive measure coterminal with each angle. 


d = » = [TP 4. 792° 
5. Let n represent any integer, and write an expression for all angles coterminal with 
an angle of 270°. 
Work each problem. 


6. Rotating Pulley A pulley is rotating 320 times per min. Through how many 
degrees does a point on the edge of the pulley move in i sec? 


7. Rotating Propeller The propeller of a speedboat rotates 650 times per min. Through 
how many degrees will a point on the edge of the propeller rotate in 2.4 sec? 
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Convert decimal degrees to degrees, minutes, seconds, and convert degrees, minutes, 
seconds to decimal degrees. Round to the nearest second or the nearest thousandth of a 
degree, as appropriate. Use a calculator as necessary. 


8. 47? 25' 11” * 19". 3 10. —61.5034° 11. 275.1005? 


Find the measure of each marked angle. 


12. 


(9x + 4)? 






(12x — 14)? 





14. Express 0 in terms of o and f. N 
15. Length of a Road The flight path CP of a 1.25 mm 
satellite carrying a camera with its lens at C P Q 


is shown in the figure. Length PC represents 150 mm! 

the distance from the lens to the film PQ, and C 

BA represents a straight road on the ground. 

Use the measurements given in the figure to 

find the length of the road. (Source: Kastner, 30 kan 

B., Space Mathematics, NASA, 1985.) Not to scale 
B A 


Find all unknown angle measures in each pair of similar triangles. 


16. 17. P 
X 


Z 
A E 
32^ Tp M E 
86° 
Q : S 
/I 12° 
Ed, V U R 


Find the unknown side lengths in each pair of similar triangles. 


18. 75 19. 
SF /\ 
50 16 


"S 
Q 
- 
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Find the unknown measurement. There are two similar triangles in each figure. 


20. 21. 


P 


k 


22. Concept Check Complete the following statement: If two triangles are similar, 
their corresponding sides are ____________. and their corresponding angles are 


23. Length of a Shadow If a tree 20 ft tall casts a shadow 8 ft long, how long would 
the shadow of a 30-ft tree be at the same time and place? 


Find the six trigonometric function values for each angle. If a value is undefined, say so. 


25. y 26. 180° 






(1, —N3) 





Find the values of the six trigonometric functions for an angle in standard position hav- 
ing each point on its terminal side. 

27. 15,4) 28. (9, —2) 29. (—8.15) 

30. (1.—5) 31. (6V3, —6) 32. (-2V2,2N/2) 


33. Concept Check Af the terminal side of a quadrantal angle lies along the y-axis, 
which of its trigonometric functions are undefined? 


34. Find the values of all six trigonometric functions for an angle in standard position 
having its terminal side defined by the equation 5x — 3y = 0, x = 0. 


In Exercises 35 and 36, consider an angle 0 in standard position whose terminal side has 
the equation y = —5x, with x = 0. 
35. Sketch 0 and use an arrow to show the rotation if 0? = 9 < 360°. 


36. Find the exact values of sin @, cos 0, and tan 8. 


Evaluate each expression. 


37. 4 sec 180? — 2 sin? 270° 38. —cot^ 90? + 4 sin 270? — 3 tan 180° 


39. Decide whether each statement is possible or impossible. 


à 
(a) sec 0 = nt (b) tan 0 = 1.4 (c) csc 9 = 5 

Find all six trigonometric function values for each angle. Rationalize denominators 

when applicable. 


vom 


. Vo "AM : 
40. sin 0 = FE and cos 0 < 0 41. cos 0 — E with 0 in quadrant III 
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42. 
44. 


46. 


l=) 47. 


tan a = 2, with a in quadrant III 43. sec B — — V, with B in quadrant II 
2 5 
sin 0 = E with 0 in quadrant III 45. seca = T’ with o in quadrant IV 


Concept Check If, for some particular angle 0, sin 0 < O and cos 0 > 0, in what 
quadrant must 0 lie? What is the sign of tan 0? 

Explain how you would find the cotangent of an angle 0 whose tangent is 1.6778490 
using a calculator. Then find cot 8. 


Solve each problem. 


48. 


49. 


50. 


L. 
2. 
3. 


4. 


Angle the Celestial North Pole Moves At present, the north 
star Polaris is located very near the celestial north pole. 
However, because Earth is inclined 23.5?, the moon's gravita- 
tional pull on Earth is uneven. As a result, Earth slowly pre- 
cesses (moves in) like a spinning top and the direction of 
the celestial north pole traces out a circular path once every 
26,000 yr. See the figure. For example, in approximately A.D. 
14,000 the star Vega will be located at the celestial north 
pole—and not the star Polaris. As viewed from the center C of 
this circular path, calculate the angle in seconds that the celes- 
tial north pole moves each year. (Source: Zeilik, M., S. Gregory, and E. Smith, 
Introductory Astronomy and Astrophysics, Second Edition, Saunders College 
Publishers, 1998.) 

Depth of a Crater on the Moon The depths of unknown craters on the moon can 
be approximated by comparing the lengths of their shadows to the shadows of near- 
by craters with known depths. The crater Aristillus is 11,000 ft deep, and its shadow 
was measured as 1.5 mm on a photograph. Its companion crater, Autolycus, had a 
shadow of 1.3 mm on the same photograph. Use similar triangles to determine the 
depth of the crater Autolycus. (Source: Webb, T., Celestial Objects for Common 
Telescopes, Dover Publications, 1962.) 





Height of a Lunar Peak The lunar mountain peak Huygens has a height of 
21,000 ft. The shadow of Huygens on a photograph was 2.8 mm, while the nearby 
mountain Bradley had a shadow of 1.8 mm on the same photograph. Calculate the 
height of Bradley. (Source: Webb, T., Celestial Objects for Common Telescopes, 
Dover Publications, 1962.) 


Chapter 1 Test 


Convert 74? 17' 54" to decimal degrees. 
Find the angle of smallest positive measure coterminal with —157°. 


Rotating Tire A tire rotates 450 times per min. Through how many degrees does 
a point on the edge of the tire move in 1 sec? 


Find the measure of each marked angle. 


Si 


10. 


11 
12. 
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Swimmer in Distress A lifeguard located 20 yd from the water spots a swimmer 
in distress. The swimmer is 30 yd from shore and 100 yd east of the lifeguard. 
Suppose the lifeguard runs, then swims to the swimmer in a direct line, as shown in 
the figure. How far east from his original position will he enter the water? (Hint: 
Find the value of x in the sketch.) 





If (2, —5) is on the terminal side of an angle 6 in standard position, find sin 6, cos 6, 
and tan 8. 


If cos 0 < 0 and cot 0 > 0. in what quadrant does @ terminate? 


If cos 0 = i and @ is in quadrant IV, find the values of the other trigonometric func- 
tions of 6. 


Is it possible for sin 6, cos 0, and tan @ to all be negative for the same value of 0? 
Explain. 


Suppose @ is in the interval (90°, 180°). Find the sign of each function value. 
0 
(a) cos z (b) cot(0 — 180°) 


Find cos 0 if sec 8 = — 10. 


Use the reciprocal, quotient, and Pythagorean identities to give three expressions 
that complete the following statement: 


cot 0 = 
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Trigonometric Functions 


Chapter 1 Quantitative Reasoning 


Have you ever gazed up at a redwood tree, a skyscraper, a public 
monument, or perhaps a dinosaur in a museum and wondered how 
tall it was? 


There is a relatively simple way to make a reasonable estimate. All you need is 
a 1-ft ruler. Hold the ruler vertically at arm’s length as you approach the object 
to be measured. Stop when one end of the ruler lines up with the top of the 
object and the other end with its base. Now pace off the distance to the object, 
taking normal strides. The number of paces will be the approximate height of 
the object in feet. 

The reason this method works depends on a concept presented in this 
chapter. Furnish the reasons for the following steps, which refer to the figure. 
(Assume that the length of one pace is EF.) Then answer the question. 





Reasons 

CG AG 

Step 1 CG = — = — 

ep | AD 
P AD BP 

EG EG EG 

Step 3 — = — = — 

EF BD ] 


Step 4 CG ft — EG paces 
What is the height of the tree? 





Acute Angles and Right 


Triangles 


falus transportation is critical to the economy of the United States. 
In 1970 there were 1150 billion miles traveled, and by the year 2000 this 
increased to approximately 2500 billion miles. When an automobile travels 


around a curve, objects like trees, buildings, 
and fences situated on the curve may ob- 
struct a driver's vision. Trigonometry is used 
to determine how far inside the curve land 
must be cleared to provide visibility for a 
safe stopping distance. (Source: Mannering, 
F. and W. Kilareski, Principles of Highway 
Engineering and Traffic Analysis, Second 
Edition, John Wiley & Sons, 1998.) 

A problem like this is presented in Ex- 
ercise 35 of Section 2.5. 









Trigonometric Functions of 
Angles 


Acte —— 





2.2 Trigonometric Functions of Non- 
Acute Angles i 


2.3 Finding Trigonometric Function 
Values Using a Calculator 


2.4 Solving Right Triangles 


2.5 Further Applications of Right 
Triangles 


45 
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| Right-Triangle-Based Definitions of the Trigonometric Functions = Cofunctions = Trigonometric Function 


Values of Special Angles 





Right-Triangle-Based Definitions of the Trigonometric Functions 
In Section 1.3 we used angles in standard position to define the trigonometric 
functions. There is another way to approach them: as ratios of the lengths of the 
sides of right triangles. Figure 1 shows an acute angle A in standard position. 
The definitions of the trigonometric function values of angle A require x, y, and 
r. As drawn in Figure 1, x and y are the lengths of the two legs of the right trian- 
gle ABC, and r is the length of the hypotenuse. 

The side of length y is called the side opposite angle A, and the side of 
length x is called the side adjacent to angle A. We use the lengths of these sides 








Figure 1 
"ue to replace x and y in the definitions of the trigonometric functions, and the 
length of the hypotenuse to replace r, to get the following right-triangle-based 
definitions. 
Right-Triangle-Based Definitions of Trigonometric Functions | 
For any acute angle A in standard position, | 
i it 
zde = side opposite unm "T 2 Dia iie: 
r hypotenuse y side opposite 
x ide adj t hypot | 
0954 aoe = Side segnem — ypo Rus 
r hypotenuse x side adjacent 
: id it id j t 
PE s si Peppe e —À x_ = eadjacen | 
x side adjacent y side opposite 
EXAMPLE 1 Finding Trigonometric Function Values of an Acute Angle 
C Find the sine, cosine, and tangent values for angles A and B in the right triangle 


T 7 24 in Figure 2. 
B A Solution The length of the side opposite angle A is 7, the length of the side ad- 


- jacent to angle A is 24, and the length of the hypotenuse is 25. Use the relation- 
Figure 2 ships given in the box. 

' side opposite 7 side adjacent 24 side opposite 7 

sin A = ——— ——— = — cosA = —— —_ = — lA 

hypotenuse 25 hypotenuse 25 side adjacent 24 


The length of the side opposite angle B is 24, while the length of the side adja- 
cent to B is 7, so 


; 24 7 24 
sin 8 = — cos B = — tan B = —. 
25 25 7 


Now try Exercise 1. 


B 
D 
A 
b 
Figure 3 
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NOTE Because the cosecant, secant, and cotangent ratios are the reciprocals 
of the sine, cosine, and tangent values, respectively, in Example 1 we can con- 


clude that csc A — 2 sec A = 2 cot A = a esc P = 2 sec B — 2 and 
cot B — i. 


Cofunctions In Example 1, you may have noticed that sin A = cos B and 
cos A = sin B. Such relationships are always true for the two acute angles of a 
right triangle. Figure 3 shows a right triangle with acute angles A and B and a 
right angle at C. (Whenever we use A, B, and C to name angles in a right tri- 
angle, C will be the right angle.) The length of the side opposite A is a, and the 
length of the side opposite angle B is 5. The length of the hypotenuse is c. 

By the preceding definitions, sin A = ©. Since cos B is also equal to f, 


a 
sin Á = — = cos B. 
C 


Similarly, tan A = Y — cot B and Sec A = 4 = csc B. 


Since the sum of the three angles in any triangle is 180° and angle C equals 
90°, angles A and B must have a sum of 180° — 90° = 90°. As mentioned in 
Chapter 1, angles with a sum of 90° are complementary angles. Since angles A 
and B are complementary and sin A = cos B, the functions sine and cosine are 
called cofunctions. Tangent and cotangent are also cofunctions, as are secant 
and cosecant. And since the angles A and B are complementary, A + B = 90°, 
or B = 90° — A, giving 


sin A = cos B = cos(90° — A). 
Similar results, called the cofunction identities, are true for the other trigono- 
metric functions. 
Cofunction Identities 
For any acute angle A, j 
sin Á = cos(90° — A) cscA = sec(90° — A) tanA = cot(90° — A) | 
cosA = sin(90? — A) secA = csc(90^ — A) cotA = tan(90° — A). | 


— ii s -—d = e = Sr ri = Lin mms Tu. d c ic d 


EXAMPLE 2 Writing Functions in Terms of Cofunctions 
Write each function in terms of its cofunction. 
(a) cos 52? (b) tan 71? (c) sec 24? 
Solution 
(a) Since cos A = sin(90? — A), 
cos 52° = sin(90° — 52°) = sin 38°. 
(b) tan 71° = cot(90° — 71°) = cot 19° (c) sec 24° = csc 66° 


Now try Exercises 17 and 21. 
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EXAMPLE 3 Solving Equations Using the Cofunction Identities 


Find one solution for each equation. Assume all angles involved are acute 
angles. 


(a) cos(0 + 4°) = sin(30 + 2°) (b) tan(20 — 18°) = cot(@ + 18?) 
Solution 


(a) Since sine and cosine are cofunctions, cos(@ + 4°) = sin(36 + 2°) is true if 
the sum of the angles is 90°. 


(0 + 4°) + (30 + 2°) = 90 
40 + 6° = 90° Combine terms. 
40 = 84° Subtract 6°. (Appendix A) 
8 = 21° Divide by 4. 


(b) Tangent and cotangent are cofunctions, so 


(20 — 18°) + (0 + 18°) = 90° 
30 = 90° 
0 = 30°. 


Now try Exercises 23 and 25. 


Figure 4 shows three right triangles. From left to right, the length of each 
hypotenuse is the same, but angle A increases in measure. As angle A increases 
in measure from 0° to 90°, the length of the side opposite angle A also increases. 


n ) E 
3 
A A A 


X xX X 
. y 
sin A = — 
- 


As A increases, y increases. Since ris fixed, sin A increases. 


Figure 4 


side opposite 
Since sin A = ———— ——, 

hypotenuse 
as angle A increases, the numerator of this fraction also increases, while the 
denominator is fixed. This means that sin A increases as A increases from 0° 
to 90°. 

As angle A increases from 0° to 90°, the length of the side adjacent to A 
decreases. Since r is fixed, the ratio = will decrease. This ratio gives cos A, show- 
ing that the values of cosine decrease as the angle measure changes from 0° to 
90°. Finally, increasing A from 0° to 90? causes y to increase and x to decrease, 
making the values of x = tan A increase. 

A similar discussion shows that as A increases from 0° to 90°, the values of 
sec A increase, while the values of cot A and csc A decrease. 





Equilateral triangle 
(a) 
30°} 130° 
2 2 
x| [x 


60° 90°} 190° 60° 
1 1 
30?— 60° right triangle 


(b) 
Figure 5 


30* 


a 60° 
1 


Figure 6 
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EXAMPLE 4 Comparing Function Values of Acute Angles 
Tell whether each statement is true or false. 

(a) sin 21? > sin 18? (b) cos 49° = cos 56? 
Solution 


(a) In the interval from 0° to 90°, as the angle increases, so does the sine of the 
angle, which makes sin 21? > sin 18° a true statement. 


(b) As the angle increases, the cosine of the angle decreases. The given state- 
ment cos 49° = cos 56? is false. 


Now try Exercise 29. 


Trigonometric Function Values of Special Angles Certain special 
angles, such as 30°, 45°, and 60°, occur so often in trigonometry and in more ad- 
vanced mathematics that they deserve special study. We start with an equilateral 
triangle, a triangle with all sides of equal length. Each angle of such a triangle 
measures 60?. While the results we will obtain are independent of the length, for 
convenience we choose the length of each side to be 2 units. See Figure 5(a). 
Bisecting one angle of this equilateral triangle leads to two right triangles, 
each of which has angles of 30°, 60°, and 90°, as shown in Figure 5(b). Since 
the hypotenuse of each of these right triangles has length 2, the shortest sides 
will have length 1. (Why?) If x represents the length of the medium side, then, 


2? = 1? + x^ Pythagorean theorem (Appendix B) 


4=1]1 +x 
3 = x? Subtract 1. 
V3 — Square root property (Appendix A); 


choose the positive square root. 


Figure 6 summarizes our results using a 30?—60? right triangle. As shown in the 
figure, the side opposite the 30? angle has length 1; that is, for the 30? angle, 


hypotenuse — 2, side opposite — ], side adjacent — V3. 
Now we use the definitions of the trigonometric functions. 


side opposite _ 


I 
sin 30° = ——— —— = — 
hypotenuse 2 
_— side adjacent — V3 
l hypotenuse 2 
fan 30° .Sideopposte — 1 — 1 V3 v3 
side adjacent V3 v3 v3 3 
2 
csc 30° = ' Éx 2 
„a gd wa 298 
dug 3 ===, mn 
Va “ews 3 
V3 
eet 30° — T V3 


50 CHAPTER2 Acute Angles and Right Triangles 





Figure 6 (repeated) 





45°— 45° right triangle 


Figure 7 


EXAMPLE 5 Finding Trigonometric Function Values for 60° 
Find the six trigonometric function values for a 60? angle. 


Solution Refer to Figure 6 to find the following ratios. 


V3 


sin 60° = cos 60° = tan 60° = 


* 
UN 


=2 cot 60° = 
v3 


csc 60? — 


Sie 715 


— |t Ne 
“lS S 
Pe) UJ 


2V3 
73 sec 60? — 


Now try Exercises 35, 37, and 39. 


NOTE The results in Example 5 can also be found using the fact that cofunc- 
tions of complementary angles are equal. 


We find the values of the trigonometric functions for 45° by starting with a 
45°—45° right triangle, as shown in Figure 7. This triangle is isosceles; we 
choose the lengths of the equal sides to be 1 unit. (As before, the results are in- 
dependent of the length of the equal sides.) Since the shorter sides each have 
length 1, if r represents the length of the hypotenuse, then 


1?+ 12= r?° Pythagorean theorem 
gp 
V2 — r. Choose the positive square root. 


Now we use the measures indicated on the 45? —45? right triangle in Figure 7. 


l 
cos 45° = —= tan 45° = — = 1 
v2 ] 


l 
esc 45° = —— = V2 sec 45° = —~ = V2 a =e 


Function values for 30°, 45°, and 60° are summarized in the table that follows. 


Function Values of Special Angles 





Now try Exercises 5, 7, and 9. 
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NOTE You will be able to reproduce this table quickly if you learn the values 
of sin 30°, sin 45°, and sin 60°. Then you can complete the rest of the table using 
the reciprocal, cofunction, and quotient identities. 


Since a calculator finds trigonometric function values at the touch of a key, 
you may wonder why we spend so much time finding values for special angles. 
We do this because a calculator gives only approximate values in most cases, 
while we often need exact values. For example, tan 30? can be found on a scien- 
"D tific calculator by first setting it in degree mode, then entering 30 and pressing 
MILIEEESS Dot the [un] key to get 


sequentia 


tan 30? = .57735027. = means “is approximately equal to." 


Earlier, however, we found the exact value: 


> M3 
sin¢38) —— i 
iub diede C To use a graphing calculator to approximate sine, cosine, or tangent func- 





tion values, press the appropriate function key first, and then enter the angle 
measure. (The calculator must be in degree mode to enter the angle measure in 
Figure 8 degrees.) See Figure 8. m 


Exercises 








Find exact values or expressions for sin A, cos A, and tan A. See Example 1. 


1. 2. 


28 





nm 


Concept Check For each trigonometric function in Column I, choose its value from 


Column ll. 
I II 
l 
5. sin 30° 6. cos 45° A. V3 B. C. > 
7. tan 45? 8. sec 60? D. v3 E. 2V3 F. v3 
2 3 3 
2 
9, csc 60° 10. cot 30° G. 2 H. XE b ow 
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Suppose ABC is a right triangle with sides of lengths a, b, and c and right angle at C. 
(See Figure 3.) Find the unknown side length using the Pythagorean theorem (Appen- 
dix B), and then find the values of the six trigonometric functions for angle B. Rationalize 
denominators when applicable. 

11. a = 5,b = 12 12. a=3,b=5 

13. a=6,c=7 14. b=7,c = 12 

15. Concept Check Give a summary of the six cofunction relationships. 


Write each function in terms of its cofunction. Assume that all angles in which an 
unknown appears are acute angles. See Example 2. 

16. cot 73° 17. sec 39° 18. cos(a + 20°) 

19. cot(0 — 10°) 20. tan 25.4? 21. sin 38.7? 


22. With a calculator, evaluate sin(90° — A) and cos A for various values of A. (Include 
values greater than 90? and less than 0?.) What do you find? 


Find one solution for each equation. Assume that all angles in which an unknown 
appears are acute angles. See Example 3. 


23. tan a = cot(a + 10?) 24. cos 0 — sin 20 
25. sin(20 + 10°) = cos(30 — 20°) 26. sec(B + 10°) = csc(2B + 20°) 
27. tan(3B + 4°) = cot(SB — 10°) 28. cot(50 + 2°) = tan(2@ + 4°) 


Tell whether each statement is true or false. See Example 4. 


29. sin 50° > sin 40° 30. tan 28° = tan 40° 
31. sin 46° < cos 46° 32. cos 28° < sin 28° 

(Hint: cos 46° = sin 44°) (Hint: sin 28° = cos 62°) 
33. tan 41° < cot 41° 34. cot 30° < tan 40° 


For each expression, give the exact value. See Example 5. 


35. tan 30° 36. cot 30° 37. sin 30° 38. cos 30° 
39. sec 30° 40. csc 30° 41. csc 45° 42. sec 45° 
43. cos 45° 44. cot 45° 





-u e a 
Relating Concepts 
For individual or collaborative investigation 
(Exercises 45—48) 


The figure shows a 45? central angle in a circle with radius 
4 units. To find the coordinates of point P on the circle, work 
Exercises 45—48 in order. 


45. Sketch a line segment from P perpendicular to the 
x-axis. 

46. Use the trigonometric ratios for a 45? angle to label the 
sides of the right triangle you sketched in Exercise 45. 





47. Which sides of the right triangle give the coordinates of 
point P? What are the coordinates of P? 
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49. Concept Check Refer to the table. What 
trigonometric functions are y, and y;? 






.26795 


30 57735 
45 l 
60 1.7321 
75 3.7321 
90 undefined 
50. Concept Check Refer to the table. What x? y 
trigonometric functions are y; and y;? 9 aes 
15 3.8637 
30 2 
45 1.4142 
60 1.1547 
75 1.0353 
90 l 





51. Concept Check What value of A between 0° 
and 90° will produce the output shown on the 
graphing calculator screen? 





[2 52. A student was asked to give the exact value of sin 45°. Using a calculator, he gave 
the answer .7071067812. The teacher did not give him credit. What was the 
teacher's reason for this? 


FS 53. With a graphing calculator, find the coordinates of the point of intersection of 
y = x and y = V1 — x?. These coordinates are the cosine and sine of what angle 
between 0° and 90°? 


Concept Check Work each problem. 
54. Find the equation of the line passing through the origin and making a 60° angle with 
the x-axis. 


55. Find the equation of the line passing through the origin and making a 30° angle with 
the x-axis. 


56. What angle does the line y — m make with the positive x-axis? 


57. What angle does the line y = V3x make with the positive x-axis? 
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58. Construct a square with each side of Jength k. 


(a) Draw a diagonal of the square. What is the measure of each angle formed by a 
side of the square and this diagonal? 

(b) What is the length of the diagonal? 

(c) From the results of parts (a) and (b), complete the following statement: In a 
45°--45° right triangle, the hypotenuse has a length that is _____._ times as 
long as either leg. 


59. Construct an equilateral triangle with each side having length 2k. 


(a) What is the measure of each angle? 

(b) Label one angle A. Drop a perpendicular from A to the side opposite A. Two 30° 
angles are formed at A, and two right triangles are formed. What is the length of 
the sides opposite the 30° angles? 

(c) What ts the length of the perpendicular constructed in part (b)? 

(d) From the results of parts (a)—(c), complete the following statement: In a 


30*—60* right triangle, the hypotenuse is always ______ times as long as the 
shorter leg, and the longer leg has a length that is... — times as long as that 
of the shorter leg. Also, the shorter leg is opposite the ——— — angle. and the 
longer leg is opposite the | angle. 


Find the exact value of each part labeled with a variable in each figure. 


61. 





62. 63. 


n 


"m 





Find a formula for the area of each figure in terms of s. 


64. 65. 





S 


66. Suppose you know the length of one side and one acute angle of a right triangle. Can 
you determine the measures of all the sides and angles of the triangle? 


B 67. Why is it important to be able to find trigonometric values for the special angles 
without using a calculator? 


2.2 | Trigonometric Functions of Non-Acute Angles 


| Reference Angles » Special Angles as Reference Angles «= Finding Angle Measures with Special Angles 





218° 


218° — 180° = 38° 


Figure 10 





360° — 307° = 53° 


Figure 11 
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Reference Angles Associated with every nonquadrantal angle in standard 
position is a positive acute angle called its reference angle. A reference angle 
for an angle 0, written 6’, is the positive acute angle made by the terminal side of 
angle @ and the x-axis. Figure 9 shows several angles 0 (each less than one com- 
plete counterclockwise revolution) in quadrants II, III, and IV, respectively, with 
the reference angle 6’ also shown. In quadrant I, 0 and @’ are the same. If an an- 
gle 0 is negative or has measure greater than 360°, its reference angle is found 
by first finding its coterminal angle that is between 0° and 360°, and then using 
the diagrams in Figure 9. 





0 in quadrant II 0 in quadrant III 0 in quadrant IV 


Figure 9 


CAUTION A common error is to find the reference angle by using the ter- 
minal side of 0 and the y-axis. The reference angle is always found with refer- 
ence to the x-axis. 


EXAMPLE 1 Finding Reference Angles 

Find the reference angle for each angle. 

(a) 218* (b) 1387? 
Solution 


(a) As shown in Figure 10, the positive acute angle made by the terminal side of 
this angle and the x-axis is 218? — 180? — 38*. For 0 — 218^, the reference 
angle 0' = 38". 


(b) First find a coterminal angle between 0° and 360°. Divide 1387? by 360? to 
get a quotient of about 3.9. Begin by subtracting 360? three times (because 
of the whole number 3 in 3.9): 


1387? — 3 - 360° = 1387? — 1080? = 307°. (Section 1.1) 
The reference angle for 307° (and thus for 1387°) is 360° — 307° = 53°. 
See Figure 11. 


Now try Exercises 1 and 5. 
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Figure 12 


The preceding example suggests the following table for finding the refer- 
ence angle 6’ for any angle 0 between 0° and 360°. 


QUI ^ g =@-180° 





Special Angles as Reference Angles We can now find exact trigonomet- 
ric function values of angles with reference angles of 30°, 45°, or 60°. 


EXAMPLE 2 Finding Trigonometric Function Values of a Quadrant III Angle 


Find the values of the trigonometric functions for 210*. 


Solution An angle of 210° is shown in Figure 12. The reference angle is 
210° — 180° = 30°. To find the trigonometric function values of 210°, choose 
point P on the terminal side of the angle so that the distance from the origin O to 
P is 2. By the results from 30°—60° right triangles, the coordinates of point P be- 
come (— V3, -1). with x — —/3, y = —1l,andr = 2. Then, by the definitions 
of the trigonometric functions in Section 2.1, 


--] ] 2 
sin 210° = — = —— csc 210° = — = —2 
2 2 ey 
os 210? -v3 v3 sec 210° T 2V3 
C E = ——— se = = — 
2 2 AC] 3 
=| V3 -V3 
tan 210° = —— = — cot 210° = —— = V3. 
"UE 3 j = 


Now try Exercise 19. 


Notice in Example 2 that the trigonometric function values of 210° corre- 
spond in absolute value to those of its reference angle 30°. The signs are dif- 
ferent for the sine, cosine, secant, and cosecant functions because 210° is a 
quadrant III angle. These results suggest a shortcut for finding the trigonometric 
function values of a non-acute angle, using the reference angle. In Example 2, 








(b) 
Figure 13 
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the reference angle for 210? is 30°. Using the trigonometric function values of 
30^, and choosing the correct signs for a quadrant III angle, we obtain the results 
found in Example 2. 

Similarly, we determine the values of the trigonometric functions for any 
nonquadrantal angle 0 by finding the function values for its reference angle 
between 0? and 90°, and choosing the appropriate signs. 


Finding Trigonometric Function Values for Any 
Nonquadrantal Angle 0 JUPE 
Step 1 If 0 > 360°, or if 0 < 0°, then find a coterminal angle by adding or | 


subtracting 360? as many times as needed to get an angle greater 
than 0° but less than 360°. 





Step 2 Find the reference angle 0’. 
Step 3 Find the trigonometric function values for reference angle 6’. 


Step 4 Determine the correct signs for the values found in Step 3. (Use the 
table of signs in Section 1.4, if necessary.) This gives the values of 
the trigonometric functions for angle 8. 


EXAMPLE 3 Finding Trigonometric Function Values Using Reference Angles 


Find the exact value of each expression. 
(a) cos( —240?) (b) tan 675? 
Solution 
(a) Since an angle of —240° is coterminal with an angle of 
—240° + 360? = 120?, (Section 1.1) 
the reference angle is 180° — 120° = 60°, as shown in Figure 13(a). Since 


the cosine is negative in quadrant II, 


cos(—240°) = cos 120° = —cos 60° = ——. 


MEN 


Coterminal Reference 
angle angle 


(b) Begin by subtracting 360° to get a coterminal angle between 0° and 360°. 
675? — 360? — 315* 


As shown in Figure 13(b), the reference angle is 360? — 315? — 45?. An 
angle of 315? is in quadrant IV, so the tangent will be negative, and 


tan 675? = tan 315? = —tan 45? = — 1. 


Now try Exercises 35 and 37. 
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EXAMPLE 4 Evaluating an Expression with Function Values of Special Angles 
Evaluate cos 120° + 2 sin? 60° — tan? 30°. 


Solution Since cos 120° = -i sin 60° = a and tan 30° = vA 
| W3v (wey 
cos 120° + 2 sin? 60° — tan? 30° = —— + 2 — | — | — 
2 2 3 
—2 8569 B.E 
2 4 9 3 


Now try Exercise 39. 


Earlier we saw that trigonometric function values of coterminal angles are 
the same. 


EXAMPLE 5 Using Coterminal Angles to Find Function Values 


Evaluate each function by first expressing the function in terms of an angle be- 
tween 0° and 360°. 


(a) cos 780° (b) tan(—405°) 
Solution 


(a) Add or subtract 360° as many times as necessary to get an angle between 0° 
and 360°. Subtracting 720°, which is 2 - 360°, gives 


cos 780° = cos(780? — 2 - 360°) 
60? - 
= COS =—, 
i 2 


(b) We add 360° to get —405? + 360° = —45?. We find that tan(—45?) = 
—tan 45? because the reference angle is 45?, and —45? is in quadrant IV, 
where the tangent function is negative. Thus, 


tan( —405?) = tan(—45°) = —tan 45° = —- 1. 


Now try Exercises 27 and 31. 


Finding Angle Measures with Special Angles The ideas discussed in 
this section can also be used to find the measures of certain angles, given a 
trigonometric function value and an interval in which the angle must lie. We are 
most often interested in the interval [0?, 360°). 


EXAMPLE 6 Finding Angle Measures Given an Interval and a Function Value 


Find ail values of 6, if 8 is in the interval [0?, 360°) and cos 0 = =e 


Solution Since cos @ is negative, 0 must lie in quadrant II or III. Since the ab- 


solute value of cos ĝis XE , the reference angle 6’ must be 45°. The two possible 
angles @ are sketched in Figure 14. The quadrant II angle 0 equals 180° — 45° = 
135°, and the quadrant III angle 0 equals 180° + 45° = 225°. 
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-— 
“ot 






0 in quadrant II 





6" = 45° 


0 in quadrant II 


Figure 14 


Now try Exercise 61. 


22 2 Exercises | 


Match each angle in Column I with its reference angle in Column Il. Choices may be 
used once, more than once, or not at all. See Example I. 


I Il 
1. 98? 2. 210° A. 45° B. 60° 
3. —135° 4. —60° C. 82° D. 30° 
5. 750° 6. 480° E. 38° F. 32° 


[A RU 
= Give a short explanation in Exercises 7—9. 
7. In Example 2, why was 2 a good choice for r? Could any other positive number have 
been used? 


8. Explain how the reference angle is used to find values of the trigonometric functions 
for an angle in quadrant III. 


9. Explain why two coterminal angles have the same values for their trigonometric 
functions. 


Complete the table with exact trigonometric function values. Do not use a calculator. 
See Examples 2 and 3. 





(continued) 
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Find exact values of the six trigonometric functions for each angle. Rationalize denomi- 
nators when applicable. See Examples 2, 3, and 5. 


18. 300* 19. 315° 20. 405° 21. —300° 22. 420° 23. 480° 
24. 495° 25. 940" 26. 750° 27. 1305? 28. 1500? 29. 2670* 
30. 390" 3L —510" 32.1020" 33. —1290" 


Find the exact value of each expression. See Example 3. 


34. sin 1305? 35. cos( —510?) 36. tan( — 1020?) 37. sin 1500? 


Tell whether each statement is true or false. If false, tell why. See Example 4. 
38. sin 30? + sin 60° = sin(30° + 60?) 

39, sin(30? + 60°) = sin 30° - cos 60? + sin 60? * cos 30? 

40. cos 60° = 2cos? 30° — | 

41. cos 60° = 2 cos 30° 

42. sin 120° = sin 150° — sin 30° 

43. sin 120° = sin 180° - cos 60° — sin 60° - cos 180° 


Concept Check Find the coordinates of the point P on the circumference of each 
circle. (Hint; Add x- and y-axes, assuming that the angle is in standard position.) 





46. Concept Check Does there exist an angle 0 with the function values cos 0 = .6 
and sin 0 = —.8? 


47. Concept Check Does there exist an angle 0 with the function values cos 0 = $ and 
; 3 
sing = 7! 
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Suppose 0 is in the interval (90?, 180?). Find the sign of each of the following. 
0 0 
48. sin r1 49. cos / 50. cot(@ + 180?) 


51. sec(0 + 180°) 52. cos(— 0) 53. sin(— 0) e 


2 54. Explain why sin 0 = sin(0 + n - 360°) for any angle 0 and any integer n. 
Iz) 55. Explain why cos 0 = cos(@ + n - 360°) for any angle 0 and any integer n. 


Concept Check Work Exercises 56—59. 


56. Without using a calculator, determine which of the following numbers is closest to 
cos 115°: .4,..6, 0, —4, er —:6. 


57. Without using a calculator, determine which of the following numbers is closest to 
an Le: 9.00, —9»,99—.1 


S8. For what angles 0 between 0? and 360? does cos 0 — —sin 0? 


59. For what angles 0 between 0° and 360? does cos 0 = sin 0? 





60. (Modeling) Length of a Sag Curve When a highway goes downhill and then 
uphill, it is said to have a sag curve. Sag curves are designed so that at night, head- 
lights shine sufficiently far down the road to allow a safe stopping distance. See the 
figure. 





Ten nace 


The minimum length L of a sag curve is determined by the height h of the car’s head- 
lights above the pavement, the downhill grade 0, < 0°, the uphill grade 0; > 0°, and 
the safe stopping distance S for a given speed limit. In addition, L is dependent on 
the vertical alignment of the headlights. Headlights are usually pointed upward at a 
slight angle o above the horizontal of the car. Using these quantities, for a 55 mph 
speed limit, L can be modeled by the formula 


—— (& - as” 
200(h + S tan a)’ 
where $ < L. (Source: Mannering, F. and W. Kilareski, Principles of Highway 
Engineering and Traffic Analysis, Second Edition, John Wiley & Sons, 1998.) 
(a) Compute L if h = 1.9 ft, a = .9°, 0, = —3°, 0, = 4°, and S = 336 ft. 
(b) Repeat part (a) with a = 1.5°. 
B (c) How does the alignment of the headlights affect the value of L? 


Find all values of 0, if 0 is in the interval (0°, 360?) and has the given function value. See 
Example 6. 


61. sin 0 => 62. cos 6 = = 63. tan 0 = — V3 
v2 3 
64. sec 0 = — V2 65. cos P 66. cot0 — 2 








Degree mode 


Figure 15 


sinc49912'25 

. 069950557 
cosc97.977) 
74 1987755707 


Ans- 
-7 . 205879213 





tan(51.4283) 
, 1: 253948151 


.r9/4911359 
sint -246) 
.9135454576 








These screens support the re- 
sults of Example 1. We en- 
tered the angle measure in de- 
grees and minutes for part (a). 
In the fifth line of the first 
screen, Ans ! tells the calcu- 
lator to find the reciprocal of 
the answer given in the pre- 
vious line. 


3 Finding Trigonometric Function Values Using a Calculator 


| Finding Function Values Using a Calculator = Finding Angle Measures Using a Calculator 
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Finding Function Values Using a Calculator Calculators are capable of 
finding trigonometric function values. For example, the values of cos(—240°) 
and tan 675° in Example 3 of the previous section are found with a calculator as 
shown in Figure 15. 


CAUTION We have studied only degree measure of angles; radian measure 
will be introduced in Chapter 3. When evaluating trigonometric functions of 
angles given in degrees, remember that the calculator must be set in degree 
mode. Get in the habit of always starting work by entering sin 90. If the dis- 
played answer is 1, then the calculator is set for degree measure. Remember that 
most calculator values of trigonometric functions are approximations. 


EXAMPLE 1 Finding Function Values with a Calculator 
Approximate the value of each expression. 
(a) sin 49° 12’ (b) sec 97.977? 


(c) cot 51.4283? (d) sin(—246?) 


Solution 


P Convert 49° 12’ to decimal 
o m s tus n M o F 
(a) 49 12" = 49 60 49.2 degrees. (Section 1.1) 


sin 49° 12' = sin 49.2? = 75699506 To eight decimal places 


(b) Calculators do not have secant keys. However, sec 0 — TY. for all angles 6 
where cos 0 # 0. First find cos 97.9777, and then take the reciprocal to get 


sec 07.977? = —7.20587921. 
(c) cot 51.4283? = 79748114 Use the identity cot @ = zz. (Section 1.4) 
(d) sin(—246°) = .91354546 


Now try Exercises 5, 9, 11, and 15. 


Finding Angle Measures Using a Calculator Sometimes we need to 
find the measure of an angle having a certain trigonometric function value. 
Graphing calculators have three inverse functions (denoted sin !, cos !, and 
tan !) that do just that. If x is an appropriate number, then sin !'x, cos 'x, or 
tan” 'x gives the measure of an angle whose sine, cosine, or tangent is x. For the 


applications in this chapter, these functions will return values of x in quadrant I. 


EXAMPLE 2 Using Inverse Trigonometric Functions to Find Angles 


Use a calculator to find an angle @ in the interval [0°, 90°] that satisfies each 


condition. 


(a) sin 0 = .9677091705 (b) sec 0 = 1.0545829 


pinus 96707891785 


ru.d 
17i. 0545829 
2 9482421913 
cos icAns 3 
18. 514780432 











Degree mode 


Figure 16 





Figure 17 
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Solution 


(a) Using degree mode and the inverse sine function, we find that an angle 0 
having sine value .9677091705 is 75.4°. (While there are infinitely many 
such angles, the calculator gives only this one.) We write this result as 


sin ' 9677091705 = 75.4°. 
See Figure 16. 


(b) Use the identity cos 0 — uu. Find the reciprocal of 1.0545829 to get 
cos 0 = 9482421913. Now find 0 as shown in part (a), using the inverse 
cosine function. The result is 0 = 18.514704°. See Figure 16. 


Now try Exercise 23. 


CAUTION Compare Examples 1(b) and 2(b). Note that the reciprocal is 
used before the inverse cosine key when finding the angle, but after the cosine 
key when finding the trigonometric function value. 


EXAMPLE 3 Finding Grade Resistance 


When an automobile travels uphill or downhill on a highway, it experiences a 
force due to gravity. This force F in pounds is called grade resistance and is 
modeled by the equation F — W sin 0, where 0 is the grade and W is the weight 
of the automobile. If the automobile is moving uphill, then 0 > 0^; if downhill, 
then 0 « 0°. See Figure 17. (Source: Mannering, F. and W. Kilareski, Principles 
of Highway Engineering and Traffic Analysis, Second Edition, John Wiley & 
Sons, 1998.) 


(a) Calculate F to the nearest 10 lb for a 2500-Ib car traveling an uphill grade 
with 0 = 2.5". 


(b) Calculate F to the nearest 10 Ib for a 5000-Ib truck traveling a downhill 
grade with 0 = —6.1^. 


(c) Calculate F for 0 = 0^ and 0 = 90°. Do these answers agree with your 
intuition? 


Solution 
(a) F = W sin 0 = 2500 sin 2.5" = 110 Ib 
(b) F = Wsin 0 = 5000 sin(—6.1?) =~ —530 Ib 
F is negative because the truck 1s moving downhill. 
(c) F = Wsin 8 = W sin 0° = W(0) = O lb 
F = W sin 0 = W sin 90° = W(1) = W |b 


This agrees with intuition because if 0 = 0°, then there is level ground and grav- 
ity does not cause the vehicle to roll. If 0 = 90°, the road would be vertical and 


the full weight of the vehicle would be pulled downward by gravity, so F = W. 


Now try Exercises 49 and 51. 
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23 Exercises | 


Concept Check Fill in the blanks to complete each statement. 





1. The CAUTION at the beginning of this section suggests verifying that a calculator 


is in degree mode by finding — . . . . 90°. If the calculator is in degree 
(sin/cos/tan) 


mode, the display should be 


. When a scientific or graphing calculator is used to find a trigonometric function 


value, in most cases the result is a(n) ___ — . | value. 
(exact/approximate) 


. To find values of the cotangent, secant. and cosecant functions with a calculator, it 


is necessary to find the... . . — | ofthe... . ... function 
value. 


. The reciprocal is used __________ the inverse function key when finding the 


(before/after) 


angle, but _________ the function key when finding the trigonometric function 
(before/after) 
value. 


Use a calculator to find a decimal approximation for each value. Give as many digits as 
vour calculator displays. In Exercises 16—21, simplify the expression before using the 
calculator. See Example I. 


5. 
8. 
11. 


14. 


17. 


20. 








sin 38^ 42' 6. cot 41? 24" 7. sec 13° 15' 
csc 145? 45' 9. cot 183° 48' 10. cos 421° 30’ 
sec 312° 12’ 12. tan(—80° 6) 13. sin(—317° 36’) 
| 
:ot( —512? 20’ 15. s(=15" 16. ————— 
cot( 207) 5. cos(— 15^) sec 14.8° 
| 18, sin 33° 19. pos us 
cot 23.4 cos 33° sin 77 
cos(90? — 3.69?) 21. cot(90? — 4.72?) 


Find a value of 0 in the interval [0°, 90°] that satisfies each statement. Leave answers in 
decimal degrees. See Example 2. 


22. 
25. 
28. 


—)30. 


131. 


sin 0 = .84802194 23. tan 0 = 1.4739716 24. tan 0 — 6.4358841 

sin 0 = .27843196 26. sec 0 — 1.1606249 27. cot 0 — 1.2575516 
csc 9 = 1.3861147 29. sec 0 — 2.7496222 

A student, wishing to use a calculator to verify the value of sin 30°, enters the infor- 


mation correctly but gets a display of —.98803162. He knows that the display should 
be .5, and he also knows that his calculator is in good working order. What do you 
think is the problem? 


At one time, a certain make of calculator did not allow the input of angles outside of 
a particular interval when finding trigonometric function values. For example, trying 
to find cos 2000* using the methods of this section gave an error message, despite 
the fact that cos 2000? can be evaluated. Explain how you would find cos 2000? 
using this calculator. 
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32. What value of A between 0° and 90° will produce the [£ asc» 
output in the graphing calculator screen? l . 482560969 





33. What value of A will produce the output (in degrees)in [£t 368) 
the graphing calculator screen? 22 


Use a calculator to evaluate each expression. 


34. sin 35° cos 55? + cos 35° sin 55° 35. cos 100? cos 80? — sin 100? sin 80? 
36. cos 75? 29’ cos 14° 31’ — sin 75° 29' sin 14? 31’ 
37. sin 28° 14’ cos 61° 46’ + cos 28? 14' sin 61° 46’ 


Work each problem. 


38. Measuring Speed by Radar Any offset between a stationary radar gun and a mov- 
ing target creates a "cosine effect" that reduces the radar mileage reading by the 
cosine of the angle between the gun and the vehicle. That is, the radar speed reading 
is the product of the actual reading and the cosine of the angle. Find the radar read- 
ings for Auto A and Auto B shown in the figure. (Source: Fischetti, M., "Working 
Knowledge." Scientific American, March 2001.) 






Radar gun 







10° angle 
Actual speed: 70 mph 


Auto A á 





AutoB 20? angle 
Actual speed: 70 mph 


|z]39. Measuring Speed by Radar In Exercise 38, we 
saw that the mileage reported by a radar gun is 
reduced by the cosine of angle 0, shown in the 
figure. In the figure, r represents reduced speed 
and a represents the actual speed. Use the figure 
to show why this “cosine effect” occurs. 


Radar gun 





Auto 


Use a calculator to decide whether each statement is true or false. Jt may be that a true 
statement will lead to results that differ in the last decimal place due to rounding error. 


40. cos 40° = 2 cos 20° 41. sin 10? + sin 10° = sin 20? 
42. cos 70° = 2cos^ 35° — | 43. sin 50? — 2 sin 25? cos 25? 
44. 2 cos 38? 22' = cos 76? 44’ 45. cos 40° = 1 — 2 sin? 80? 
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l 1 
46. 5 sin 40° = sin 5 40) 47. sin 39° 48’ + cos 39° 48’ = 1 


(Modeling) Grade Resistance See Example 3 to work Exercises 48—53. 


48. What is the grade resistance of a 2400-Ib car traveling on a —2.4° downhill grade? 
49. What is the grade resistance of a 2100-Ib car traveling on a 1.8° uphill grade? 


50. A car traveling on a —3° downhill grade has a grade resistance of —145 lb. What 
is the weight of the car? 

51. A 2600-lb car traveling downhill has a grade resistance of —130 lb. What is the 
angle of the grade? 

52. Which has the greater grade resistance: a 2200-Ib car on a 2? uphill grade or a 2000- 
lb car on a 2.2° uphill grade? 

53. A 3000-Ib car traveling uphill has a grade resistance of 150 Ib. What is the angle of 
the grade? 

S4. Highway Grades Complete the table for the values of sin 6, tan 0, and z to four 
decimal places. 





(a) How do sin 6, tan 8, and ag compare for small grades 6? 

(b) Highway grades are usually small. Give two approximations of the grade 
resistance F = W sin @ that do not use the sine function. 

(c) A stretch of highway has a 4-ft vertical rise for every 100 ft of horizontal 
run. Use an approximation from part (a) to estimate the grade resistance for a 
2000-lb car on this stretch of highway. 

(d) A stretch of highway has a 3.75° grade. Without evaluating a trigonometric 
function, estimate the grade resistance for an 1800-lb car on this stretch of 
highway. 


(Modeling) Solve each problem. 


55) Design of Highway Curves When highway 
curves are designed, the outside of the curve 
is often slightly elevated or inclined above 
the inside of the curve. See the figure. This 
inclination is called superelevation. For safe- 
ty reasons, it is important that both the curve’s radius and superelevation are cor- 
rect for a given speed limit. If an automobile is traveling at velocity V (in feet per 
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second), the safe radius R for a curve with superelevation 0 is modeled by the 
formula 


gCf + tan 0) 


where f and g are constants. (Source: Mannering, F. and W. Kilareski, Prin- 
ciples of Highway Engineering and Traffic Analvsis, Second Edition, John Wiley & 
Sons, 1998.) 


(a) A roadway is being designed for automobiles traveling at 45 mph. If 0 = 3°, 
g — 322, and f — .14, calculate R. (Hint: 45 mph — 66 ft per sec) 


(b) What should the radius of the curve be if the speed in part (a) 1s increased to 
70 mph? 

(c) How would increasing the angle 0 affect the results? Verify your answer by 
repeating parts (a) and (b) with 6 = 4°. 


56. Speed Limit on a Curve Refer to Exercise 55 and use the same values for f and g. 
A highway curve has radius R = 1150 ft and a superelevation of 0 = 2.1". What 
should the speed limit (in miles per hour) be for this curve? 


(Modeling) Speed of Light | When a light Medium] 
ray travels from one medium, such as air, 
to another medium, such as water or glass, 
the speed of the light changes, and the di- 
rection in which the ray is traveling 
changes. (This is why a fish under water is 
in a different position than it appears to — Medium 2 
be.) These changes are given by Snell's 

law 


If this medium is 
less dense, light 

. travels at a faster 
speed, c,. 


If this medium is 
more dense. light 

. travels at a slower 
speed, c». 






€ | sin 6, 


C; sing’ 


where c; is the speed of light in the first medium, c» is the speed of light in the second 
medium, and 0, and 0, are the angles shown in the figure. (Source: The Physics Class- 
room, www.glenbrook.k12.il.us) In Exercises 57 and 58, assume that c, = 3 X 10* m 
per sec. 
57. Find the speed of light in the second medium for each of the following. 
(a) 0, = 46°, 0, = 31° (b) 6, zm 39*. 0, m 28? 

58. Find Q for each of the following values of @, and c+. Round to the nearest degree. 

(a) 0, = 40°, c. = 1.5 X 108 m per sec (b) 0, = 62°, ca = 2.6 X 10° m per sec 


Ray from zenith 
; ce ee, wpe . , i Apparent 
(Modeling) Fish’s View of the World The fig- \ fe RH 
v ps ; . Ri 
ure shows a fish's view of the world above the f T * 
‘ee Window's 


surface of the water. (Source: Walker. J.. "The — horizon X 
Amateur Scientist," Scientific American, March 
1984.) Suppose that a light ray comes from 
the horizon, enters the water, and strikes the 
fish's eve. 


center 





59, Assume that this ray gives a value of 90° for 
angle 0, in the formula for Snell's law. (In a 
practical situation, this angle would probably 
be a little less than 90°.) The speed of light 
in water is about 2.254 X 10° m per sec. Find angle 0.. 
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60. Refer to Exercise 59. Suppose an object is located at a true angle of 29.6" above the 
horizon. Find the apparent angle above the horizon to a fish. 

61. (Modeling) Braking Distance If aerodynamic resistance is ignored, the braking 
distance D (in feet) for an automobile to change its velocity from V, to V (feet per 
second) can be modeled using the equation 


i 1.05(V/ — V4) 
64.4(K, + K++ sin @) 


K, is a constant determined by the efficiency of the brakes and tires, K is a constant 
determined by the rolling resistance of the automobile, and @ is the grade of the high- 
way. (Source: Mannering, F. and W. Kilareski. Principles of Highway Engineering 
and Traffic Analysis, Second Edition, John Wiley & Sons, 1998.) 


(a) Compute the number of feet required to slow a car from 55 mph to 30 mph 
while traveling uphill with a grade of 6 = 3.5°. Let K, = .4 and K, = .02. 
(Hint: Change miles per hour to feet per second.) 

(b) Repeat part (a) with 0 = —2°. 

(c) How is braking distance affected by grade 0? Does this agree with your driving 
experience? 


D 


it, 


62. (Modeling) Car's Speed at Collision Refer to Exercise 61. An automobile is trav- 
eling at 90 mph on a highway with a downhill grade of 0 = —3.5°. The driver sees 
a stalled truck in the road 200 ft away and immediately applies the brakes. 
Assuming that a collision cannot be avoided, how fast (in miles per hour) is the 
car traveling when it hits the truck? (Use the same values for K, and K, as in 
Exercise 61.) 





Significant Digits = Solving Triangles = Angles of Elevation or Depression 


Significant Digits Suppose we quickly measure a room as 15 ft by 18 ft. See 
Figure 18. To calculate the length of a diagonal of the room, we can use the 
Pythagorean theorem. 


| 


d^ = 15? + 18? (Appendix B) 
d^ — 549 
d = V549 = 23.430749 





18 ft 


Should this answer be given as the length of the diagonal of the room? Of course 
not. The number 23.430749 contains six decimal places, while the original data 
of 15 ft and 18 ft are only accurate to the nearest foot. Since the results of 
a problem can be no more accurate than the least accurate number in any cal- 
culation, we really should say that the diagonal of the 15-by-18-ft room is 
about 23 ft. 

If a wall measured to the nearest foot is 18 ft long, this actually means that 
the wall has length between 17.5 ft and 18.5 ft. If the wall is measured more ac- 
curately as 18.3 ft long, then its length is really between 18.25 ft and 18.35 ft. A 
measurement of 18.00 ft would indicate that the length of the wall is between 
17.995 ft and 18.005 ft. The measurement 18 ft is said to have two significant 
digits of accuracy; 18.0 has three significant digits, and 18.00 has four. 


Figure 18 


C b ii 


When solving triangles, a labeled 
sketch is an important aid. 


Figure 19 





Figure 20 
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A significant digit is a digit obtained by actual measurement. A number 
that represents the result of counting, or a number that results from theoretical 
work and is not the result of a measurement, is an exact number. There are 
50 states in the United States, so in that statement, 50 is an exact number. 

Most values obtained for trigonometric functions are approximations, and 
virtually all measurements are approximations. When performing calculations 
involving approximate numbers, start by determining the number that has the 
least number of significant digits. Round your final answer to the same number 
of significant digits as this number. Remember that your answer is no more 
accurate than the least accurate number in your calculation. 

Use the following table to determine the significant digits in angle measure. 


Significant Digits for Angles 







Degree 


Ten minutes, or nearest tenth of a degree 


Minute, or nearest hundredth of a degree 


mal p} wl un lb 


Tenth of a minute, or nearest thousandth of a degree 


For example, an angle measuring 52° 30’ has three significant digits (assuming 
that 30’ is measured to the nearest ten minutes). 


Solving Triangles To solve a triangle means to find the measures of all the 
angles and sides of the triangle. As shown in Figure 19, we use a to represent the 
length of the side opposite angle A, b for the length of the side opposite angle B, 
and so on. In a right triangle, the letter c is reserved for the hypotenuse. 


EXAMPLE 1 Solving a Right Triangle Given an Angle and a Side 
Solve right triangle ABC, if A = 34° 30’ and c = 12.7 in. See Figure 20. 


Solution To solve the triangle, find the measures of the remaining sides and 
angles. To find the value of a, use a trigonometric function involving the known 
values of angle A and side c. Since the sine of angle A is given by the quotient of 
the side opposite A and the hypotenuse, use sin A. 


F a : side opposite i 
sin Å = — sin A = hypotenuse (Section 2.1) 
C 
a 


sin 34° 30' = A = 34 30'.c = 12.7 


12.7 
a = 12.7 sin 34° 30' Multiply by 12.7; rewrite. 

a = 12.7 sin 34.5° Convert to decimal degrees. (Section 1.1) 
a = 12.7(.56640624) Use a calculator. 


a = 7,19 in. Three significant digits 


To find the value of b, we could substitute the value of a just calculated and the 
given value of c in the Pythagorean theorem. It is better, however, to use the 
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Looking Ahead to Calculus information given in the problem rather than a result just calculated. If a mistake 
The derivatives of the parametric is made in finding a, then 5 also would be incorrect. Also, rounding more than 
equations x = f(t) and y = g(r) often once may cause the result to be less accurate. Use cos A. 

represent the rate of change of physical 

quantities, such as velocities. When x cos Å = A cos A = Tomum (Section 2.1) 

and y are related by an equation, the 

derivatives are called related rates be- Ex a b 

cause a change in one causes a related cos 34 50 — 127 


change in the other. Determining these 


b = 12.7 cos 34? 30' 


a right triangle. Some problems that b ~ 10.5 in. 


rates in calculus often requires solving 


ask for the maximum or minimum 
Once b is found, the Pythagorean theorem can be used as a check. All that remains 


to solve triangle ABC is to find the measure of angle B. Since A + B = 90°, 


value of a quantity also involve solv- 


ing a right triangle. 


B=90° — A (Section 1.1) 
B = 89° 60' — 34° 30' A = 34° 30’ 
B = 55° 30’. 


Now try Exercise 19. 


NOTE In Example 1, we could have found the measure of angle B first, and 
then used the trigonometric function values of B to find the unknown sides. The 
process of solving a right triangle can usually be done in several ways, each pro- 
ducing the correct answer. To maintain accuracy, always use given information 
as much as possible, and avoid rounding off in intermediate steps. 


EXAMPLE 2 Solving a Right Triangle Given Two Sides 
Solve right triangle ABC, if a = 29.43 cm and c = 53.58 cm. 


Solution We draw a sketch showing the given information, as in Figure 21. 
One way to begin is to find angle A by using the sine function. 


a = 29.43 cm id it 20.43 
sin A = POPES L AZT e 5492721165 (Section 2.1) 


hypotenuse 53.58 
= sin^! 5492721165 = 33.32? (Section 2.3) 





Figure 21 


The measure of B is approximately 
90° — 33.32? = 56.68". 


We now find b from the Pythagorean theorem, using a^ + b° = c^, or 
b^ = c — a. Sincec = 53.58 and a = 29.43, 


b= Pythagorean theorem (Appendix B) 
b = 53.58 — 29.437 
b = 44.77 cm. 


Now try Exercise 23. 





Angle of 
elevation 





Horizontal 


(a) 


Horizontal 






Angle of 
depression 


(b) 


Figure 22 





Figure 23 
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Angles of Elevation or Depression Many applications of right triangles 
involve angles of elevation or depression. The angle of elevation from point X 
to point Y (above X) is the acute angle formed by ray XY and a horizontal ray 
with endpoint at X. See Figure 22(a). The angle of depression from point X to 
point Y (below X) is the acute angle formed by ray XY and a horizontal ray with 
endpoint X. See Figure 22(b). 


CAUTION Be careful when interpreting the angle of depression. Both the 
angle of elevation and the angle of depression are measured between the line of 
sight and a horizontal line. 


To solve applied trigonometry problems, follow the same procedure as solv- 
ing a triangle. 


Solving an Applied Trigonometry Problem 


Step 1 Draw a sketch, and label it with the given information. Label the 
quantity to be found with a variable. 


Step 2 Use the sketch to write an equation relating the given quantities to 
the variable. 


Step 3 Solve the equation, and check that your answer makes sense. 


Drawing a triangle and labeling it correctly in Step 1 is crucial. 


EXAMPLE 3 Finding a Length When the Angle of Elevation Is Known 


Shelly McCarthy knows that when she stands 123 ft from the base of a flagpole, 


the angle of elevation to the top of the flagpole is 26? 40'. If her eyes are 5.30 ft 
above the ground, find the height of the flagpole. 


Solution 


Step 1 The length of the side adjacent to Shelly is known, and the length of 
the side opposite her must be found. See Figure 23. 


Step 2 The tangent ratio involves the given values. Write an equation. 


a 
tan 26? 40' — 123 tan A = ae cate (Section 2.1) 
Step 3 a = 123 tan 26° 40’ Multiply by 123; rewrite. 
a = 61.8 ft Use a calculator. 


Since Shelly’s eyes are 5.30 ft above the ground, the height of the flag- 
pole is 


61,8 + 5.30 — 67.1 ft. 


Now try Exercise 45. 
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EXAMPLE 4 Finding the Angle of Elevation When Lengths Are Known 


The length of the shadow of a building 34.09 m tall is 37.62 m. Find the angle of 
elevation of the sun. 


Solution As shown in Figure 24, the angle of elevation of the sun is angle B. 
Since the side opposite B and the side adjacent to B are known, use the tangent 
ratio to find B. 





34.09 34.09 
tan B — cm SO B = tan"! i 42.18°. (Section 2.3) 
Figure 24 The angle of elevation of the sun is 42.18°. 


Now try Exercise 35. 





CONN ECTIONS George Polya proposed an excellent general out- 
line for solving applied problems in his classic book How to Solve It. 


1. Understand the problem. 2. Devise a plan. 
3. Carry out the plan. 4. Look back. 







Polya, a native of Budapest, Hungary, wrote more than 250 papers in many 
languages, as well as a number of books. He was a brilliant lecturer and 
teacher, and numerous mathematical properties and theorems bear his 
name. He once was asked why so many good mathematicians came out of 
Hungary at the turn of the century. He theorized that it was because mathe- 
matics was the cheapest science, requiring no expensive equipment, only 
pencil and paper. 
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George Polya (1887-1985) 








For Discussion or Writing 
Look back at the problem-solving steps given in this section, and compare 
them to Polya’s four steps. 







24 4 Exercises 


Concept Check Refer to the discussion of accuracy and significant digits in this sec- 
tion to work Exercises 1—8. 


1. Leading NFL Receiver At the end of the 2001 National Football League season, 
Oakland Raider Jerry Rice was the leading career receiver with 20,386 yd. State the 
range represented by this number. (Source: The World Almanac and Book of Facts, 
2003.) 


2. Height of Mt. Everest When Mt. Everest was first surveyed, the surveyors 
obtained a height of 29,000 ft to the nearest foot. State the range represented by this 
number. (The surveyors thought no one would believe a measurement of 29,000 ft, 
so they reported it as 29,002.) (Source: Dunham, W., The Mathematical Universe, 
John Wiley & Sons, 1994.) 


i'i 


17. 


L 
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Longest Vehicular Tunnel The E. Johnson Memorial Tunnel in Colorado, which 
measures 8959 ft, is one of the longest land vehicular tunnels in the United States. 
What is the range of this number? (Source: The World Almanac and Book of Facts, 
2003.) 

lop WNBA Scorer Women's National Basketball Association player Tamika 
Catchings of the Indiana Fever received the 2002 award for most points scored, 594. 
Is it appropriate to consider this number as between 593.5 and 594.5? Why or why 
not? (Source: The World Almanac and Book of Facts, 2003.) 

Circumference of a Circle The formula for the circumference of a circle is 
C = 2ar. Suppose you use the key on your calculator to find the circumference 
of a circle with radius 54.98 cm, getting 345.44953. Since 2 has only one significant 
digit, the answer should be given as 3 X 10°, or 300 cm. Is this conclusion correct? 
If not, explain how the answer should be given. 


Explain the difference between a measurement of 23.0 ft and a measurement of 
23.00 ft. 


If A is the actual height of a building and the height is measured as 58.6 ft, then 
jn — 58.6) = _ 


If w is the actual weight of a car and the weight is measured as 15.00 X 10? Ib, then 
|w—1500 zx. 


Solve each right triangle. See Example I. 


9. 


11. 


13. 


15, 


16. 


18. 


B 10. B 
: 
à 964 m 359 km 
A E 
Ld b C 
C ^ A 
M 12. Y 
n p 89.6 cm x 
a imi 
P 124 m N X j Z 
A 1d. . 685142 
B 
" 3579.42 m 
56.851 cm se 
te e b A 
B a C 


Can a right triangle be solved if we are given measures of its two acute angles and 
no side lengths? Explain. 

Concept Check If we are given an acute angle and a side in a right triangle, what 
unknown part of the triangle requires the least work to find? 

Explain why you can always solve a right triangle if you know the measures of one 
side and one acute angle. 


Explain why you can always solve a right triangle if you know the lengths of two 
sides. 
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Solve each right triangle. In each case, C = 90°. If angle information is given in degrees 
and minutes, give answers in the same way. If given in decimal degrees, do likewise in 
answers. When two sides are given, give angles in degrees and minutes. See Examples 1 


and 2. 

19. A = 28.002, c = 17.4 ft 20. B = 46.005, c = 29.7 m 
21. B = 73.00°, b = 128 in. 22. A = 61? 00', b = 39.2 cm 
23. a = 76.4 yd, b = 39.3 yd 24. a = 958 m, b = 489m 

25. a = 18.9 cm, c = 46.3 cm 26. b = 219m,c = 647m 

27. A = 53° 24’, c = 387.1 ft 28. A = 13° 47', c = 1285 m 
29. B = 39° 9', c = .6231 m 30. B = 82° 51', c = 4.825 cm 
31. Concept Check When is an angle of elevation equal to 90°? 


32. 


|=) 33. 


=) 34, 


Concept Check Can an angle of elevation be more than 90°? 


Explain why the angle of depression DAB has 
the same measure as the angle of elevation 
ABC in the figure. 





| 

| 

| 

| 

haee 
B 


AD is parallel to BC. 


Why is angle CAB not an angle of depression in the figure for Exercise 33? 


Solve each problem involving triangles. See Examples 1—4. 


35. 


36. Distance Across a Lake To find the 


37) Height of a Building From a win- 


Height of a Ladder on a Wall A 13.5-m fire truck 
ladder is leaning against a wall. Find the distance d the 
ladder goes up the wall (above the top of the fire truck) 
if the ladder makes an angle of 43? 50' with the hori- 
zontal. 










distance RS across a lake, a surveyor 
lays off RT =53.1m, with angle 
T = 32°10’ and angle S = 57? 50’. 
Find length RS. 


dow 30 ft above the street, the angle 
of elevation to the top of the build- 
ing across the street is 50.0? and the 
angle of depression to the base of 
this building is 20.0°. Find the 
height of the building across the 
street. 
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38. Diameter of the Sun To determine 


39. 


40. 


the diameter of the sun, an astronomer 
might sight with a transit (a device used 
by surveyors for measuring angles) first 
to one edge of the sun and then to the 
other, finding that the included angle 
equals 32'. Assuming that the distance 
d from Earth to the sun is 92,919,800 mi, 
calculate the diameter of the sun. 





Side Lengths of a Triangle The length of the base of an isosceles triangle is 
42.36 in. Each base angle is 38.12°. Find the length of each of the two equal sides 
of the triangle. (Hint: Divide the triangle into two right triangles.) 


Altitude of a Triangle Find the altitude of an isosceles triangle having base 
184.2 cm if the angle opposite the base is 68? 44’. 


Solve each problem involving an angle of elevation or depression. See Examples 3 and 4. 


41. 


42. 


Angle of Elevation of Pyramid of the Sun The Pyramid of the Sun in the ancient 
Mexican city of Teotihuacan was the largest and most important structure in the city. 
The base is a square with sides 700 ft long, and the height of the pyramid is 200 ft. 
Find the angle of elevation of the edge indicated in the figure to two significant dig- 
its. (Hint: The base of the triangle in the figure is half the diagonal of the square base 
of the pyramid.) 





Cloud Ceiling The U.S. Weather Bureau defines a cloud ceiling as the altitude of 
the lowest clouds that cover more than half the sky. To determine a cloud ceiling, a 
powerful searchlight projects a circle of light vertically on the bottom of the cloud. 
An observer sights the circle of light in the crosshairs of a tube called a clinometer. 
A pendant hanging vertically from the tube and resting on a protractor gives the 
angle of elevation. Find the cloud ceiling if the searchlight is located 1000 ft from 
the observer and the angle of elevation is 30.0? as measured with a clinometer at eye- 


-height 6 ft. (Assume three significant digits.) 
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43. Height of a Tower The shadow of a vertical tower is 40.6 m long when the angle 


44. 


45. 


46. 


47. 


48. 


49. 


of elevation of the sun is 34.6°. Find the height of the tower. 


Distance from the Ground to the Top of a Building The angle of depression from 
the top of a building to a point on the ground is 32° 30'. How far is the point on the 
ground from the top of the building if the building is 252 m high? 


Length of a Shadow | Suppose that the angle of elevation of the sun is 23.4°. Find 
the length of the shadow cast by Diane Carr. who is 5.75 ft tall. 





Airplane Distance An airplane is flying 10.500 ft above the level ground. The 
angle of depression from the plane to the base of a tree is 13? 50'. How far horizon- 
tally must the plane fly to be directly over the tree? 







10,500 ft! 


| t 











Height of a Building The angle of elevation T 
from the top of a small building to the top of a ,* 1 
nearby taller building is 46° 40’, while the angle F 
of depression to the bottom is 14? 10'. If the rs H 
smaller building is 28.0 m high, find the height FA I 
of the taller building. Á 1 
7N 46° 40' 1 

<= MIT Hr 

Bome. o BH 


0 m.* == 





Angle of Depression of a Light A company safety committee has recommended 
that a floodlight be mounted in a parking lot so as to illuminate the employee exit. 
Find the angle of depression of the light. 





Employee 7 2 
SIE 51.74 ft 


Height of Mt. Everest The highest mountain peak in the world is Mt. Everest, 
located in the Himalayas. The height of this enormous mountain was determined in 
1856 by surveyors using trigonometry long before it was first climbed in 1953. This 
difficult measurement had to be done from a great distance. At an altitude of 
14,545 ft on a different mountain, the straight line distance to the peak of Mt. 
Everest is 27.0134 mi and its angle of elevation is 0 = 5.82°. (Source: Dunham, W., 
The Mathematical Universe, John Wiley & Sons, 1994.) 





rther Applications of Right Triangles 


earing a Further Applications 





Figure 26 


331° 
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(a) Approximate the height (in feet) of Mt. Everest. 

(b) In the actual measurement, Mt. Everest was over 100 mi away and the curvature 
of Earth had to be taken into account. Would the curvature of Earth make the 
peak appear taller or shorter than it actually is? 


50. Error in Measurement A degree may seem like a very small unit, but an error of 
one degree in measuring an angle may be very significant. For example, suppose a 
laser beam directed toward the visible center of the moon misses its assigned target 
by 30 sec. How far is it (in miles) from its assigned target? Take the distance from 
the surface of Barth to that of the moon to be 234,000 mi. (Source: A Sourcebook of 
Applications of School Mathematics by Donald Bushaw et al. Copyright © 1980 by 
The Mathematical Association of America.) 





Bearing Other applications of right triangles involve bearing, an important 
idea in navigation. There are two methods for expressing bearing. When a single 
angle is given, such as 164^, it is understood that the bearing is measured in a 
clockwise direction from due north. Several sample bearings using this first 
method are shown in Figure 25. 


N 


32° 


229° 
304° 





Figure 25 


EXAMPLE 1 Solving a Problem Involving Bearing (First Method) 


Radar stations A and B are on an east-west line, 3.7 km apart. Station A detects a 
plane at C, on a bearing of 61°. Station B simultaneously detects the same plane, 
on a bearing of 331°. Find the distance from A to C. 


Solution Draw a sketch showing the given information, as in Figure 26. Since 
a line drawn due north is perpendicular to an east-west line, right angles are 
formed at A and B, so angles CAB and CBA can be found as shown in Figure 26. 
Angle C is a right angle because angles CAB and CBA are complementary. Find 
distance b by using the cosine function for angle A. 


78 CHAPTER2 Acute Angles and Right Triangles 





Figure 26 (repeated) 


331° 





Figure 28 


b 
cos 29° = 37 (Section 2.1) 
3.7 cos 29° = b Multiply by 3.7. 


b = 3.2km Usea calculator: round to the nearest tenth. 


Now try Exercise 11. 


CAUTION A correctly labeled sketch is crucial when solving applications 


like that in Example 1. Some of the necessary information is often not directly 
stated in the problem and can be determined only from the sketch. 


The second method for expressing bearing starts with a north-south line and 
uses an acute angle to show the direction, either east or west, from this line. 
Figure 27 shows several sample bearings using this system. Either N or S always 
comes first, followed by an acute angle, and then E or W. 


yAAN 


N 42° E S3I°E N 52° W 


Figure 27 


EXAMPLE 2 Solving a Problem Involving Bearing (Second Method) 


The bearing from A to C is S 52? E. The bearing from A to B is N 84? E. The 
bearing from B to C is S 38? W. A plane flying at 250 mph takes 2.4 hr to go 
from A to B. Find the distance from A to C. 


Solution Make a sketch. First draw the two bearings from point A. Choose a 
point B on the bearing N 84? E from A, and draw the bearing to C. Point C will 
be located where the bearing lines from A and B intersect, as shown in Figure 28. 

Since the bearing from A to B is N 84? E, angle ABD is 180° — 84° = 96°. 
Thus, angle ABC is 46°. Also, angle BAC is 180? — (84? + 52?) = 44°. Angle C 
is 180° — (44° + 46°) = 90°. Since a plane flying at 250 mph takes 2.4 hr to go 
from A to B, the distance from A to B is 


c — rate X time — 250(2.4) — 600 mi. 


To find b, the distance from A to C, use the sine. (The cosine could also 
be used.) 


b 
sin 46° = — (Section 2.1) 
e 
b 
T RAN 
sin 46 600 
600 sin 46? — b 
b = 430 mi 


Now try Exercise 13. 


Figure 29 
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Further Applications 


EXAMPLE 3 Using Trigonometry to Measure a Distance 


A method that surveyors use to determine a small distance d between two points 
P and Q is called the subtense bar method. The subtense bar with length b is 
centered at Q and situated perpendicular to the line of sight between P and Q. 
see Figure 29. Angle 0 is measured, and then the distance d can be determined. 


(a) Find d when 0 = 1° 23' 12" and b = 2.0000 cm. 


(b) Angle 8 usually cannot be measured more accurately than to the nearest 1”. 
How much change would there be in the value of d if 0 were measured 1" 
larger? 


Solution 


(a) From Figure 29, we see that 


COL = 
fi 


d= 


ho | o> rot A 


0 
cot 5 . Multiply; rewrite 


Let b = 2. To evaluate 3 we change @ to decimal degrees. 


1^23' 12” = 1.386667? (Section 1.1) 
2 |.386667° 
Then d = — cot —— — —— = 82.6341 cm. 
2 2 
(b) Since @is 1” larger, use 6 = 1? 23’ 13" = 1.386944°, 
2 1.386944° | 
d = E cot 3 = 82.6176 cm 


The difference is 82.6341 — 82.6176 = .0170 cm. 


Now try Exercise 29. 


EXAMPLE 4 Solving a Problem Involving Angles of Elevation 


Francisco needs to know the height of a tree. From a given point on the ground, 
he finds that the angle of elevation to the top of the tree is 36.7°. He then moves 
back 50 ft. From the second point, the angle of elevation to the top of the tree is 
22.2°. See Figure 30. Find the height of the tree. 





Figure 30 
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Algebraic Solution 


Figure 30 shows two unknowns: x, the distance from the center of the 
trunk of the tree to the point where the first observation was made, and 
h, the height of the tree. See Figure 31 in the Graphing Calculator 
Solution. Since nothing is given about the length of the hypotenuse of 
either triangle ABC or triangle BCD, use a ratio that does not involve 
the hypotenuse — namely, the tangent. 

= x tan 36.7". 


h 
In triangle ABC, tan 36.7 = — or 
x 





h 
tan 22.2° = or 


In triangle BCD, 
=e SD + x 


h = (50 + x) tan 22.2°. 


Each expression equals h, so the expressions must be equal. 


x tan 36.7° = (50 + x) tan 22.2° 


Solve for x. 


x tan 36.7° = 50 tan 22.2° + x tan 22.2° 
Distributive property 


x tan 36.7° — x tan 22.2° = 50 tan 22.2° 


Get x-terms on one side. 


x(tan 36.7° — tan 22.2°) = 50 tan 22.2° 


Factor out x. 


50 tan 22.2? 


X AO M 
tan 36.7? — tan 22.2? 
Divide by the coefficient of x. 


We saw above that h = x tan 36.7°. Substituting for x, 


F 50 tan 22.2° 
tan 36.7° — tan 22.2° 


Using a calculator, 
tan 36.7? = .74537703 and tan 22.2° = 40809244, 
so tan 36.7° — tan 22.2? = .74537703 — .40809244 = .33728459 


= 50(.40809244) 
33728459 


) tan 36.7°. 


and ) 14837703 = 45. 


The height of the tree is approximately 45 ft. 


NOTE 


Graphing Calculator Solution* 


In Figure 31, we superimposed Fig- 
ure 30 on coordinate axes with the ori- 
gin at D. By definition, the tangent of 
the angle between the x-axis and 
the graph of a line with equation 
y = mx + bis the slope of the line, m. 
For line DB, m = tan 22.2°. Since b 
equals 0, the equation of line DB is 
yı = (tan 22.2°)x. The equation of line 
AB is y = (tan 36.7°)x + b. Since 
b # 0 here, we use the point A(50, 0) 
and the point-slope form to find the 
equation. 


a= ji = nile — 94) 

y» — 0 —mí(x— 50) x, =50,y =0 
y, = tan 36.7°(x — 50) 

Lines y, and y; are graphed in Fig- 

ure 32. The y-coordinate of the point of 


intersection of the graphs gives the 
length of BC, or h. Thus, h = 45. 





Figure 31 


Intersection 
Hz110.489575 "VzQ5.089zHB8 





Figure 52 


Now try Exercise 25. 


In practice, we usually do not write down intermediate calculator 


approximation steps. We did in Example 4 so you could follow the steps more 


easily. 


*Source: Adapted with permission from "Letter to the Editor," by Robert Ruzich (Mathematics Teacher, 
Volume 88, Number 1). Copyright © 1995 by the National Council of Teachers of Mathematics. 
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2.5 Exercises 





Concept Check Give a short written answer to each question. 


1. When bearing is given as a single angle measure, how is the angle represented in 
a sketch? 


2. When bearing is given as N (or S), then the angle measure, and then E (or W), how 
is the angle represented in a sketch? 

3. Why is it important to draw a sketch before solving trigonometric problems like 
those in the last two sections of this chapter? 


4. How should the angle of elevation (or depression) from a point X to a point Y be 
represented? 


Concept Check An observer for a radar station is located at the origin of a coordinate 
system. For each of the points in Exercises 5—6, find the bearing of an airplane located 
at that point. Express the bearing using both methods. 


5. (—4.0) 0 39) Ts (35,0) 8. (0,2) 


9. The ray v = x, x = O, contains the origin and all points in the coordinate system 
whose bearing from the origin is 45°. Determine the equation of a ray consisting of 
the origin and all points whose bearing from the origin is 240°. 


10. Repeat Exercise 9 for a bearing of 150°. 


Work each problem. In these exercises, assume the course of a plane or ship is on the 
indicated bearing. See Examples I and 2. 


11. Distance Flown by a Plane A plane flies 1.3 hr at 110 mph on a bearing of 40°. It 
then turns and flies 1.5 hr at the same speed on a bearing of 130°. How far is the 
plane from its starting point? 





12. Distance Traveled by a Ship A ship travels 50 km on a bearing of 27°, then trav- 
els on a bearing of 117? for 140 km. Find the distance traveled from the starting 
point to the ending point. 
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13. 


14. 


15; 


16. 


17. 


18. 


22. 


Distance Between Two Ships Two ships leave a port at the same time. The first 
ship sails on a bearing of 40° at 18 knots (nautical miles per hour) and the second at 
a bearing of 130° at 26 knots. How far apart are they after 1.5 hr? 


Distance Between Two Lighthouses Two lighthouses are located on a north-south 
line. From lighthouse A, the bearing of a ship 3742 m away is 129° 43’, From light- 
house B, the bearing of the ship is 39° 43°. Find the distance between the lighthouses. 


Distance Between Two Cities The bearing from Winston-Salem, North Carolina, 
to Danville, Virginia, is N 42? E. The bearing from Danville to Goldsboro, North 
Carolina, is S 48? E. A car driven by Mark Ferrari, traveling at 60 mph, takes ] hr 
to go from Winston-Salem to Danville and 1.8 hr to go from Danville to Goldsboro. 
Find the distance from Winston-Salem to Goldsboro. 


Distance Between Two Cities The bearing from Atlanta to Macon is S 27° E. and 
the bearing from Macon to Augusta is N 63? E. An automobile traveling at 60 mph 
needs 1i hr to go from Atlanta to Macon and li hr to go from Macon to Augusta. 
Find the distance from Atlanta to Augusta. 
Distance Between Two Ships A ship leaves its 
home port and sails on a bearing of N 28? 10' E. 
Another ship leaves the same port at the same time 
and sails on a bearing of S 61? 50' E. If the first 
ship sails at 24.0 mph and the second sails at 
28.0 mph, find the distance between the two ships 
after 4 hr. 





Distance Between Transmitters Radio direction finders are set up at two points A 
and B, which are 2.50 mi apart on an east-west line. From A, it is found that the bear- 
ing of a signal from a radio transmitter is N 36? 20' E, while from B the bearing of 
the same signal is N 53? 40' W. Find the distance of the transmitter from B. 


N Transmitter N 
^ 





. Solve the equation ax = b + cx for x in terms of a, b, and c. (Note: This is in 


essence the calculation carried out in Example 4.) 


. Explain why the line y = (tan 0) (x — a) passes through the point (a, 0) and makes 


an angle @ with the x-axis. 


. Find the equation of the line passing through the point (25, 0) that makes an angle of 


35? with the x-axis. 
Find the equation of the line passing through the point (5.0) that makes an angle of 
15? with the x-axis. 
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In Exercises 23 —26, use the method of Example 4. 


23. Find } as indicated in the figure. 


lh 


I-— 392 ft —| 


24. Find A as indicated in the figure. 


I— 


168 m 


25. Height of a Pyramid The angle of elevation from a point on the ground to the top 
of a pyramid is 35? 30'. The angle of elevation from a point 135 ft farther back to 
the top of the pyramid is 21° 10’. Find the height of the pyramid. 





|~—— 135 ft —>| 


26. Distance Between a Whale and a Lighthouse Debbie Glockner-Ferrari, a whale 
researcher, is watching a whale approach directly toward a lighthouse as she 
observes from the top of this lighthouse. When she first begins watching the whale, 
the angle of depression to the whale is 15? 50'. Just as the whale turns away from 
the lighthouse, the angle of depression is 35? 40'. If the height of the lighthouse is 
68.7 m, find the distance traveled by the whale as it approaches the lighthouse. 





27. Height of an Antenna A scanner antenna is on top of the center of a house. The 
angle of elevation from a point 28.0 m from the center of the house to the top of the 
antenna is 27° 10', and the angle of elevation to the bottom of the antenna is 18? 10’. 
Find the height of the antenna. 


28. Height of Mt. Whitney The angle of elevation from Lone Pine to the top of 
Mt. Whitney is 10? 50'. Van Dong Le, traveling 7.00 km from Lone Pine along a 
straight, level road toward Mt. Whitney, finds the angle of elevation to be 22° 40’. 
Find the height of the top of Mt. Whitney above the level of the road. 
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Solve each problem. 


29. 


30. 


M. 


(Modeling) Distance Between Two Points | Refer to Example 3. A variation of the 
subtense bar method that surveyors use to determine larger distances d between two 
points P and Q is shown in the figure. [n this case the subtense bar with length 5 is 
placed between the points P and Q so that the bar is centered on and perpendicular 
to the line of sight connecting P and Q. The angles «œ and f are measured from points 
P and Q, respectively. (Source: Mueller. I. and K. Ramsayer, Introduction to 
Surveving. Frederick Ungar Publishing Co., 1979.) 


(a) Find a formula for d involving œ, B. and b. 
(b) Use your formula to determine d if œ = 37' 48". B = 42' 3", and b = 2.000 cm. 


Height of a Plane Above Earth Find the 
minimum height / above the surface of Earth i ------7 
so that a pilot at point A in the figure can > 
see an object on the horizon at C, 125 mi 
away. Assume that the radius of Earth is 
4.00 X 10° mi. 






Not to 
scale 


Distance of a Plant from a Fence | In one area, the lowest angle of elevation of the 
sun in winter is 23° 20'. Find the minimum distance x that a plant needing full sun 
can be placed from a fence 4.65 ft high. 





Plant 


32. Distance Through a Tunnel A tunnel is to be dug from A to B. Both A and B are 


visible from C. If AC is 1.4923 mi and BC is 1.0837 mi, and if C is 90°, find the mea- 
sures of angles A and B. 






1.0837 mi 
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33. (Modeling) Highway Curves A basic highway curve 
connecting two straight sections of road is often circu- 
lar. In the figure, the points P and S mark the beginning 
and end of the curve. Let Q be the point of intersection 
where the two straight sections of highway leading into 
the curve would meet if extended. The radius of the 
curve is R, and the central angle 0 denotes how many 
degrees the curve turns. (Source: Mannering, F. and 
W. Kilareski, Principles of Highway Engineering and 
Traffic Analysis, Second Edition, John Wiley & Sons, 
1998.) 


(a) If R = 965 ft and 0 = 37°, find the distance d between P and Q. 

(b) Find an expression in terms of R and 0 for the distance between points M and N. 
34. Length of a Side of a Piece of Land A piece of 

land has the shape shown in the figure. Find x. 








35. (Modeling) Stopping Distance on a Curve Refer to Exercise 33. When an auto- 
mobile travels along a circular curve, objects like trees and buildings situated on the 
inside of the curve can obstruct the driver's vision. These obstructions prevent the 
driver from seeing sufficiently far down the highway to ensure a safe stopping dis- 
tance. In the figure, the minimum distance d that should be cleared on the inside of 
the highway is modeled by the equation 


0 
d= «(: — cos 2), 


(Source: Mannering, F. and W. Kilareski, Principles of Highway Engineering and 
Traffic Analysis, Second Edition, John Wiley & Sons, 1998.) 





Not to scale 





(a) It can be shown that if 0 is measured in degrees, then 0 ~ MM where S is safe 


stopping distance for the given speed limit. Compute d for a 55 mph speed limit 
if S — 336 ft and R — 600 ft. 


(b) Compute d for a 65 mph speed limit if S — 485 ft and R — 600 ft. 
(c) How does the speed limit affect the amount of land that should be cleared on the 
inside of the curve? 
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| 2.2 reference angle 
2.4 significant digit 


2.1 side opposite 
side adjacent 
cofunctions 





exact number 
angle of elevation 
angle of depression 


2.5 bearing 








CONCEPTS EXAMPLES 
| 2.1 Trigonometric Functions of Acute Angles 
Right-Triangle-Based Definitions of the Trigonometric 
Functions 
For any acute angle A in standard position, Side E _ Side adjacent to A 
. 24 
. y side opposite hypotenuse -— FE 
sin A = — = ———_ escA = —— ——_— B x A 
Hypotenuse 
x side adjacent r hypotenuse 
cosA = — — ———————— ec A = — = M 7 94 7 
r hypotenuse x side adjacent Ce di 27 ud 
sinÁ = zz cos A = z tanA= 77 
y side opposite x |J side adjacent 
oma =" m adia pes T= aig 25 25 24 
x side adjacent y side opposite —— anie = a. T 


Cofunction Identities 
For any acute angle A, 


cos Á = sin(90° — A) 
sec A = csc(90° — A) 
cot A = tan(90° — A). 


sin Á = cos(90° — A) 
csc A = sec(90° — A) 
tan A = cot(90° — A) 


Function Values of Special Angles 


em "T1 =" i J A Lb TR sen Rm x ig li SE. 





" 
r hypotenuse y side opposite 


sin 55° = cos(90° — 55?) = cos 35? 
csc 48° = sec(90° — 48°) = sec 42° 
tan 72° = cot(90° — 72°) = cot 18° 


l 2 r 42 
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CONCEPTS EXAMPLES 





2.2 Trigonometric Functions of Non-Acute Angles 


Reference Angle 0' for 0 in (0°, 360°) 
Quadrant I: For 0 = 25°, 0' = 25? 


I IH n IV Quadrant II: For 0 = 152°, 6’ = 28? 
E = : —j Quadrant III: For 0 = 200°, 6’ = 20? 
e 185—909 O=O 397 —8 t Guat Bond = Spo, dcs ah 


0 in Quadrant 


0' is 






" — 


See the figure on page 56 for illustrations of reference 

angles. 

Finding Trigonometric Function Values for Any — 

Nonquadrantal Angle 0 Find sin 1050". 

Step 1 Add or subtract 360° as many times as needed to get 1050? — 2(360?) — 330? 
an angle greater than 0° but less than 360°. 

Step 2 Find the reference angle 6'. | Thus, 0' = 30°. 

Step 3 Find the trigonometric function values for 0'. 1 

Step 4 Determine the correct signs for the values found in sin 1050? — —sin 30? — - 
Step 3. 


2.4 Solving Right Triangles 
Solving an Applied Trigonometry Problem | Find the angle of elevation of the sun if a 48.6-ft flagpole 
casts a shadow 63.1 ft long. 


Step 1 Draw a sketch, and label it with the given informa- | Step 1 See the sketch. We must find 6. 
tion. Label the quantity to be found with a variable. 





 Bimduw 
63.1 ft 


48.6 
Step 2 Use the sketch to write an equation relating the | Step 2 tan 0 — 63.1 = 770206 
given quantities to the variable. 
Step 3 Solve the equation, and check that your answer | Step 3 0 = tan! .770206 = 37.6? 


ae The angle of elevation is 37.6°. 


2.5 Further Applications of Right Triangles 


Figures 25 and 27 on pages 77 and 78 illustrate the two The bearing represented by S 40° W is also represented by 
methods for expressing bearing. 180° + 40° = 220°. 
N 
40° 220° 
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Chapter 2 Review Exercises 


d 


Find the values of the six trigonometric functions for each angle A. 


l; 


60 2. 
B 
A 6] 40 58 
42 A 


Find one solution for each equation. Assume that all angles are acute angles. 


3. 


3. 


sin 4B = cos 58 4. sec(20 + 10?) = csc(40 + 20?) 


| | 30 _ {198 
tan(5x + 11°) = cot(6x + 2°) 6. cos = + 11° | = sin Tn + 40° 


Tell whether each statement is true or false. If false, tell why. 


Ta 
9. 
zh. 


sin 46? « sin 58? 8. cos 47° < cos 58? 


sec 48? = cos 42? 10. sin 22° = csc 68? 


Explain why, in the figure, the cosine of angle A is A 
equal to the sine of angle B. 
b C 
C a B 


Find exact values of the six trigonometric functions for each angle. Do not use a calcu- 
lator. Rationalize denominators when applicable. 


12. 


120° 13. 300° 14. —225° 15. 5-390" 


Find all values of 0, if 0 is in the interval [0?. 360°) and 0 has the given function value. 


16. 


18. 


| ] 
sin @ = —— 17. cos 8 = —— 
2 2 


2V3 
cot 0 = —I 19. sec ĝ = ——3,— 


Evaluate each expression. Give exact values. 


20. 
22. 
23. 


cos 60° + 2 sin? 30° 21. tan 120° — 2 cot 240° 
sec” 300° — 2 cos" 150° + tan 45? 
Find the sine, cosine, and tangent function values for each angle. 


(a) Y (b) : 





[ 
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Use a calculator to find each value. 


24. 
27. 


sin 72? 30' 25. sec 222? 30' 26. cot 305.6? 
esc 78? 21" 28. sec 58.9041? 29. tan 11.7689? 


30. Concept Check Which one of the following cannot be exactly determined using 


the methods of this chapter? 
A. cos 135° B. cot(—45?) C. sin 300? D. tan 140? 


Use a calculator to find each value of 0, where 0 is in the interval [0°, 90°). Give answers 
in decimal degrees. 


31. 
34. 


sin 0 = .82584121 32. cot 0 — 1.1249386 33. cos 0 — .97540415 
sec 6 = 1.2637891 35. tan 0 — 1.9633124 36. csc 0 = 9.5670466 


Find two angles in the interval [0°, 360°) that satisfy each of the following. Leave 
answers in decimal degrees. 


37. 


sin 0 = 73254290 J8. tan 0 — 1.3865342 


Tell whether each statement is true or false. If false, tell why. Use a calculator for 
Exercises 39 and 42. 


39, 
40. 
41. 
42. 
543. 


sin 50° + sin 40° = sin 90° 

cos 210° = cos 180? - cos 30? — sin 180° - sin 30? 
sin 240° = 2 sin 120° - cos 120° 

sin 42° + sin 42° = sin 84° 


A student wants to use a calculator to find the value of cot 25°. However, instead of 
entering e. he enters tan ' 25. Assuming the calculator is in degree mode, will 
this produce the correct answer? Explain. 


For each angle 0. use a calculator to find cos 0 and sin 0. Use your results to decide in 
which quadrant the angle lies. 


44. 


0 = 2976° 45. 0 = 1997° 46. 0 = 4000° 


Solve each right triangle. In Exercise 48, give angles to the nearest minute. In Ex- 
ercises 49 and 50, label the triangle ABC as in Exercises 47 and 46. 


49. 





48. B 
C 
a = 129.70 
A b = 368.10 C 


A-9972. 055589710 50. B = 47° 53', b = 298.6 m 
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Solve each problem. 


5]. 


34. 


33. 


54. 


225 


56. 


57, 


58. 


Height of a Tower The angle of elevation from a point 
93.2 ft from the base of a tower to the top of the tower is 
38° 20'. Find the height of the tower. 





Height of a Tower The angle of depression of a tele- 
vision tower to a point on the ground 36.0 m from the 
bottom of the tower is 29.5°. Find the height of the 
tower. 








36.0 m 


Length of a Diagonal One side of a rectangle measures 15.24 cm. The angle 
between the diagonal and that side is 35.65°. Find the length of the diagonal. 
Length of Sides of an Isosceles Triangle An isosceles triangle has a base of length 
49.28 m. The angle opposite the base is 58.746°. Find the length of each of the two 
equal sides. 

Distance Between Two Points The bearing of point B from point C is 254°. The 
bearing of point A from point C is 344°. The bearing of point A from point B is 32°. 
If the distance from A to C is 780 m, find the distance from A to B. 

Distance a Ship Sails The bearing from point A to point B is S 55? E and from 
point B to point C is N 35? E. If a ship sails from A to B, a distance of 80 km, and 
then from B to C, a distance of 74 km, how far is it from A to C? 


Distance Between Two Points Two cars leave an intersection at the same time. 
One heads due south at 55 mph. The other travels due west. After 2 hr, the bearing 
of the car headed west from the car headed south 1s 324°. How far apart are they at 
that time? 


Find a formula for h in terms of k., A, and B. | 
h 


Assume A < B. 
mn 
k 


. Make up a right triangle problem whose solution is 3 tan 25°. 
; uu 3 
. Make up a right triangle problem whose solution is found from sin @ = 7. 


. (Modeling) Height of a Satellite ^ Artificial satellites that orbit Earth often use VHF 


signals to communicate with the ground. VHF signals travel in straight lines. The 
height / of the satellite above Earth and the time 7 that the satellite can communi- 
cate with a fixed location on the ground are related by the model 


| 
h= (s = J 
COS ^p 


where R = 3955 mi is the radius of Earth and P ts the period for the satellite to orbit 
Earth. (Source: Schlosser, W.. T. Schmidt-Kaler, and E. Milone, Challenges of 
Astronomv, Springer- Verlag, 1991.) 


62. 


a 


IAM oU 


9 


10. 


. Find the exact values of each part labeled with a letter. 
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(a) Find h when T — 25 min and P — 140 min. (Evaluate the cosine function in 
degree mode.) 

(b) What is the value of A if T is increased to 30 min? 

(Modeling) Fundamental Surveying Problem 
The first fundamental problem of surveying is to 
determine the coordinates of a point Q given the 
coordinates of a point P, the distance between P 
and Q, and the bearing 0 from P to Q. See the 
figure. (Source: Mueller, I. and K. Ramsayer, 
Introduction to Surveying, Frederick Ungar 
Publishing Co., 1979.) P(Xp, yp) 


(a) Find a formula for the coordinates (xg,yg) of the point Q given 6, the 
coordinates (xp yp) of P, and the distance d between P and Q. 

(b) Use your formula to determine (XQ.yo) if (xp, yp) = (123.62, 337.95), 8 = 
17? 19' 22". and d — 193.86 ft. 


Q (Xo, y Q 





Chapter 2 Test 


Give the six trigonometric function values of angle A. 





. Find a solution for sin(B + 15?) = cos(2B + 30°). 
. Find a value of @ in [0°, 90°) in decimal degrees, if sin 0 = .27843196. 


Give two angles in [0°, 360°) that satisfy cos 0 = "d 

How would you find cot 0 using a calculator, if tan 0 = 1.6778490? Give cot 6. 
Tell whether each statement is true or false. If false, tell why. 

(a) sin 24? < sin 48? (b) cos 24? « cos 48? (c) tan 24? < tan 48° 
Find the exact value of cot(—750°). 

Use a calculator to approximate each value. 

(a) sin 78? 21' (b) tan 117.689? (c) sec 58.9041? 

Solve the triangle. 





B a= 748 C 


11. Antenna Mast Guy Wire A guy wire 77.4 m long is attached to the top of an 


antenna mast that is 71.3 m high. Find the angle that the wire makes with the ground. 
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12. Height of a Flagpole To measure the height of a flagpole, Amado Carillo found 
that the angle of elevation from a point 24.7 ft from the base to the top is 32? 10'. 
What is the height of the flagpole? 


13. Distance of a Ship from a Pier A ship leaves a pier on a bearing of S 62? E and 
travels for 75 km. It then turns and continues on a bearing of N 28? E for 53 km. 
How far is the ship from the pier? 


14. Find A as indicated in the figure. 


m 
168 m 


Chapter 2 Quantitative Reasoning 


Can trigonometry be used to win an Olympic medal? 


A shot-putter trying to improve performance may wonder: Is there an optimal 
angle to aim for, or is the velocity (speed) at which the ball is thrown more 
important? The figure shows the path of a steel ball thrown by a shot-putter. 
The distance D depends on initial velocity v, height h, and angle 0 when the ball 
is released. 





One model developed for this situation gives D as 


. vy’ sin 0 cos 0 + vcos 0 V(vsin 07 + 64h 
32 l 


D 


Typical ranges for the variables are v: 33—46 ft per sec; h: 6—8 ft; and 6: 
40°—45°. (Source: Kreighbaum, E. and K. Barthels, Biomechanics, Allyn & 
Bacon, 1996.) 


1. To see how angle 0 affects distance D, let v = 44 ft per sec and h = 7 ft. 
Calculate D for 0 = 40°, 42°, and 45°. How does distance D change as 6 
increases? 

2. To see how velocity v affects distance D, let h — 7 and 0 — 42*. Calculate D 
for v — 43, 44, and 45 ft per sec. How does distance D change as v increases? 

3. Which affects distance D more, v or 0? What should the shot-putter do to 
improve performance? 





Radian Measure and 
Circular Functions 


Í, August 2003, the planet Mars passed closer to Earth than it had 
in almost 60,000 years. Like Earth, Mars rotates on its axis and thus has 
days (also called sols) and nights. The photos here were taken by the 
Hubble telescope and show two nearly opposite sides of Mars. In early 
2004, the rovers Spirit and Opportunity landed on Mars and have provided 
scientists a wealth of information about the “Red Planet" (Source: 
www.hubblesite.org) 

In Exercise 36 of Section 3.4, we examine the length of a Martian sol 
using radian measure, an alternative to measuring with degrees. 










3.1 Radian Measure. 
3.2 Applications of Radian Measure. 


3.4 Linear and Angular Speed 


3.3 The Unit Circle and Circular Functions 


93 
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| in Radians 





0 = 1 radian 


Figure 1 


tadian Measure 


Radian Measure = Converting Between Degrees and Radians = Finding Function Values for Angles 


Radian Measure In most applications of trigonometry, angles are measured 
in degrees. In more advanced work in mathematics, radian measure of angles is 
preferred. Radian measure allows us to treat the trigonometric functions as func- 
tions with domains of real numbers, rather than angles. 

Figure 1 shows an angle @ in standard position along with a circle of 
radius r. The vertex of 0 is at the center of the circle. Because angle 0 intercepts 
an arc on the circle equal in length to the radius of the circle, we say that angle 0 
has a measure of 1 radian. 


Radian 





An angle with its vertex at the center of a circle that intercepts an arc on the 
circle equal in length to the radius of the circle has a measure of 1 radian. 


It follows that an angle of measure 2 radians intercepts an arc equal in 
length to twice the radius of the circle, an angle of measure 4 radian intercepts 
an arc equal in length to half the radius of the circle, and so on. In general, if 0 is 
a central angle of a circle of radius r and 0 intercepts an arc of length s, then the 
radian measure of 6 is =. 


Converting Between Degrees and Radians The circumference of a 
circle—the distance around the circle—is given by C = 27r, where r is the ra- 
dius of the circle. The formula C = 27r shows that the radius can be laid off 27r 
times around a circle. Therefore, an angle of 360°, which corresponds to a com- 
plete circle, intercepts an arc equal in length to 27r times the radius of the circle. 
Thus, an angle of 360? has a measure of 27r radians: 


360° = 27 radians. 
An angle of 180° is half the size of an angle of 360°, so an angle of 180° has 
half the radian measure of an angle of 360°. 
] 
180? — 5 Qm) radians = 7rradians Degree/radian relationship 
We can use the relationship 180° = ~ radians to develop a method for con- 
verting between degrees and radians as follows. 


180° = ^r radians 





TT i 18 
1° = — radian Divide by 180. Or ] radian — 


Divide by 7r. 
180 p 


Converting Between Degrees and Radians 


1. Multiply a degree measure by 1&5 radian and simplify to convert to radians. 


2. Multiply a radian measure by —- and simplify to convert to degrees. 


|, O93981654 
. Povo 951634 


49.98" 
4. 399832471 


Some calculators (in radian 
mode) have the capability to 
convert directly between de- 
cimal degrees and radians. 
This screen shows the con- 
versions for Example 1. Note 
that when exact values invol- 
ving 7 are required, such as 


2 in part (a), calculator ap- 
proximations are not accept- 


able. 


C9rxz^4d5" 
4.295" 


405 


243. 5070629 


This screen shows how a 
T1-83 Plus calculator in de- 
gree mode converts the radian 
measures in Example 2 to de- 
gree measures. 








30 degrees 


Figure 2 
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EXAMPLE 1 Converting Degrees to Radians ! 
Convert each degree measure to radians. 

(a) 45° (b) 249.8? 

Solution 


(a) 45? — 45 (5 radian ) = " radian Multiply by ;25 radian. 


(b) 249.8° = 249. (Z aan = 4,360 radians Nearest thousandth 


Now try Exercises 5 and 37. 





=2 Converting Radians to Degrees 


Convent each radian measure to degrees. 








9 
(a) Z (b) 4.25 
4 
Solution 
9z 9f180° 180° 
(a) a = "( zd ) = 405° (b) 4.25 = aas = ) = 243.5? = 243? 30' 
E 


Multiply by 7 ig 


Use a calculator. 
Now try Exercises 25 and 49. 


If no unit of angle measure is specified, then radian measure is understood. 


CAUTION Figure 2 shows angles measuring 30 radians and 30°. Be careful 
not to confuse them. 


The following table and Figure 3 on the next page give some equivalent 
angle measures in degrees and radians. Keep in mind that 180° = 7 radians. 






TT 
= Leo? 





o 


0 


P 


71 
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Looking Ahead to Calculus 


In calculus, radian measure is much 
easier to work with than degree mea- 
sure. If x is measured in radians, then 


the derivative of f(x) — sin x is 
f(x) = cos x. 
However. if x is measured in degrees, 


then the derivative of f(x) — sin x is 


fa 180 COS X. 


T 
y p 7 
Z'li p] TT 


o)“ = 





150° = 


S0 = x 





Finding Function Values for Angles in Radians  Trigonometric func- 
tion values for angles measured in radians can be found by first converting 
radian measure to degrees. (You should try to skip this intermediate step as soon 
as possible, and find the function values directly from radian measure.) 


EXAMPLE 3 Finding Function Values of Angles in Radian Measure 


Find each function value. 

ea b sm (c) 2 

a) tan — sii- c) cos| —— 
3 2 3 


Solution 


(a) First convert = radians to degrees. 


27 2 | 
tan — = tanl — : |50 Substitute 180° for 7. 
3 3 
— tan 120? 
= -V3 (Section 2.2) 


(b) From the table on the preceding page and Figure 3, = radians = 270°, so 


3 
sin - gin 270° = — 1. 


4T 
(c) cos TRI = cos(—240°) Substitute 180° for r. 


= — cos 60? (Section 2.2) 
| 


5 


Now try Exercises 57, 69, and 73. 


.] Exercises 
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Concept Check In Exercises 1—4, each angle 0 is an integer when measured in radi- 
ans. Give the radian measure of the angle. 


2. | y 

4. y 
e | 

Convert each degree measure to radians. Leave answers as multiples of a. See Ex- 

ample l(a). 


5. 60° 6. 30° 7. 90° 8. 120° 
9. 150° 10. 270° 11. 300° 12. 319" 
13. 450? 14. 480? 


B Give a short explanation in Exercises 15— 20. 


15. In your own words, explain how to convert degree measure to radian measure. 

16. In your own words, explain how to convert radian measure to degree measure. 

17. In your own words, explain the meaning of radian measure. 

18. Explain the difference between degree measure and radian measure. 

19. Use an example to show that you can convert from radian measure to degree mea- 

qnos 180° 

sure by multiplying by E 

20. Explain why an angle of radian measure f¢ in standard position intercepts an arc of 
length ¢ on a circle of radius 1. 


Convert each radian measure to degrees. See Example 2(a). 


T rd Tar zT 

1; — 22. — 23, =— poc 

2 3 3 3 1 24 3 

js, 11* je Iu 29 t 28. 35 

6 4 6 5 

Tr Ilr dT Tar 

9. — 30. —— 31. — 32. — 

2 10 15 15 20 
l7 a |l 
Tos 34, — 
= 20 : 30 
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Convert each degree measure to radians. See Example l(b). 


3535 29* 36. 74? 37. 42.5? 38. 264.9° 
39. 139" 10 40. 174° 50' 41. 64.29? 42. 85.04? 
43. 56? 25' 44. 122? 37' 45. 47.6025? 46. 23.0143? 


Convert each radian measure to degrees. Write answers to the nearest minute. See 
Example 2(b). 

47. 2 48. 5 49. 1.74 S0. 3.06 

Sl. .3417 52. 9.84763 53. 5.01095 54. —3.47189 


y 


I 


155. The value of sin 30 is not b. Explain why. 





mE 


56. Explain in your own words what is meant by an angle of one radian. 


Find the exact value of each expression without using a calculator. See Example 3. 


* 


57. dac 58. cos a 59, ai 60. ee 
3 6 4 3 
Gi. sec S nud se 64. cse — 
6 4 2 2 
5 2 5 5 
65. au 66. a 67. d 68. pts 
. 3 3 6 6 
8 2 
69. cos 37 70. sec 7 71. w(- 5) 725 (-*) 


l Tar T 
73. in -72) 74. x[-) 
6 6 


75. Concept Check The figure shows the same angles measured in both degrees and 
radians. Complete the missing measures. 


90°; Z radians 


^e è 
i = radians 60°: radians 



















S: ŽE radians M 7 radian 
150°; radians 30^: radian 


0°: Oradians 





180^: radians 


210°; radians 

225°: radians 

o. 4n 
3 


330^. . radians 
315°: | radians 
radians 2 radians 
2205 3f radians 


Solve each problem. 


76. Railroad Engeineerins The term grade has several different meanings in construc- 
Š e e 


Gon work. Some engineers use the term grade to represent 100 of a right angle and 
express grade as a percent. For instance, an angle of .9? would be referred to as a 196 
grade. (Source: Hay, W., Railroad Engineering, John Wiley & Sons, 1982.) 


(a) By what number should you multiply a grade (disregarding the % symbol) to 
convert it to radians? 

(b) In a rapid-transit rail system, the maximum grade allowed between two stations 
is 3.5%. Express this angle in degrees and radians. 
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TL Rotating Hour Hand on a Clock Through how many radians will the hour hand 
on a clock rotate in (a) 24 hr and (b) 4 hr? 


78. Rotating Pulley A circular pulley is rotating about its center. Through how many 
radians would it turn in (a) 8 rotations and (b) 30 rotations? 


79. Orbits of a Space Vehicle A space vehicle is orbiting Earth in a circular orbit. 
What radian measure corresponds to (a) 2.5 orbits and (b) = orbit? 





Applications of Radian Measure 





Ar Length on a Circle = Area of a Sector of a Circle 


y Arc Length on a Circle We use radian measure in the formula to find the 
length of an arc of a circle. This formula is derived from the fact (proven in 


ri T 

" geometry) that the length of an arc is proportional to the measure of its cen- 

sf \ j tral angle. In Figure 4, angle QOP has medsure 1 radian and intercepts an arc of 

9 radian length r on the circle. Angle ROT has measure @ radians and intercepts an arc of 
O 


length s on the circle. Since the lengths of the arcs are proportional to the mea- 
sures of their central angles, 


$ 0 


Figure 4 Multiplying both sides by r gives the following result. 


Arc Length 


The length s of the arc intercepted on a circle of radius r by a central angle 
of measure 0 radians is given by the product of the radius and the radian _ 
measure of the angle, or f 


s = r0, 0 in radians. 


CAUTION When applying the formula s = r0, the value of 0 must be 
expressed in radians. 


EXAMPLE 1 Finding Arc Length Using s — r6 


A circle has radius 18.2 cm. Find the length of the arc intercepted by a central 


\ angle having each of the following measures. 
3 
(a) T radians (b) 144° 
Solution 


(a) As shown in Figure 5, r = 18.2 cm and 0 = ar 


s=r0 Arc length formula 





3r 
s = 18.2 * cm Substitute for r and 6. 


54.67 
AY = 





cm = 21.4 cm 


Figure 5 
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Figure 6 





Figure 7 


Equator 


(b) The formula s = r0 requires that 0 be measured in radians. First, convert 0 
to radians by multiplying 144? by 135 radian. 


T 4T ians. 
TTE a | E. Convert from degrees to radians 


180 5 (Section 3.1) 
The length s is given by 
4 72.8 
s=r0= 182( “| - "3 ~= 45.7 cm. 


Now try Exercises 7 and 9. 


EXAMPLE 2 Using Latitudes to Find the Distance Between Two Cities 


Reno, Nevada, is approximately due north of Los Angeles. The latitude of Reno 


is 40° N, while that of Los Angeles is 34° N. (The N in 34° N means north of the 
equator.) The radius of Earth is 6400 km. Find the north-south distance between 
the two cities. 


Solution Latitude gives the measure of a central angle with vertex at Earth’s 
center whose initial side goes through the equator and whose terminal side goes 
through the given location. As shown in Figure 6, the central angle between 
Reno and Los Angeles is 40° — 34° = 6°. The distance between the two cities 
can be found by the formula s = r@, after 6° is first converted to radians. 


bx Yl. "9 21 
6 (5) 30 radian 


The distance between the two cities is 


= r= saoo( =) = 670km. Let r = 6400 and 0 = £. 


Now try Exercise 13. 


EXAMPLE 3 Finding a Length Using s = r@ 


A rope is being wound around a drum with radius .8725 ft. (See Figure 7.) How 
much rope will be wound around the drum if the drum is rotated through an 
angle of 39.72?? 


Solution The length of rope wound around the drum is the arc length for a cir- 
cle of radius .8725 ft and a central angle of 39.72°. Use the formula s = r6, with 
the angle converted to radian measure. The length of the rope wound around the 
drum is approximately 


T 
= = .8725| 39.721 — = 6049 ft. 
s=rée= 38 | 7 (5) 60 


Now try Exercise 19(a). 


Figure 8 


Figure 9 





The shaded 
region is a 
sector of 
the circle. 
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EXAMPLE 4 Finding an Angle Measure Usin 


Two gears are adjusted so that the smaller gear drives the larger one, as shown in 
Figure 8. If the smaller gear rotates through 225°, through how many degrees 
will the larger gear rotate? 


5-89 





Solution First find the radian measure of the angle, and then find the arc length 
on the smaller gear that determines the motion of the larger gear. Since 
225° = E radians, for the smaller gear, 
$—r0-— ss (2n) = ——— = — cem. 
4 
An arc with this length on the larger gear corresponds to an angle measure 6, in 
radians, where 


s— r0 
25 
== 4.80 Substitute 37 for s and 4.8 for r. 
1254 « 4.8 = 16 — 2. multiply by 3j 
192 F to solve for 8. 


Converting 0 back to degrees shows that the larger gear rotates through 
125v ( 180° 


— à 


192 








2j 
| = 117°. Convert 0 = Hag to degrees. 
TT 


Now try Exercise 21. 


Area of a Sector of a Circle A sector of a circle is the portion of the 
interior of a circle intercepted by a central angle. Think of it as a “piece of pie.” 
See Figure 9. A complete circle can be thought of as an angle with measure 27r 
radians. If a central angle for a sector has measure 0 radians, then the sector 


makes up the fraction £ of a complete circle. The area of a complete circle with 
radius ris A = «r^. Therefore, 


0 1 ; 
area of the sector = — (zr?) =—r’6, — ÓOinradians. 
2 2 


This discussion is summarized as follows. 


Area of a Sector 








The area of a sector of a circle of radius r and central angle @ is given by | 


1 | 
As 379 0 in radians. | 





| 

f 

=i 

SES ee ee w= —= cS —MQ ren -r uSCEEHEREESRQ el "m 





CAUTION Asin the formula for arc length, the value of 0 must be in radi- 
ans when using this formula for the area of a sector. 
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Figure 10 


EXAMPLE 5 Finding the Area of a Sector-Shaped Field 
Find the area of the sector-shaped field shown in Figure 10. 


Solution First, convert 15? to radians. 
Tu SLM. WE oi 
[5° = is = radian 
Now use the formula to find the area of a sector of a circle with radius r = 321. 


Í E Í T 
Es = —(321Y|— | = 13.5 2 
A M ; 9 (=) 3,500 m 


Now try Exercise 35. 


CON NECTIONS Longitude is the angular distance (expressed in | 
degrees) East or West of the prime meridian, which goes from the North © 
Pole to the South Pole through Greenwich, England. Arcs of longitude are 
110 km apart at the equator. As the figure shows, these sections are similar 
to those of an orange. 


Narth Pole 


South Pole 


Because Earth revolves 15? per hr, longitude is found by taking the dif- 
ference between time zones multiplied by 15°. For example, if it is 12 noon 
where you are (in the United States) and 5 P.M. in Greenwich, you are 
located at longitude 5(15?) — longitude 75? W. Thus, determining longitude 
requires only an accurate measure of time. Before 1772, sailors were unable 
to determine their position at sea because there were no clocks capable of | 
precise measure of time at sea. In 1772, a clock invented by John Harrison, | 
a carpenter's son with no formal education, solved the problem. (Source: 
Ola, P. and E. D'Aulaire, "Taking the Measure of Time," Smith- 
sonian, December 1999.) 


For Discussion or Writing 


Use time zones to determine the longitude where you live. What would the 
longitude be at Greenwich, England? Visit the Internet to learn more about 
longitude. 
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Concept Check Find the exact length of each arc intercepted by the given central 
angle. 


3. 6T 4. 





Concept Check Find the measure of each central angle (in radians). 


S. 6. 
3 6 


Unless otherwise directed, give calculator approximations in your answers in the rest 
of this exercise set. 


Find the length of each arc intercepted bv a central angle 0 in a circle of radius r. See 
Example l. 


| 


24T lla : 
7. r = 12.3 cm, 0 = 4 radians 8. .892 cm, 0 = 10 radians 


9. r = 4.82 m, 0 = 60° 10. r= 71.9 cm, 0 = 135° 


~ 


11. Concept Check If the radius of a circle is doubled, how is the length of the arc 
intercepted by a fixed central angle changed? 


12. Concept Check Radian measure simplifies many formulas, such as the formula for 
arc length, s = r0. Give the corresponding formula when 0 is measured in degrees 
instead of radians. 


Distance Between Cities Find the distance in kilometers between each pair of cities, 
assuming thev lie on the same north-south line. See Example 2. 

13. Panama City, Panama, 9° N, and Pittsburgh, Pennsylvania, 40° N 

14. Farmersville, California, 36° N, and Penticton, British Columbia, 49° N 

15. New York City, New York, 41° N, and Lima, Peru, 12° S 
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16. 
17. 


18. 


Halifax, Nova Scotia, 45° N, and Buenos Aires, Argentina, 34^ S 


Latitude of Madison Madison, South Dakota, and Dallas, Texas, are 1200 km 
apart and lie on the same north-south line. The latitude of Dallas is 33° N. What is 
the latitude of Madison? 


Latitude of Toronto Charleston. South Carolina, and Toronto, Canada, are 1100 km 
apart and lie on the same north-south line. The latitude of Charleston is 33° N. What 
is the latitude of Toronto? 


Work each problem. See Examples 3 and 4. 


19. 


20. 


21. 


22 


23. 


24. 


Pulley Raising a Weight 

(a) How many inches will the weight in the figure rise if 
the pulley is rotated through an angle of 71° 50'? 

(b) Through what angle, to the nearest minute, must the 
pulley be rotated to raise the weight 6 1n.? 





Pulley Raising a Weight Find the radius of the pulley in 
the figure if a rotation of 51.6" raises the weight 11.4 cm. 





Rotating Wheels The rotation of the smaller 
wheel in the figure causes the larger wheel to rotate. 
Through how many degrees will the larger wheel 
rotate if the smaller one rotates through 60.0"? 





Rotating Wheels Find the radius of the larger 
wheel in the figure if the smaller wheel rotates 
80.0° when the larger wheel rotates 50.0°. 





Bicycle Chain Drive The figure 
shows the chain drive of a bicycle. 
How far will the bicycle move if 
the pedals are rotated through 
180°? Assume the radius of the 
bicycle wheel is 13.6 in. 





Pickup Truck Speedometer The speedometer of Terry's small pickup truck is 
designed to be accurate with tires of radius 14 in. 


(a) Find the number of rotations of a tire in | hr if the truck is driven at 55 mph. 
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(b) Suppose that oversize tires of radius 16 in. are placed on the truck. If the truck is 
now driven for | hr with the speedometer reading 55 mph, how far has the truck 
gone? If the speed limit is 55 mph. does Terry deserve a speeding ticket? 


If a central angle is very small, there is little differ- ^ Arc length = length of inscribed chord 
ence in length between an arc and the inscribed 
chord. See the figure. Approximate each of the fol- 
lowing lengths by finding the necessary arc length. 
(Note: When a central angle intercepts an arc, the 
arc is said to subtend the angle.) 


\\ Are 





Inscribed chord | 


25. Length of a Train A railroad track in the desert is 3.5 km away. A train on the 
track subtends (horizontally) an angle of 3° 20’. Find the length of the train. 


26. Distance to a Boat The mast of Brent Simon’s boat is 32 ft high. If it subtends an 
angle of 2? 10', how far away is it? 


Concept Check Find the area of each sector. 


27. 28. 


\ jT 


Concept Check Find the measure (in radians) of each central angle. The number in- 
side the sector is the area. 


30. 





Find the area of a sector of a circle having radius r and central angle 0. See Example 5. 


27 2 
31. r2 29.2 m,0= - radians 32. r = 59.8 km. 6 = E radians 
. T l 5T 
33. r = 30.0 ft, 0 = 5 radians 34. r = 90.0 yd, 0 = p radians 
35. r = 12.7 cm. 8 = 81° 36. r= 18.3 m, 8 = 125° 
37. r = 40.0 mi, 0 = 135° 38. r = 90.0 km, 0 = 270° 


Work each problem. 
39. Find the measure (in radians) of a central angle of a sector of area 16 in.” in a circle 
of radius 3.0 in. 


40. Find the radius of a circle in which a central angle of 2 radian determines a sector of 
area 64 mr. 
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41. Measures of a Structure The figure shows Medicine Wheel, a Native American 
structure in northern Wyoming. This circular structure is perhaps 2500 yr old. There 
are 27 aboriginal spokes in the wheel, all equally spaced. 





(a) Find the measure of each central angle in degrees and in radians. 

(b) If the radius of the wheel is 76.0 ft, find the circumference. 

(c) Find the length of each arc intercepted by consecutive pairs of spokes. 
(d) Find the area of each sector formed by consecutive spokes. 


42. Area Cleaned by a Windshield Wiper The Ford 
Model A, built from 1928 to 1931, had a single 
windshield wiper on the driver's side. The total 
arm and blade was 10 in. long and rotated back 
and forth through an angle of 95?. The shaded 
region in the figure is the portion of the wind- 
shield cleaned by the 7-in. wiper blade. What is 
the area of the region cleaned? 





43. Circular Railroad Curves In the United States, circular railroad curves are 
designated by the degree of curvature, the central angle subtended by a chord of 
100 ft. Suppose a portion of track has curvature 42°. (Source: Hay, W., Railroad 
Engineering, John Wiley & Sons, 1982.) 


(a) What is the radius of the curve? 

(b) What is the length of the arc determined by the 100-ft chord? 

(c) What is the area of the portion of the circle bounded by the arc and the 100-ft 
chord? 


44. Land Required for a Solar-Power Plant A 300-megawatt solar-power plant 
requires approximately 950,000 m? of land area in order to collect the required 
amount of energy from sunlight. 


(a) If this land area is circular, what ts its radius? 
(b) If this land area is a 35? sector of a circle, what is its radius? 





45. Area of a Lot A frequent problem in surveying 

. city lots and rural lands adjacent to curves of highways 

and railways is that of finding the area when one or 

more of the boundary lines is the arc of a circle. Find 40 yd 
the area of the lot shown in the figure. (Source: 

Anderson, J. and E. Michael, Introduction to T 
Surveying, McGraw-Hill, 1985.) 30 yd 


46. Nautical Miles Nautical miles are used by 
ships and airplanes. They are different from 
statute miles, which equal 5280 ft. A nautical 
mile is defined to be the arc length along the 
equator intercepted by a central angle AOB of 
l min, as illustrated in the figure. If the equato- 
rial radius of Earth is 3963 mi, use the arc 
length formula to approximate the number of 
statute miles in 1 nautical mile. Round your 
answer to two decimal places. 





Nautical — Not to scale 
mile — 
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47. Circumference of Earth The first accurate Sun's rays at noon 
estimate of the distance around Earth was i Y i " 
done by the Greek astronomer Eratosthenes 


á | g^ 12" 
(276—195 B.c.), who noted that the noontime 496 mi 


position of the sun at the summer solstice dif- Syene? 1 lien 
fered by 7? 12' from the city of Syene to the | : isein 
city of Alexandria. (See the figure.) The dis- |, 

tance between these two cities is 496 mi. Use I7 12: 


the arc length formula to estimate the radius of 
Earth. Then find the circumference of Earth. 
(Source: Zeilik, M., Introductory Astronomy 
and Astrophysics, Third Edition, Saunders 
College Publishers, 1992.) 


48. Diameter of the Moon The dis- 
tance to the moon is approximately 
238,900 mi. Use the arc length 
formula to estimate the diameter 
d of the moon if angle @ in the fig- 
ure is measured to be .517*. 


—- Em — r 





Not to scale 






mer; 


The College heats. pte A Cd vin 4, September 1999.) 





To produce the chart, it is necessary to find a function that relates d to the length of 
arc L. Work Exercises 49—52 in order, to determine that function. Refer to the figure on 
the right. 


49. Express L in terms of r and 6, and then solve for r. 


50. Use a right triangle to relate r, h, and 6. Solve for h. 


51. Express d in terms of r and h, then substitute your answer from Exercise 50 for h. 
Factor out r. 


52. Use your answer from Exercise 49 to substitute for r in the result from Exercise 51. 
This result is a formula that gives d for specific values of 0. 





53. Concept Check If the radius of a circle is doubled and the central angle of a sec- 
tor is unchanged, how is the area of the sector changed? 
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Unit circle x? + y? = 1 


Figure 11 


Looking Ahead to Calculus 


If you plan to study calculus, you must 
become very familiar with radian mea- 
sure. In calculus, the trigonometric or 
circular functions are always under- 
stood to have real number domains. 


e Unit Circle and Circular Functions 


cular Functions «= Finding Values of Circular Functions = Determining a Number with a Given Circular 
Function Value = Applying Circular Functions 


54. Concept Check Give the corresponding formula for the area of a sector when the 
angle is measured in degrees. 


Volume of a Solid Multiply the area of the base by the height to find the volume of 
each solid. 


55. 56. m 


a 


' Outside radius is r}, 
inside radius is r». 









In Section 1.3, we defined the six trigonometric functions in such a way that the 
domain of each function was a set of angles in standard position. These angles 
can be measured in degrees or in radians. In advanced courses, such as calculus, 
it is necessary to modify the trigonometric functions so that their domains con- 
sist of real numbers rather than angles. We do this by using the relationship 
between an angle 0 and an arc of length s on a circle. 


Circular Functions In Figure 11, we start at the point (1,0) and measure an 
arc of length s along the circle. If s > 0, then the arc is measured in a counter- 
clockwise direction, and if s < 0, then the direction is clockwise. (If s = O, then 
no arc is measured.) Let the endpoint of this arc be at the point (x, y). The circle 
in Figure 11 is a unit circle—it has center at the origin and radius 1 unit (hence 
the name unit circle). Recall from algebra that the equation of this circle is 


x + y*^—]. (Appendix B) 


We saw in the previous section that the radian measure of 0 is related to the 
arc length s. In fact, for 0 measured in radians, we know that s — r0. Here, 
r — ], so s, which is measured in linear units such as inches or centimeters, is 
numerically equal to 0, measured in radians. Thus, the trigonometric functions 
of angle 0 in radians found by choosing a point (x, y) on the unit circle can be 
rewritten as functions of the arc length s, a real number. When interpreted this 
way, they are called circular functions. 


Circular Functions ; 


sins — y coss — x tans = = (x # 0) 
Penes (y # 0) secs = — (x # 0) caine (y*0) : 


s 
2 
dg. AIS cuo SERA D RAG, RE EMESIS YET ERS OR E 


LE 
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cosine of s and y represents the sine of s, and because 
n 3.1 on converting between degrees and radians, we 
can summarize a great deal of information in a concise manner, as seen in 
Figure 12.* 








Unit circle x^ + y^ = ] 


Figure 12 





NOTE  Sincesin s — y and cos 5 — x, we can replace x and y in the equation 
x7 + y” = | and obtain the Pythagorean identity 





COS s + Sin s |. (Section 1.4) 











The ordered pair (x. y) represents a point on the unit circle, and therefore 
—] sS xs] and ep sya], 
sO —] s coss = | and es] s sins == T. 


For any value of s, both sin s and cos s exist, so the domain of these functions is 
the set of all real numbers. For tan s. defined as =, x must not equal 0. The only 
way x can equal 0 is when the arc length s is £, — 2, #, — 4, and so on. To 
avoid a 0 denominator, the domain of the tangent function must be restricted to 
those values of s satisfying 


s Æ (2n + l). n any integer. 


BIE 


The definition of secant also has x in the denominator, so the domain of secant is 
the same as the domain of tangent. Both cotangent and cosecant are defined with 
a denominator of v. To guarantee that y # 0. the domain of these functions must 
be the set of all values of s satisfying 


SANT. n any integer. 


"The authors thank Professor Marvel Townsend of the University of Florida for her suggestion to include 
this figure. 
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(cos s, sin s) = (x, y) 





Figure 13 





Figure 14 


In summary, the domains of the circular functions are as follows. 


Domains of the Circular Functions 


Assume that n is any integer and s is a real number. 
Sine and Cosine Functions: (— ©, ©) 


Tangent and Secant Functions: Í; |s x (2n + 1) z 


Cotangent and Cosecant Functions: (s|s #7} 


Finding Values of Circular Functions The circular functions of real num- 
bers are closely related to the trigonometric functions of angles measured in 
radians. Let us assume that angle 0 is in standard position, superimposed on the 
unit circle. See Figure 13. Suppose that 0 is the radian measure of this angle. 
Using the arc length formula s = r0 with r= 1, we have s = 0. Thus, the 
length of the intercepted arc is the real number that corresponds to the radian 
measure of 0. Using the trigonometric function definitions from Section 1.3, 

sing =~ = 3 =y = gin s, and cos 9=— =— = = COS 5, 

r l r l 

and so on. As shown here, the trigonometric functions and the circular functions 
lead to the same function values, provided we think of the angles as being in ra- 
dian measure. This leads to the following important result. 


Evaluating a Circular Function 


Circular function values of real numbers are obtained in the same manner as 
trigonometric function values of angles measured in radians. This applies 
both to methods of finding exact values (such as reference angle analysis) 
and to calculator approximations. Calculators must be in radian mode 
when finding circular function values. 


EXAMPLE 1 Finding Exact Circular Function Values 
Find the exact values of sin X. cos aE , and tan A 


Solution Evaluating a circular function at the real number Nm is equivalent to 
evaluating it at x: radians. An angle of e radians intersects the unit circle at the 


point (0, — 1), as shown in Figure 14. Since 


sins = y, COS $ = x, and tan s = Š, 
x 
it follows that 
3 3 3 
sin F = —], cos i = 0, and tan = is undefined. 


Now try Exercise 1. 





Radian mode 


This is how a calculator dis- 
plays the result of Example 
3(a), correct to four decimal 
digits. 
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EXAMPLE 2 Finding Exact Circular Function Values 
(a) Use Figure 12 to find the exact values of cos a and sin pa s 
(b) Use Figure 12 to find the exact value of tan( — 2). 


(c) Use reference angles and degree/radian conversion to find the exact value of 
mT 
cos 3. 


Solution 


(a) In Figure 12, we see that the terminal side of 7T radians intersects the unit 
4 


circle at (%55). Thus, 
w A cd ap ach 
4 2 4 2 


(b) Angles of —2Z radians and Z radians are coterminal. Their terminal sides 


) am 3 
intersect the unit circle at (5, = ahh SO 


( 3z) T i V3. V3 
tan] ———— TUS XN x 
2 


1 2 
3 mS LA Oak DUE HÓ Qus 


(c) An angle of 2m radians corresponds to an angle of 120°. In standard posi- 
tion, 120° lies in quadrant II with a reference angle of 60°, so 


Cosine is negative in quadrant II. 


2a l 
cos — = cos 120° = —cos 60° = ——. 
3 R 2 
Reference angle (Section 2.2) 


Now try Exercises 7, 17, and 21. 


EXAMPLE 3 Approximating Circular Function Values 


Find a calculator approximation for each circular function value. 


(a) cos 1.85 (b) cos .5149 (c) cot 1.3209 (d) sec(—2.9234) 
Solution 
(a) With a calculator in radian mode, we find cos 1.85 = —.2756. 


(b) cos .5149 = .8703 Use a calculator in radian mode. 


(c) As before, to find cotangent, secant, and cosecant function values, we 
must use the appropriate reciprocal functions. To find cot 1.3209, first find 
tan 1.3209 and then find the reciprocal. 


1 
(1329899 -———— = 9599 
an auro e 


1 


(d) sec(—2.9234) = cos(—2.9234) "€ 


— 1.0243 


Now try Exercises 23, 29, and 33. 
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The calculator is set to show 
four decimal digits in the 
answer. 


Figure 15 


tan 1) —— 
27875981634 

nstnu : 
3.926998817 


1 


Lan CAns 2 


This screen supports the result 
of Example 4(b). The calcula- 
tor is in radian mode. 


Figure 16 

















CAUTION A common error in trigonometry is using calculators in degree 
mode when radian mode should be used. Remember. if you are finding a circu- 
lar function value of a real number, the calculator must be in radian mode. 











Determining a Number with a Given Circular Function Value Recall 
from Section 2.3 how we used a calculator to determine an angle measure, given 
a trigonometric function value of the angle. 


EXAMPLE 4 Finding a Number Given Its Circular Function Value 

(a) Approximate the value of s in the interval [0.8], if cos s = .9685. 
(b) Find the exact value of s in the interval La. a) if tan s = 1. 
Solution 


(a) Since we are given a cosine value and want to determine the real number in 
0,2 having this cosine value, we use the inverse cosine function of a cal- 
culator. With the calculator in radian mode, we find 


cos /|(.9685) = .2517. (Section 2.3) 


See Figure 15. (Refer to your owner's manual to determine how to evaluate 


the sin ', cos ', and tan ' functions with your calculator.) 


(b) Recall that tan 7 = 1, and in quadrant III tan s is positive. Therefore, 


TT 54T 
tan| 7 + — | = tan — = |, 
4 4 


and s — CE Figure [6 supports this result. 


Now try Exercises 49 and 55. 
Applying Circular Functions 


EXAMPLE 5 Modeling the Angle of Elevation of the Sun 


The angle of elevation 0 of the sun in the sky at any latitude L is calculated with 


the formula 


sin 0 — cos Dcos Lcos œw + sin D sin L, 


where 6 = 0 corresponds to sunrise and 0 = F occurs if the sun is directly over- 
head. w (the Greek letter omega) is the number of radians that Earth has rotated 
through since noon, when w = 0. D is the declination of the sun, which varies 
because Earth ts tilted on its axis. (Source: Winter, C., R. Sizmann, and Vant- 
Hunt, Editors, Solar Power Plants, Springer- Verlag, 1991.) 

Sacramento, California, has latitude L = 38.5? or .6720 radian. Find the 
angle of elevation 8 of the sun at 3 P.M. on February 29, 2000, where at that time 
D = —.]425 and w = .7854. 
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Solution Use the given formula for sin 8. 


sin 0 = cos D cos L cos œw + sin D sin L 
= cos(—.1425) cos(.6720) cos(.7854) + sin(—.1425) sin(.6720) 
= 4593 


Thus, 0 = .4773 radian or 27.3°: 


Now try Exercise 71. 














CONNECTIONS A convenient way to see the sine, cosine, and tan- 
gent trigonometric ratios geometrically is shown in Figure 17 for @ in quad- 
rants I and H. The circle shown is the unit circle, which has radius 1. By 
remembering this figure and the segments that represent the sine, cosine, 
and tangent functions, you can quickly recall properties of the trigonometric 
functions. Horizontal line segments to the left of the origin and vertical line 
segments below the x-axis represent negative values. Note that the tangent 
line must be tangent to the circle at (1,0), for any quadrant in which @ lies. 










0 in quadrant I 9 in quadrant II 





Figure 17 


For Discussion or Writing 


See Figure 18. Use the definition of the trigono- 
metric functions and similar triangles to show that 
PQ = sin 0, OQ = cos 0, and AB = tan 0. 


Figure 18 


33 Exercises 


For each value of 0, find (a) sin 0, (b) cos 0, and (c) tan @ See Example 1. 





16-7 X ger 3. b= 2c 


3 
56e) &d--s B ume 
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Find the exact circular function value for each of the following. See Example 2. 





| Tm 54r AT 2T 
7. sin — 8. cos — 9. tan — 10. sec — 
6 3 4 3 
1] 5 4 17 
11. csc ul 12. cot = 13. cos EIU 14. tan E 
6 6 3 3 
TT 5 At 57 
15. cos — 16. sec — 17. sinl —— 18. sinl —— 
4 4 3 6 
23m laa 54r ST 
19. sec — 20. csc — 21. tan — 22. cos — 
6 3 6 4 


Find a calculator approximation for each circular function value. See Example 3. 


23. sin .6109 24. sin .8203 25. cos(— 1.1519) 
26. cos(—5.2825) 27. tan 4.0203 28. tan 6.4752 
29. csc(—9.4946) 30. csc 1.3875 31. sec 2.8440 
32. sec( —8.3429) 33. cot 6.0301 34. cot 3.8426 
Concept Check The figure displays a unit Y 

circle and an angle of l radian. The tick 2 







marks on the circle are spaced at every 
two-fenths radian. Use the figure to estimate 
each value. 

35. cos .8 

36. sin 4 


37. a positive angle whose cosine is —.65 


;.8 radian 

„6 radian 
.4 radian 
..2 radian 


X 


38. a positive angle whose sine is —.95 


5 


Concept Check Without using a calculator, decide whether each function value is posi- 
tive or negative. (Hint: Consider the radian measures of the quadrantal angles.) 


39. cos 2 40. sin(— 1) 41. sin 5 
. COS 6 43. tan 6.29 44. tan(— 6.29) 





Concept Check Each figure in Exercises 45—48 shows an angle 0 in standard position 
with its terminal side intersecting the unit circle. Evaluate the six circular function val- 
ues of 0. 


45. 46. 








Ts 


? 


da 2 


Posso 

| 

<i 

uw 
x 


--«———— , 
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47. Y 48. y 





Find the value of s in the interval |o. z| that makes each statement true. See Example 4(a). 


49. tan s — .2126 50. cos s = .7826 5]. sins = .9918 
52. cot s = .2994 53. sec s = 1.0806 S4. csc s = 1.0219 


Find the exact value of s in the given interval that has the given circular function value. 
Do not use a calculator. See Example 4(h). 


i | l 7 l 

55. 1 —. mh sins = — 56. | —. m|; coss = —— 
d 2 2 2 

a l E ^ g 3T P l 

57. mor : tans = V3 58. 7,7 |: sins = n 
34r ST US 
59, 37.20 : tans=-—1 60. LA a coss = —— 


Suppose an arc of length s lies on the unit circle x + y^ = 1, starting at the point (1.0) 
and terminating at the point (x, y). (See Figure 11.) Use a calculator to find the approxi- 
mate coordinates for (x, v). (Hint: x = cos s and y = sin s.) 


Ol, — 25 62. s = 34 63. s = —74 64. s= —3.9 


Concept Check For each value of s, use a calculator to find sin s and cos s and then 
use the results to decide in which quadrant an angle of s radians lies. 


65. s = 5] 66. s = 49 67. s = 65 68. s = 79 


Concept Check In Exercises 69 and 70, each graphing calculator screen shows a 
point on the unit circle. What is the length of the shortest arc of the circle from (1.0) to 
the point? 


69. 70. 


| 
tw 
fod 


-2,35 





A=.55319149 lz.Bz305u81:z 
-1.55 -1.55 


A= "9361702 17=,55154709 
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(Modeling) Solve each problem. See Example 5. 


Th 


72. 


Length of a Day The ability to calculate the number of daylight hours H at any 
location is important in estimating potential solar energy production. H can be cal- 
culated using the formula 


cos(.1309H) — —tan D tan L, 


where D and L are defined in Example 5. Use this trigonometric equation to 
calculate the shortest and longest days in Minneapolis, Minnesota, if its latitude 
L = 44.88^, the shortest day occurs when D = —23.44°, and the longest day occurs 
when D = 23.44°. Remember to convert degrees to radians. (Source: Winter, C., R. 
Sizmann, and Vant-Hunt, Editors, Solar Power Plants, Springer-Verlag, 1991.) 
Elevation of the Sun Refer to Example 5. 


at. tL. 


(a) Repeat the example for New Orleans, which has latitude L = 30°. 


B (b) Compare your answers. Do they agree with your intuition? 


73. 


74. 





Maximum Temperatures | Because the values of the circular functions repeat every 
27, they are used to describe things that repeat periodically. For example, the maxi- 
mum afternoon temperature in a given city might be modeled by 


XT 
t = 60 — 30 cos "X 


where : represents the maximum afternoon temperature in month x, with x = 0 rep- 


resenting January, x = | representing February, and so on. Find the maximum after- 
noon temperature for each of the following months. 

(a) January (b) April (c) May 

(d) June (e) August (f) October 


Temperature in Fairbanks The temperature in Fairbanks is modeled by 
fedus 6 = qup |, 495 
x) = 37 sin| ——— (x — ; 
365 


where 7(x) is the temperature in degrees Fahrenheit on day x, with x — 1 corre- 
sponding to January 1 and x = 365 corresponding to December 31. Use a calculator 
to esttmate the temperature on the following days. (Source: Lando, B. and C. Lando, 
“Is the Graph of Temperature Variation a Sine Curve?" The Mathematics Teacher, 
70, September 1977.) 


(a) March 1 (day 60) (b) April 1 (day 91) (c) Day 150 
(d) June 15 (e) September | (f) October 31 


Linear and Angular Speed 





Linear Speed = Angular Speed 





Linear Speed In many situations we need to know how fast a point on a cir- 
cular disk is moving or how fast the central angle of such a disk is changing. 
Some examples occur with machinery involving gears or pulleys or the speed of 
a car around a curved portion of highway. 






Figure 19 


P moves at 
a constant 
speed along 
the circle. 
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Suppose that point P moves at a constant speed along a circle of radius r and 
center O. See Figure 19. The measure of how fast the position of P is changing 
is called linear speed. If v represents linear speed, then 


distance S 
speed = — &f v=—, 
time t 
where s is the length of the arc traced by point P at time t. (This formula is just a 


restatement of d = rt with s as distance, v as rate (speed), and f as time.) 


Angular Speed As point P in Figure 19 moves along the circle, ray OP 
rotates around the origin. Since ray OP is the terminal side of angle POB, the 
measure of the angle changes as P moves along the circle. The measure of how 
fast angle POB is changing is called angular speed. Angular speed, symbolized 
w, is given as 


w = ri 0 in radians, 


where 0 is the measure of angle POB at time t. As with earlier formulas in this 
chapter, @ must be measured in radians, with w expressed as radians per unit of 
time. Angular speed is used in physics and engineering, among other applications. 

In Section 3.2, the length s of the arc intercepted on a circle of radius r by a 
central angle of measure 0 radians was found to be s = r0. Using this formula, 
the formula for linear speed, v = $, becomes 


The formula v = rw relates linear and angular speeds. 

As an example of linear and angular speeds, consider the following. The 
human joint that can be flexed the fastest 1s the wrist, which can rotate through 
90°, or 5 radians, in .045 sec while holding a tennis racket. The angular speed of 
a human wrist swinging a tennis racket is 


w = — = —— = 35 radians per sec. 


If the radius (distance) from the tip of the racket to the wrist joint is 2 ft, then the 
speed at the tip of the racket is 


v = rw = 2(35) = 70 ft per sec, or about 48 mph. 


In a tennis serve the arm rotates at the shoulder, so the final speed of the racket is 
considerably faster. (Source: Cooper, J. and R. Glassow, Kinesiology, Second 
Edition, C.V. Mosby, 1968.) 

The formulas for angular and linear speed are summarized in the table. 






(w in radians per unit time, 
0 in radians) 
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EXAMPLE 1 Using Linear and Angular Speed Formulas 


Suppose that point P is on a circle with radius 10 cm, and ray OP is rotating 
with angular speed 1; radian per sec. 


(a) Find the angle generated by P in 6 sec. 

(b) Find the distance traveled by P along the circle in 6 sec. 
(c) Find the linear speed of P. 

Solution 


(a) The speed of ray OP is o = 15 radian per sec. Since w = 2 then in 6 sec 


T" 0 Let w = T and t = 6 in the 
18 6 angular speed formula. 
6T T . | 
0 = — = — radians. Solve for 0 
I$. ag 


(b) From part (a), P generates an angle of n radians in 6 sec. The distance trav- 
eled by P along the circle is 





TT 107 ; 
s = r0 = i - | = zy cm. (Section 3.2) 
3 


(e) S = lom - 6 ig Po S 
G) $————————-$5—-——3:—  -— Ke par sec 
t 6 3 3 6 9 


Now try Exercise 3. 


EXAMPLE 2 Finding Angular Speed of a Pulley and Linear Speed of a Belt 

A belt runs a pulley of radius 6 cm at 80 revolutions per min. 

(a) Find the angular speed of the pulley in radians per second. 

(b) Find the linear speed of the belt in centimeters per second. 

Solution 

(a) In | min, the pulley makes 80 revolutions. Each revolution is 27 radians, so 
80(27) = 16077 radians per min. 


Since there are 60 sec in 1 min, we find w, the angular speed in radians per 
second, by dividing 1607 by 60. 
1607 Sr 


w = = radians per sec 
60 3 





(b) The linear speed of the belt will be the same as that of a point on the cir- 
cumference of the pulley. Thus. 


4 


OTT 
v = ræ = 6( | = low = 50.3 cm per séc. 


Now try Exercise 39. 
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EXAMPLE 3 Finding Linear Speed and Distance Traveled by a Satellite 


A satellite traveling in a circular orbit 1600 km above the surface of Earth takes 
2 hr to make an orbit. The radius of Earth is 6400 km. See Figure 20. 


(a) Find the linear speed of the satellite. 
(b) Find the distance the satellite travels in 4.5 hr. 


Solution 





(a) The distance of the satellite from the center of Earth is 


Not to scale r = 1600 + 6400 = 8000 km. 


a PT 


Figure 20 For one orbit, 0 = 27, and 
s = r0 = 8000(277) km. 
Since it takes 2 hr to complete an orbit, the linear speed is 


Ss 8000(2 77) 
f 2 


(b) s = vt = 800077(4.5) = 36,0007 = 110.000 km 


y = 


= 80007 - 25,000 km per hr. 


Now try Exercise 37. 


3.4 Exercises 


1. Concept Check If a point moves around the circumference of the unit circle at an 
angular velocity of I radian per sec. how long will it take for the point to move 
around the entire circle? 


2. Concept Check If a point moves around the circumference of the unit circle at 
a speed of | unit per sec. how long will it take for the point to move around the 
entire circle? 


Suppose that point P is on a circle with radius r, and rav OP is rotating with angular 
speed w. For the given values ofr, w, and t, find each of the following. 


(a) the angle generated by P in time t 
(b) the distance traveled by P along the circle in time t 
(c) the linear speed of P 


See Example 1. 


TT 

3. r= 20cm, w = 12 radian per sec. f = 6 sec 
TT ; 

4. r = 30cm. w = 10 radian per sec, £ = 4 sec 


g . - 
Use the formula w = to find the value of the missing variable. 


24r T . 
Ss, w = ES radians per sec, f — 3 sec 6. w= 4 radian per min, £ = 5 min 


3m . 29r 
7. 0 — E radians,f = 8 sec 8. 0 = ES radians, f = 10 sec 
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b 
9. 0 = — radian, w = = radian per min 
9 27 


10.9 ai 2. andi | 
" = —— radians, o = —- radian per min 
g 24 P 


11. 0 = 3.871142 radians, t = 21.4693 sec 
12. w = .90674 radian per min, ¢ = 11.876 min 


Use the formula v = rw to find the value of the missing variable. 
2a o OT 
13. r= 12 m, w = ES radians per sec 14. r= 8cm, w = A radians per sec 


15. v = 9 m per sec, r = 5m 16. v = 18 ft per sec. r = 3 ft 
17. v = 107.692 m per sec, r = 58.7413 m 
18. r = 24.93215 cm, œ = .372914 radian per sec 


8 . : 
The formula œw = 1 can be rewritten as 0 = wt. Using wt for 0 changes s = rô to 
5 = rot. Use the formula s = ræt to find the value of the missing variable. 


Ti . 

19. r = 6 cm, w = 4 radians per sec, f = 9 sec 
2% ... 

20. r=9 yd, w = n radians per sec. f = 12 sec 


Tr : 
21. s = 6r cm, r = 2 cm, w = 2 radian per sec 


12a 3 2T 
22. s = —— m,r = — m, w = — radians per sec 
5 2 5 
3a 8 4 
23. $7 kn, r = 2 km, i= 4 sec 24. s=— mr-lmi- 12 sec 


Find w for each of the following. 
25. the hour hand of a clock 


26. a line from the center to the edge of a CD revolving 300 times per min 


27. the minute hand of a clock 28. the second hand of a clock 


Find v for each of the following. 


29. the tip of the minute hand of a clock, if the hand is 7 cm long 

30. the tip of the second hand of a clock, if the hand is 28 mm long 

31. a point on the edge of a flywheel of radius 2 m, rotating 42 times per min 
32. a point on the tread of a tire of radius 18 cm, rotating 35 times per min 


33. the tip of an airplane propeller 3 m long. rotating 500 times per min (Hint: 
r — 1.5m) 


34. a point on the edge of a gyroscope of radius 83 cm, rotating 680 times per min 


Solve each problem. See Examples 1—3. 

35, Speed of a Bicycle The tires of a bicycle have 
radius 13 in. and are turning at the rate of 200 revo- 
lutions per min. See the figure. How fast is the bicycle 
traveling in miles per hour? (Hint: 5280 ft — ] mi) 





36. 


37. 


38 


+ 


39 


* 


40. 


41. 


42. 


43 


dd 
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Hours in a Martian Day Mars 
rotates on its axis at the rate of about 
.2552 radian per hr. Approximately 
how many hours are in a Martian 
day (or sol)? (Source: Wright, J. W., 
General Editor, The Universal 
Almanac, Andrews and McMeel, 
1997.) 





Angular and Linear Speeds of Earth Earth travels 

about the sun in an orbit that is almost circular. 

Assume that the orbit is a circle with radius 

93,000,000 mi. Its angular and linear speeds are used 

in designing solar-power facilities. 

(a) Assume that a year is 365 days, and find the 
angle formed by Earth’s movement in one day. 

(b) Give the angular speed in radians per hour. 

(c) Find the linear speed of Earth in miles per hour. 





Angular and Linear Speeds of Earth Earth revolves on its axis once every 24 hr. 
Assuming that Earth’s radius is 6400 km, find the following. 


(a) angular speed of Earth in radians per day and radians per hour 

(b) linear speed at the North Pole or South Pole 

(c) linear speed at Quito, Ecuador, a city on the equator 

(d) linear speed at Salem, Oregon (halfway from the equator to the North Pole) 


Speeds of a Pulley and a Belt The pulley shown 
has a radius of 12.96 cm. Suppose it takes 18 sec 
for 56 cm of belt to go around the pulley. 


(a) Find the angular speed of the pulley in radians 
per second. 

(b) Find the linear speed of the belt in centimeters 
per second. 


Angular Speeds of Pulleys The two pulleys in the 
figure have radii of 15 cm and 8 cm, respectively. 
The larger pulley rotates 25 times in 36 sec. Find the 
angular speed of each pulley in radians per second. 





Radius of a Spool of Thread A thread is being pulled off a spool at the rate of 
59.4 cm per sec. Find the radius of the spool if it makes 152 revolutions per min. 


Time to Move Along a Railroad Track A railroad track is laid along the arc of a 
circle of radius 1800 ft. The circular part of the track subtends a central angle of 40°. 
How long (in seconds) will it take a point on the front of a train traveling 30 mph to 
go around this portion of the track? 


Angular Speed of a Motor Propeller A 90-horsepower outboard motor at full 
throttle will rotate its propeller at 5000 revolutions per min. Find the angular speed 
of the propeller in radians per second. 


Linear Speed of a Golf Club The shoulder joint can rotate at about 25 radians per 
sec. If a golfer's arm is straight and the distance from the shoulder to the club head 
is 5 ft, estimate the linear speed of the club head from shoulder rotation. (Source: 
Cooper, J. and R. Glassow, Kinesiology, Second Edition, C. V. Mosby, 1968.) 
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3.1 radian 3.3 unit circle 3.4 linear speed v 
3.2 sector of a circle circular functions angular speed w 





CONCEPTS EXAMPLES 


| 3.1 Radian Measure 


| An angle with its vertex at the center of a circle that inter- 
| cepts an arc on the circle equal in length to the radius of the 
| circle has a measure of 1 radian. 


| Degree/Radian Relationship 180° = 7 radians 


| Converting Between Degrees and Radians Convert 135? to radians. 


1. Multiply a degree measure by 735 radian and simplify to 
180 


R To \ mol 
convert to radians. = = 135( 7 radian E radians 


2. Multiply a radian measure by B and simplify to con- Convert -ša radians to degrees. 


vert to degrees. 
a = per) = 300" 
$ 3 T 


| 3.2 Applications of Radian Measure 


| Arc Length 

| The length s of the arc intercepted on a circle of radius r bya | In the figure, s = r8 so 
| central angle of measure @ radians is given by the product of 
| the radius and the radian measure of the angle, or S 3 à 

0 — ^ = ra radian. 


s — r0, 0 in radians. 





| Area of a Sector ! 

| The area of a sector of a circle of radius r and central angle 0 | The area of the sector in the figure is 

| Is given by | 3 

A = —(4y1 — ] = 6 sq units. 
(2) q 


1 
A= 279 0 in radians. 


| 3.3 The Unit Circle and Circular Functions 


| Circular Functions 
Start at the point (1,0) on the unit circle x? + y? = 1 and lay | Use the unit circle to find each value. 
| off an arc of length | | along the circle, going counterclock- _ 
enum ^i a: . Sq 
| | wise if s is positive, and clockwise if s is negative. Let the sin — = 
| | endpoint of the arc be at the point (x, y). The six circular 6 
' | functions of s are defined as follows. (Assume that no de- 
| nominators are 0.) 


sins — y tans = — 


1 1 x 
ests = — secs = — 
y x y 


| The Unit Circle 


Unit circle x? + y? = 1 


[ 


| 3.4 Linear and Angular Speed 


| Formulas for Angular and Linear Speed 


| | A belt runs a pulley of radius 8 in. at 60 revolutions per min. 
Find the angular speed w in radians per minute, and the lin- 
ear speed v of the belt in inches per minute. 


w = 60(27) = 1203 radians per min 


(c in radians per unit time, y = rw = 8(1207) = 9607 in. per min 


6 in radians) 
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Chapter 3 Review Exercises 


B 1. Which is larger—an angle of 1? or an angle of 1 radian? Discuss and justify your 
answer. 


2. Consider each angle in standard position having the given radian measure. In what 
quadrant does the terminal side lie? 


(a) 3 (b) 4 (c) —2 (d) 7 
3. Find three angles coterminal to an angle of | radian. 


4. Give an expression that generates all angles coterminal with an angle of 2 radian. Let 
n represent any integer. 


Convert each degree measure to radians. Leave answers as multiples of 7. 


S. 45? 6. 120° da A 
8. 330? 9. 800° 10. 1020? 


Convert each radian measure to degrees. 


5 9 8 
11. 2 12. Z ix = 
4 10 3 
6T lila Ala 
* RR 2 EU 1 * mm 
14, -~ 15. — 6. = 


Suppose the tip of the minute hand of a clock is 2 in. from the center of the clock. For 
each duration, determine the distance traveled by the tip of the minute hand. 


17. 15 min 18. 20 min 


l 
19. 3 hr 20. iur hr 





Solve each problem. Use a calculator as necessary. 
21. Arc Length The radius of a circle is 15.2 cm. Find the length of an arc of the 
s £ Am : 
circle intercepted by a central angle of ^5" radians. 


22. Arc Length Find the length of an arc intercepted by a central angle of .769 radian 
on a circle with radius 11.4 cm. 


23. Arc Length A circle has radius 8.973 cm. Find the length of an arc on this circle 
intercepted by a central angle of 49.06. 


24. Area of a Sector A A central angle of -— radians forms a sector of a circle. Find the 
area of the sector if the radius of the circle is 28.69 in. 


25. Area of a Sector Find the area of a sector of a circle having a central angle of 
21? 40' in a circle of radius 38.0 m. 


26. Height of a Tree A tree 2000 yd away subtends an angle of 1° 10’. Find the height 
of the tree to two significant digits. 
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Distance Between Cities Assume that the radius of Earth is 6400 km in Exercises 27 
and 26. 


27. Find the distance in kilometers between cities on a north-south line that are on lati- 
tudes 28° N and 12° S, respectively. 


28. Two cities on the equator have longitudes of 72° E and 35? W, respectively. Find the 
distance between the cities. 


Concept Check dn Exercises 29 and 30, find the measure of the central angle 0 (in 
radians) and the area of the sector. 


29. 30. 
1.5 
4 


31. Concept Check The hour hand of a wall clock measures 6 in. from its tip to the 
center of the clock. 


(a) Through what angle (in radtans) does the hour hand pass between | o'clock and 
3 o'clock? 

(b) What distance does the tip of the hour hand travel during the time period from 
| o'clock to 3 o'clock? 


h 
— 32. Describe what would happen to the central angle for a given arc length of a circle if 
the circle's radius were doubled. (Assume everything else is unchanged.) 


Find each exact function value. Do not use a calculator. 


2 5 
33. tàn — 34. cos — 35. (38 
3 3 6 


1] | 
36. an( -7) 37. s (- 2) 38. co( — 22) 


Without using a calculator, determine which of the following is greater. 


39. tan | or tan 2 40. sin 1 or tan 1 


41. cos 2 or sin 2 42. cos(sin 0) or sin(cos 0) 


Use a calculator to find an approximation for each circular function value. Be sure your 
calculator is set in radian mode. 


43. sin 1.0472 44. tan 1.2275 45. cos(—.2443) 
46. cot 3.0543 47. sec 7.3159 48. csc 4.8386 


* ` r * AT 
Find the value of s in the interval [0. 7] that makes each statement true. 


49. cos s = .9250 50. tans — 4.0112 51. sins = 4924 
52. csc s = 1.2361 53. cots = .5022 54, sec s = 4.5600 


Find the exact value of s in the given interval that has the given circular function value. 
Do not use a calculator. 


V2 7 
55. Gil NS 56. RUE tans = —V3 


= a 
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3 2v 3 3 l 
M. 5 sec s = -2v3 58. EE sin s = us 


Solve each problem, where t, w, 0, and s are as defined in Section 3.4. 


59. Find t if 0 = 2% radians and œ = $ radians per sec. 


60. Find 0 if t = 12 sec and c = 9 radians per sec. 

61. Find w if t = 8 sec and 0 = em radians. 

62. Find w if s = “27 ft, r = 2 ft, and t = 15 sec. 

63. Find s if r = 11.46 cm, w = 4.283 radians per sec, and t = 5.813 sec. 


64. Linear Speed of a Flywheel Find the linear speed of a point on the edge of a fly- 
wheel of radius 7 cm if the flywheel is rotating 90 times per sec. 

65. Angular Speed of a Ferris Wheel A Ferris | 
wheel has radius 25 ft. If it takes 30 sec for the 


wheel to turn ae radians, what is the angular 
speed of the wheel? 





(Modeling) Solve each problem. 


66. Phase Angle of the Moon Because the moon orbits Earth, we observe different 
phases of the moon during the period of a month. In the figure, t is called the phase 
angle. 





The phase F of the moon is modeled by 
l 
F(t) = 75 — €os't), 


and gives the fraction of the moon's face that is illuminated by the sun. (Source: 
Duffet-Smith, P., Practical Astronomy with Your Calculator, Cambridge University 
Press, 1988.) Evaluate each expression and interpret the result. 


(a) F(0) (b) (=| (c) F(») (à) (a 
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67. Atmospheric Effect on Sunlight The shortest path for the sun’s rays through 


68. 


Earth's atmosphere occurs when the sun is directly overhead. Disregarding the cur- 
vature of Earth, as the sun moves lower on the horizon, the distance that sunlight 
passes through the atmosphere increases by a factor of csc 0, where 0 is the angle of 
elevation of the sun. This increased distance reduces both the intensity of the sun and 
the amount of ultraviolet light that reaches Earth's surface. See the figure below. 
(Source: Winter, C., R. Sizmann, and Vant-Hunt, Editors, Solar Power Plants, 
Springer- Verlag, 1991.) 








(a) Verify that d = h csc 0. 

(b) Determine 0 when d = 2h. 

(c) The atmosphere filters out the ultraviolet light that causes skin to burn. Com- 
pare the difference between sunbathing when 0 = > and when 6 = $. Which 
measure gives less ultraviolet light? 


Engine Specifications The figure shows a rotating wheel (crankshaft) with radius 
r and a connecting rod AP with length L. The piston slides back and forth along the 
x-axis as the wheel rotates counterclockwise at a rate of R revolutions per minute 
(RPM). The 1937 John Deere B engine, used in all models from 1935—1938, had the 
following specifications. 

Maximum RPM: 1340 (no load) ~ 505,168.1 radians per hr 

Connecting rod: 10.500000 in. 

Stroke: 5.250000 in. 


(Source: Drost, J. P. and R. H. Kunferman, “Related Rates Challenge Problem: 
Calculate the Velocity of a Piston," The AMATYC Review, Vol. 21 No. 1, Fall 1999.) 






r=2.625.m, AN S L= 10.5 in. 
a : i 






Find an expression for each measure. 


(a) y (b) u (c) s (d) x 


AH (e) The velocity v of the piston at the maximum RPM is given by 


V 15 + cos’ 8 12 - 5280 


where the last quantity changes inches to miles, so the velocity will be in miles per 
hour. Use the maximum-finding feature of a graphing calculator, with the window 
[0, 6] by [—25, 25]. to find the value of 0 that maximizes velocity. Give this maxi- 
mum velocity. 


cos 0 ] 
y — —2.625 sin (i + ) (505,168.1) s 
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Chapter 3 Test 


Convert each degree measure to radians. 


1. 120° B. —45° 3. 5? (to the nearest 
hundredth) 


Convert each radian measure to degrees. 
3 ri 
4. r5 5. i 6. 4 (to the nearest 
hundredth) 


7. A central angle of a circle with radius 150 cm cuts off an arc of 200 cm. Find each 
measure. 
(a) the radian measure of the angle 
(b) the area of a sector with that central angle 


8. Rotation of Gas Gauge Arrow The arrow on a car’s gasoline gauge is 5 in. long. 
See the figure. Through what angle does the arrow rotate when it moves | in. on the 
gauge? 






Empty Full 


Find each circular function value. 


37 Ta 34 
9. sin — 10. : —— 11. tan — 
sin 3 cos( 6 an 5 
8 34 
12. sec = 13. tan 7 14. cos — 
3 2 
15. Give the sine, cosine, and tangent of s. y 


EAT z +y =l 


16. What are the domains of the tangent and secant circular functions? 





17. (a) Use a calculator to approximate s in the interval [0, z] if sin s = .8258. 


(b) Find the exact value of s in the interval [0, z], if cos s = j. 

18. Angular and Linear Speed of a Point Suppose that point P is on a circle with 
radius 60 cm, and ray OP is rotating with angular speed 15 radian per sec. 
(a) Find the angle generated by P in 8 sec. 


(b) Find the distance traveled by P along the circle in 8 sec. 
(c) Find the linear speed of P. 
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19. Orbital Speed of Jupiter It takes Jupiter 11.64 yr to 
complete one orbit around the sun. See the figure. If 
Jupiter's average distance from the sun is 
483,600,000 mi, find its orbital speed (speed along its 
orbital path) in miles per second. (Source: Wright, J. 
W., General Editor, The Universal Almanac, 
Andrews and McMeel, 1997.) 





a 
~—-~" Not to scale 


20. Ferris Wheel A Ferris wheel has radius 50 ft. A person takes a seat and then the 
wheel turns 2E radians. 


(a) How far is the person above the ground? 
(b) If it takes 30 sec for the wheel to turn zz radians, what is the angular speed of 
the wheel? 


Chapter 3 Quantitative Reasoning 


Can you find the radius of an Indian artifact given an arc of a circle? 


Suppose you find an interesting Indian pottery fragment. The archaeology profes- 
sor at your college believes it is a piece of the edge of a ceremonial plate and shows 
you a formula that will give the radius of the original plate using measurements 
from your fragment, shown in Figure A. Measurements are in inches. 





» 
lf 4 

y 

O 





Figure A Figure B 


In Figure B, a is i the length of chord NP and b is the distance from the mid- 
point of chord NP to the circle. According to the professor's formula, the radius of 
the circle, OR, is given by 

d +b 
2b 





ke 


Why does this formula work? See if you can use the trigonometry you've studied 
so far to explain it by answering the following. 


1. Extend line segment RQ to a radius of the arc, and draw line segment RP and 
line segment MO, which is the perpendicular bisector of line segment RP. See 
Figure B. Find a pair of similar triangles in the figure. How do you know they 
are similar? 

2. Find two pairs of corresponding sides, and set their ratios equal. Solve the equa- 
tion for r. 

3. How are a, b, and c related? Use this relationship to substitute for c in terms of 
a and b. 

4. What is the radius of the original plate from which your fragment came? 





Graphs of the Circular 


Functions 


| M that repeat in a regular pattern, such as rotation of a planet 
on its axis, high and low tides, and average monthly temperature, can 
be modeled by periodic functions. In Example 6 of Section 4.2, we model 


the average monthly temperature in New 
Orleans, a city famous for its Mardi Gras 
celebration, using a graph of the sine func- 
tion. Since the 18th century, residents of 
New Orleans have hosted this annual carni- 
val, featuring festive parades and pageants, 

- elaborate costumes, and dancing in the 

| streets, to mark the final days before the 

f Christian season of Lent. (Source: Micro- 
soft Encarta Encyclopedia 2002.) 


4.1 Graphs of the Sine and Cosine ae 
Functions | 












4.2 Translations of the Graphs of the Sine 
and Cosine Functions 


4.3 Graphs of the Other Circular 
Functions 


Summary Exercises on Graphing Circular 
Functions 


4.4 Harmonic Motion 


151 
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Graphs of the Sine and Cosine Functions 


Periodic Functions «= Graph of the Sine Function = Graph of the Cosine Function = Graphing Techniques, 
Amplitude, and Period = Using a Trigonometric Model 






Periodic Functions Many things in daily life repeat with a predictable pat- 
tern: in warm areas electricity use goes up in summer and down in winter, the 
price of fresh fruit goes down in summer and up in winter, and attendance at 
amusement parks increases in spring and declines in autumn. Because the sine 
and cosine functions repeat their values in a regular pattern, they are periodic 
functions. Figure 1 shows a periodic graph that represents a normal heartbeat. 





Figure 1 





Looking Ahead to Calculus Periodic Function 


Periodic functions are used throughout 









A periodic function is a function f such that 
calculus, so you will need to know 


their characteristics. One use of these f (x) = f (x + np), 


functions is to describe the location of , : : i : l 
for every real number x in the domain of f, every integer n, and some posi- 


tive real number p. The smallest possible positive value of p is the period 
of the function. 


a point in the plane using polar coordi- 
nates, an alternative to rectangular co- 
ordinates. (See Chapter 8). 


The circumference of the unit circle is 27, so the smallest value of p for 
which the sine and cosine functions repeat is 277. Therefore, the sine and cosine 
functions are periodic functions with period 27r. 


y Graph of the Sine Function In Section 3.3 we saw that for a real number 
Gi]. te (p,q) < s, the point on the unit circle corresponding to s has coordinates (cos s, sin s). 
pe See Figure 2. Trace along the circle to verify the results shown in the table. 


S 
(-1,0) (1,0) — - 


way Oto F Increases from 0 to 1 Decreases from 1 to 0 
U 


nit circle 


0,-1 
WW. F ty zl 3 to Decreases from 1 to 0 Decreases from 0 to —1 
Figure 2 30 
T to 5 Decreases from 0 to — 1 Increases from — 1 to 0 


ES to 27 Increases from —1 to 0 Increases from 0 to 1 
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To avoid confusion when graphing the sine function, we use x rather than s; 
this corresponds to the letters in the xy-coordinate system. Selecting key values 
of x and finding the corresponding values of sin x leads to the table in Figure 3. 
To obtain the traditional graph in Figure 3, we plot the points from the table, use 
symmetry, and join them with a smooth curve. Since y = sin x is periodic with 
period 27 and has domain (—%,%), the graph continues in the same pattern in 
both directions. This graph is called a sine wave or sinusoid. 





X 
0 
T 
6 
T 
4 
T 
3 
T 
2 
T 
3m 
2 
2T 


Figure 3 








NOTE .Inalgebra, we say that a function f is odd if for all x in the domain of 
f. f(—x) = —f(x). The graph of an odd function is symmetric with respect to the 
origin (Appendix D); that is, if (x, y) belongs to the function, then (—x, —y) also 
belongs to the function. For example, (3,1) and (—2, —1) are points on the 
graph of y = sin x, illustrating the property sin(—x) = —sin x. 


Sine graphs occur in many practical applications. For example, look back at 
Figure 2 and assume that the line from the origin to the point (p, q) is part of the 
pedal of a bicycle, with a foot placed at (p,q). Since q = sin x, the height of the 
. pedal from the horizontal axis in Figure 2 is given by sin x. By choosing various 
angles for the pedal and calculating q for each angle, the height of the pedal 
leads to the sine curve shown in Figure 4 on the next page. 
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Looking Ahead to Calculus 


The discussion of the derivative of a 
function in calculus shows that for the 
sine function, the slope of the tangent 
line at any point x is given by cos x. 
For example, look at the graph of 

y = sin x and notice that a tangent line 
at x = 2x m, +27, willbe 
horizontal and thus have slope 0. Now 
look at the graph of y = cos x and see 
that for these values, cos x = 0. 





Figure 4 


Graph of the Cosine Function The graph of y = cos x in Figure 5 has the 
same shape as the graph of y = sin x. It is, in fact, the graph of the sine function 
shifted, or translated, 7 units to the left. 
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NOTE A function f is even if for all x in the domain of f, f(—x) = f(x). The 
graph of an even function is symmetric with respect to the y-axis (Appendix D); 
that is, if (x, y) belongs to the function, then (—x, y) also belongs to the function. 
For example, 2.0) and (—Z, 0) are points on the graph of y = cos x, illustrat- 
ing the property cos(—x) — cos x. 
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Pk Notice that the calculator graphs of f(x) = sinx in Figure 3 and 
f(x) = cos x in Figure 5 are graphed in the window [—27r, 277] by [—4, 4], with 
Xscl = f and Yscl = 1. This is called the trig viewing window. (Your model 
may use a different "standard" trigonometric viewing window. Consult your 
owner's manual.) m 


Graphing Techniques, Amplitude, and Period The examples that fol- 
low show graphs that are “stretched” or “compressed” either vertically, horizon- 
tally, or both when compared with the graphs of y — sin x or y — cos x. 


EXAMPLE 1 Graphing y = a sin x 
Graph y — 2 sin x, and compare to the graph of y — sin x. 


Solution For a given value of x, the value of y is twice as large as it would be 
for y — sin x, as shown in the table of values. The only change in the graph is 
the range, which becomes [—2,2]. See Figure 6, which includes a graph of 
y = sin x for comparison. 


TAz2sinb) 





—4 
The thick graph style repre- 
sents the function in Example 1. 





Figure 6 


The amplitude of a periodic function is half the difference between the 
maximum and minimum values. Thus, for both the basic sine and cosine func- 
tions, the amplitude is 


1 l 
j;l-C)0l-20-1 


Generalizing from Example 1 gives the following. 


Amplitude 


The graph of y = asinx or y=a cos x, with a z€ 0, will have the same 
shape as the graph of y — sin x or y — cos x, respectively, except with range 
[—|a|,|a|]. The amplitude is lal. 


e ca M — à 











Now try Exercise 11. 
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No matter what the value of the amplitude, the periods of y — a sin x and 
y = a cos x are still 277. Consider y = sin 2x. We can complete a table of values 
for the interval [0,277]. 






sin 2x 


Note that one complete cycle occurs in 7r units, not 277 units. Therefore, the pe- 
riod here is 7r, which equals EH . Now consider y = sin 4x. Look at the next table. 






sin 4x 


These values suggest that one complete cycle is achieved in 5 or =F units, which 


is reasonable since 
' TT : 
sin Te = sin 2^7 = 0. 


In general, the graph of a function of the form y = sin bx or y = cos bx, for 
b > 0, will have a period different from 277 when b Æ 1. To see why this is so, 
remember that the values of sin bx or cos bx will take on all possible values as 
bx ranges from 0 to 277. Therefore, to find the period of either of these functions, 
we must solve the three-part inequality 


0 = bx = 2m (Appendix A) 


0Üzx- PX Divide by the positive number b. 

Thus, the period is 2m By dividing the interval [o, zz] into four equal parts, 
we obtain the values for which sin bx or cos bx 1s — 1, 0, or 1. These values will 
give minimum points, x-intercepts, and maximum points on the graph. Once 
these points are determined, we can sketch the graph by Joining the points with a 
smooth sinusoidal curve. (If a function has b < O0, then the identities of the next 
chapter can be used to rewrite the function so that b > 0.) 


NOTE One method to divide an interval into four equal parts is as follows. 


Step 1 Find the midpoint of the interval by adding the x-values of the endpoints 
and dividing by 2. (Appendix B) 


Step 2 Find the midpoints of the two intervals found in Step 1, using the same 
procedure. 


EXAMPLE 2 Graphing y = sin bx | 
Graph y — sin 2x, and compare to the graph of y — sin x. 


Solution In this function the coefficient of x 1s 2, so the period is em - 
Therefore, the graph will complete one period over the interval [0, 7]. 
The endpoints are 0 and 7, and the three middle points are 


l l 3 
70 + 7), 50 + 7), and ral + 7), 
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which give the following x-values. 


0 T T Jur 
3 lr ? E , —u- 3 T 
4 2 4 
Left First-quarter Midpoint Third-quarter Right 
endpoint point point endpoint 


We plot the points from the table of values given on page 136, and join them 
with a smooth sinusoidal curve. More of the graph can be sketched by repeating 
this cycle, as shown in Figure 7. The amplitude is not changed. 





Figure 7 


Now try Exercise 21. 
Generalizing from Example 2 leads to the following result. 


Period | 


| 
1 
| 





For b > 0, the graph of y = sin bx will resemble that of y = sin x, but with | 
period + 2u — ~o graph of y = cos bx will resemble that of y = cos x, | 
but "^ iunio j 


EXAMPLE 3 Graphing y = cos bx 


Z 
Graph y — cos = over one period. 


2 
Solution The period is - = 2r + 2 = 2r - 2 = 3«r. We divide the interval 





3 
[0, 37r] into four equal parts to get the x-values 0, and 37 that yield 
minimum points, maximum points, and x-intercepts. We use these values to 
obtain a table of key points for one period. 





E 
This screen shows a graph of The amplitude is 1 MES the maximum value is 1, the minimum value is — 1, 
the eiiis m — and half of 1 — (—1) is 4(2) = = 1. We plot these points and join them with a 
choosing Xscl = SU n smooth curve. The graph is shown in Figure 8. 


x-intercepts, maxima, and 
minima coincide with tick 
marks on the x-axis. 


Now try Exercise 19. 
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NOTE Look back at the middle row of the table in Example 3. Dividing the 
interval [0,22] into four equal parts will always give the values 0, f, 7r, I ,and 
277 for this row, resulting in values of — 1, 0, or 1 for the circular function. These 
lead to key points on the graph, which can then be easily sketched. 


The method used in Examples 1—3 is summarized as follows. 


Guidelines for Sketching Graphs of Sine and Cosine 
Functions. 


To graph y = a sin bx or y = a cos bx, with b > 0, follow these steps. 

Step I Find the period, 2m Start at 0 on the x-axis, and lay off a distance of 
2 
Pe | 

Step 2 Divide the interval into four equal parts. (See the Note preceding | 
Example 2.) 

Step 3 Evaluate the function for each of the five x-values resulting from © 
Step 2. The points will be maximum points, minimum points, and | 
x-intercepts. 

Step 4 Plot the points found in Step 3, and join them with a sinusoidal 
curve having amplitude |a]. 


Step 5 Draw the graph over additional periods, to the right and to the left, 
as needed. 


The function in Example 4 has both amplitude and period affected by the 
values of a and b. 


EXAMPLE 4 Graphing y = a sin bx 


Graph y = —2 sin 3x over one period using the preceding guidelines. 
Solution 


Step 1 For this function, b = 3, so the period is m The function will be 
graphed over the interval |o, za], 


Step 2 Divide the interval [0, za] into four equal parts to get the x-values 0, 
K ae 2a 
6>3>2,and 3. 


Step 3 Make a table of values determined by the x-values from Step 2. 





Step 4 Plot the points (0,0), (Z, —2), (7,0), (2,2), and (2,0), and join them 
with a sinusoidal curve with amplitude 2. See Figure 9. 








y = —3cos MX 


Figure 10 


4.1 Graphs of the Sine and Cosine Functions 139 


Step 5 The graph can be extended by repeating the cycle. 


‘Notice that when a is negative, the graph of v = a sin bx is the reflection 
across the x-axis of the graph of v = |a| sin bx. 


Now try Exercise 25. 


EXAMPLE 5  Graphing y — a cos bx for b Equal to a Multiple of z 
Graph y = —3 cos zx over one period. 
Solution 


Step | Since b = 7, the period is em — 2, so we will graph the function over 
the interval [0, 2]. 


Step 2 Dividing [0,2] into four equal parts yields the x-values 0, j, l, 2, and 2. 


Step 3 Make a table using these x-values. 


COS TX 





Step 4 Plot the points (0, —3), (2,0), (1,3), (3,0), and (2, —3), and join them 
with a sinusoidal curve having amplitude | 3| = 3. See Figure 10. 


Step 5 The graph can be extended by repeating the cycle. 


Notice that when b is a multiple of 7r, the x-intercepts of the graph are 
rational numbers. 


Now try Exercise 29. 


Using a Trigonometric Model 


EXAMPLE 6 Interpreting a Sine Function Model 


The average temperature (in ^F) at Mould Bay, Canada, can be approximated by 


the function defined by 
[7 
f(x) = 34 in Za = 1h 
where x is the month and x = 1 corresponds to January. 
(a) Graph f in the window [0, 25] by [ —45, 45]. 


(b) What is the average temperature during the month of May? 


(c) What would be an approximation for the average yearly temperature at 
Mould Bay? 
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Tiz3usinCCmT ABC - 8,332 


Yziz.1Bub1 





Figure 11 


PH CON NECTIONS Using a TI-83 Plus calculator, adjust the settings to 


Solution 

(a) The graph of f(x) = 34 sin| [o 4,3) | is shown in Figure 11. Its amplitude 
is 34, and the period is = ail —2m-$-—2m7- $ — 12. The function f has a 
period of 12 months or 1 = which agrees with the changing of the seasons. 


(b) May is the fifth month, so the average temperature during May is 
f(5) = 34 sin E = I = 12°F. Let x = 5. (Appendix C) 


See the display at the bottom of the screen in Figure 11. 


(c) From the graph, it appears that the average yearly temperature is about 0°F 
since the graph is centered vertically about the line y = 0. 


Now try Exercise 41. 





correspond to the following screens. 


TTE NEIN Ploti Flot? Flotz 
aang on \Kiricos¢T>) 
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55 
Yer sinc) 


=F 
xesLn 
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FE 


DOW 
LES arg Pena wes 


n= 

4max=6, 2831855... 

Tithe =1, 5707963.. 
Ymin= -2.5 


Ymax=2.5 
Yscl=1 


In the final two screens, Tmax is 277, Tstep is - Xmax is 27r, and Xscl is Fu 
Now graph these two equations (which are in parametric form), and watch 
as the unit circle and the sine function are graphed simultaneously. Press the 
key once to get the screen shown on the left below, and then press the 
up-arrow key to get the screen shown on the right below. The screen on the 
left gives a unit circle interpretation of cos 0 = 1 and sin O = 0. The screen 
on the right gives a rectangular coordinate graph interpretation of sin 0 = 0. 


Am Viy=sintT) Y2y=sintT) 


m 


1-0 
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Now go back and redefine Y; as cos(T). Graph both equations again; | 
the second screen will look like the one in the margin, after the and 
up-arrow keys are pressed. This screen indicates that cos 0 = 1. 












Y2T7coscTO 


For Discussion or Writing 


1. On the unit circle, let T — 2. What values of X and Y are displayed? 
Interpret these values. 





2. On the sine graph, trace to the point where T — 1.9- What values of X 
and Y are displayed? Interpret these values with an equation in X and Y. 


3. Repeat Exercise 2, but use the cosine graph. 


.1 Exercises 





Concept Check In Exercises 1—8, match each function with its graph. 


l. y = sinx 2. y = cosx 3. y — —sinx 4. y = —cosx 
5. y = sin 2x 6. y = cos 2x 7. y=2sinx 8. y = 2cosx 
A. ? B. 





Graph each function over the interval [—27, 27]. Give the amplitude. See Example 1. 


2 
9, y —2cosx 10. y = 3 sinx 11. y = Sha 
3 
12. y= 7 C08 x 13. y = —cosx 14. y = —sinx 


15. y = —2 sin x 16. y = —3 cos x 
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Graph each function over a two-period interval. Give the period and amplitude. See 
Examples 2—5. 


] 2 3 
17. y = sin 3* 18. y = sin a 19. y = cos 4* 

l 
20. y = cos 3* 21. y = sin 3x 22. y = cos 2x 

] 
23. y = 2 sin ig 24. y = 3 sin 2x 25. y = —2 cos 3x 
26. y = —5 cos 2x 27. y = cos mx 28. y = —sin mx 
l 

29. y = —2 sin 27x 30. y = 3 cos 27x 31. y= zS p 


2 
32. y — T7 sin T 


(Modeling) Solve each problem. 


33. 


34. 


Average Annual Temperature | Scientists believe that the average annual tempera- 


ture in a given location is periodic. The average temperature at a given place during 
a given season fluctuates as time goes on, from colder to warmer, and back to cold- 
er. The graph shows an idealized description of the temperature (in ^F) for the last 
few thousand years of a location at the same latitude as Anchorage, Alaska. 


Average Ánnual Temperature (Idealized) 





Years ago 


(a) Find the highest and lowest temperatures recorded. 
(b) Use these two numbers to find the amplitude. 

(c) Find the period of the function. 

(d) What is the trend of the temperature now? 


Blood Pressure Variation The graph gives the variation in blood pressure for a 
typical person. Systolic and diastolic pressures are the upper and lower limits of the 
periodic changes in pressure that produce the pulse. The length of time between 
peaks is called the period of the pulse. 

Blood Pressure Variation 

| Systolic Period=.8 see i i o 


pressure :|4«———»| : 











120 






80 Sami as "d boe ponen yl. jest Pe ped — Pes ue bebe : 
.]JDmastolic| , . 


pressure | Eo 







Pressure (in mm mercury) 





Time (in seconds) 


(a) Find the amplitude of the graph. 
(b) Find the pulse rate (the number of pulse beats in | min) for this person. 


35. 


36. 
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Activity of a Nocturnal Animal Many of Activity of a Nocturnal Animal 


the activities of living organisms are periodic. 
For example, the graph at the right shows the 
time that a certain nocturnal animal begins its 
evening activity. 


Time P.M. 


(a) Find the amplitude of this graph. 
(b) Find the period. 





Month 


Position of a Moving Arm The figure shows schematic diagrams of a rhythmically 
moving arm. The upper arm RO rotates back and forth about the point R; the position 
of the arm is measured by the angle y between the actual position and the downward 
vertical position. (Source: De Sapio, R., Calculus for the Life Sciences. Copynght 
O 1978 by W. H. Freeman and Company. Reprinted by permission.) 


y 
p oja € 
eA nde 23 
R R R R R 
m 1 | 
I TIN 





Angle of arm, y 





Time, in seconds, : 


This graph shows the relationship 
between angle y and time ¢ in seconds. 


(a) Find an equation of the form y = a sin kt for the graph shown. 
(b) How long does it take for a complete movement of the arm? 


(Modeling) Solve each problem. 





37 Voltage of an Electrical Circuit The voltage E in an electrical circuit is modeled by 


38. 


E = 5 cos 1207rt, 
where t is time measured in seconds. 


(a) Find the amplitude and the period. 

(b) How many cycles are completed in 1 sec? (The number of cycles (periods) 
completed in 1 sec is the frequency of the function.) 

(c) Find E when t = 0, .03, .06, .09, .12. 

(d) Graph Efor0 Sts is. 


Voltage of an Electrical Circuit For another electrical circuit, the voltage E is 
modeled by 
E = 3.8 cos 4O7rt, 


where f is time measured in seconds. 


(a) Find the amplitude and the period. 

(b) Find the frequency. See Exercise 37(b). 
(c) Find E when ż = .02, .04, .08, .12, .14. 
(d) Graph one period of E. 
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39, Atmospheric Carbon Dioxide At 
Mauna Loa, Hawaii, atmospheric carbon 
dioxide levels in parts per million (ppm) 
have been measured regularly since 1958. 
The function defined by 


L(x) = .022x^ + .55x + 316 + 3.5 sin 27x 


can be used to model these levels, where W 
x is in years and x = 0 corresponds to 
1960. (Source: Nilsson, A., Greenhouse 
Earth, John Wiley & Sons, 1992.) 


^ (a) Graph L in the window [15,35] by [325, 365]. 
(b) When do the seasonal maximum and minimum carbon dioxide levels occur? 
=| (c) Lis the sum of a quadratic function and a sine function. What is the significance 
of each of these functions? Discuss what physical phenomena may be responsible 
for each function. 





40. Atmospheric Carbon Dioxide Refer to Exercise 39. The carbon dioxide content in 
the atmosphere at Barrow, Alaska, in parts per million (ppm) can be modeled using 
the function defined by 


C(x) = .04x7 + .6x + 330 + 7.5 sin 27x, 


where x = 0 corresponds to 1970. (Source: Zeilik, M. and S. Gregory, /ntroductory 
Astronomy and Astrophysics, Brooks/Cole, 1998.) 
^ (a) Graph C in the window [5,25] by [320, 380]. 
=) (b) Discuss possible reasons why the amplitude of the oscillations in the graph of C 
is larger than the amplitude of the oscillations in the graph of L in Exercise 39, 
which models Hawaii. 
(c) Define a new function C that is valid if x represents the actual year, where 
1970 = x = 1995. (See horizontal translations in Appendix D.) 


41. Temperature in Fairbanks The temperature in Fairbanks is modeled by 


2T 
= 37 sin| — (x — + 
T(x) = 37 CE: (x ion | 25. 


where T(x) is the temperature in degrees Fahrenheit on day x, with x = 1 corre- 
sponding to January 1 and x — 365 corresponding to December 31. Use a calculator 
to estimate the temperature on the following days. (Source: Lando, B. and C. Lando, 
"Is the Graph of Temperature Variation a Sine Curve?", The Mathematics Teacher, 
70, September 1977.) 


(a) March 1 (day 60) (b) April 1 (day 91) (c) Day 150 
(d) June 15 (e) September 1 (f) October 31 


42. Fluctuation in the Solar Constant The solar constant S is the amount of energy 
per unit area that reaches Earth's atmosphere from the sun. It is equal to 1367 watts 
per sq m but varies slightly throughout the seasons. This fluctuation AS in § can be 
calculated using the formula 


2q(82.5 — N 
AS = 0348 in| ERE M 


365.25 


In this formula, N is the day number covering a four-year period, where N — 1 cor- 
responds to January 1 of a leap year and N — 1461 corresponds to December 31 of 
the fourth year. (Source: Winter, C., R. Sizmann, and Vant-Hunt, Editors, Solar 
Power Plants, Springer-Verlag, 1991.) 
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(a) Calculate AS for N — 80, which is the spring equinox in the first year. 

(b) Calculate AS for N — 1268, which is the summer solstice in the fourth year. 
(c) What is the maximum value of AS? 

(d) Find a value for N where AS is equal to O. 


Tides for Kahului Harbor The chart shows the tides for Kahului Harbor (on the island 
of Maui, Hawaii). To identify high and low tides and times for other Maui areas, the fol- 
lowing adjustments must be made. 


Hana: High, +40 min, +.1 ft: Makena: High, +1:21, —.5 ft; 

Low, +18 min, —.2 ft Low, +1:09, —.2 ft 

Maalaea: High, +1:52, —.1 ft; Lahaina: High, +1:18, —.2 ft; 

Low, +1:19, —.2 ft Low, +1:01, —.1 ft 
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Source: Maui News. Original chart prepared by 
Edward K. Noda and Associates. 


Use the graph to work Exercises 43-48. 


43. The graph is an example of a periodic function. What is the period (in hours)? 
44. What is the amplitude? 

45. At what time on January 20 was low tide at Kahului? What was the height? 
46. Repeat Exercise 45 for Maalaea. 

47. At what time on January 22 was high tide at Kahului? What was the height? 
48. Repeat Exercise 47 for Lahaina. 


Musical Sound Waves | Pure sounds produce single sine waves on an oscilloscope. 
Find the amplitude and period of each sine wave graph in Exercises 49 and 50. On the 
vertical scale, each square represents .5; on the horizontal scale, each square represents 
30?or $ 


PEN 
$ 





AL 
WA RENI 


Iz) 51. Compare the graphs of y — sin 2x and y — 2 sin x over the interval [0,277]. Can we 


say that, in general, sin bx — b sin x? Explain. 


52. Compare the graphs of y = cos 3x and y = 3 cos x over the interval [0, 277]. Can we 
say that, in general, cos bx — b cos x? Explain. 


53. Refer to the graph of y — sin x in Figure 3. The graph completes one cycle between 
x = 0 and x = 27. Consider the statement, “The function y = sin bx completes b 
cycles between 0 and 27r." Use your graphing calculator to confirm the statement for 
some positive integer aus of b, such as 3, 4, and 5. Interpret and confirm the state- 
ment for b = + and b= 
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Translations of the Graphs of the Sine and Cosine Functions 


Horizontal Translations = Vertical Translations = Combinations of Translations =» Determining a 
Trigonometric Model Using Curve Fitting 





y=f(x+3),y =f) y=f(x-4) Horizontal Translations The graph of the function defined by y = f(x — d) 





Horizontal translations of y = f(x) 
(Appendix D) 
Figure 12 





Figure 13 


is translated horizontally compared to the graph of y = f(x). The translation is d 
units to the right if d > 0 and |d] units to the left if d < 0. See Figure 12. With 
circular functions, a horizontal translation is called a phase shift. In the function 
y = f(x — d), the expression x — d is called the argument. In Examples 1-3, 
we give two methods that can be used to sketch the graph of a circular function 
involving a phase shift. 


EXAMPLE 1 Graphing y = sin(x — d) 


Graph y — sin (s e- z) over one period. 


Solution Method 1 For the argument x — 3 to result in all possible values 
throughout one period, it must take on all values between 0 and 27, inclusive. 
Therefore, to find an interval of one period, we solve the three-part inequality 


ea = = 27 (Appendix A) 


is 
d 


IA 


x= 


T T 
3 Add 5 to each part. 


Divide the interval [2,77] into four equal parts to get the following x-values. 


Se 4s Mw 7m 
6 ' 3' 6 3 


E 
3 9 


A table of values using these x-values follows. 





We join the corresponding points with a smooth curve to get the solid blue graph 
shown in Figure 13. The period is 27, and the amplitude is 1. 


Method 2 We can also graph y = sin(x = i) using a horizontal translation 
of the graph of y = sin x. The argument x — 3 indicates that the graph will be 
translated 3 units to the right (the phase shift) as compared to the graph of 
y = sin x. In Figure 13 we show the graph of y = sin x as a dashed red curve, 
and the graph of y — sin(x - 7) as a solid blue curve. Therefore, to graph a 
function using this method, first graph the basic circular function, and then 
graph the desired function by using the appropriate translation. 


Now try Exercise 25. 





y =3 cos (x +) 








This screen shows the graph 
of 


Y, 23 cos(x + T) 


in Example 2 as a thick line. 
The graph of 


Y- = 3 cos X 


is shown as a thin line for 
comparison. 
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NOTE The graph in Figure 13 of Example 1 can be extended through addi- 
tional periods by repeating the given portion of the graph over and over, as 
necessary. 


EXAMPLE 2 Graphing y = a cos(x — d) 


Graph y = 3 cos (: af =) over one period. 


Solution Method 1 The graph can be sketched over one period by first solv- 
ing the three-part inequality 


y=3cosx —— ai — = — 


A table of points for these x-values leads to maximum points, minimum points, 
and x-intercepts. 





We join the corresponding points with a smooth curve to get the solid blue graph 
shown in Figure 14. The period is 27, and the amplitude is 3. 
te 


Method 2 Write 3 cos(x + 7) in the form a cos(x — d). 


y=3 cos af =) = 3 cos = (-5) 


This result shows that d = —2. Since —Ẹ is negative, the phase shift is 
-3 | = 14 unit to the left. The graph is the same as that of y = 3 cos x (the 


dashed red graph in Figure 14), except that it is translated 7 unit to the left (the 
solid blue graph in Figure 14). 


Now try Exercise 27. 


E —————————— 
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y = -2cos (3x + T) 


Figure 15 





Vertical translations of y — f(x) 
(Appendix D) 
Figure 16 


EXAMPLE 3 Graphing y = a cos b(x — d) 
Graph y = —2 cos(3x + m) over two periods. 


Solution Method 1 The function can be sketched over one period by solving 
the three-part inequality 


QO=3x+7s27 


to get the interval [-, z]. Divide this interval into four equal parts to get the 
following points. 


(E) C29) e» (22) (5) 


Plot these points and join them with a smooth curve. By graphing an additional 
half period to the left and to the right, we obtain the graph shown in Figure 15. 


Method 2 First write the expression in the form a cos b(x — d). 
y = —2cos(3x + a) = —2 cos a(: P z) Rewrite 3x + 7 as 3(x ps £). 


Then a = —2, b = 3, and d = —$. The amplitude is |-2| = 2, and the period 


is on (since the value of b is 3). The phase shift is | -3| = 3 units to the left as 
compared to the graph of y — —2 cos 3x. Again, see Figure 15. 


Now try Exercise 31. 


Vertical Translations The graph of a function of the form y = c + f(x) is 
translated vertically as compared with the graph of y — f(x). See Figure 16. The 
translation is c units up if c > 0 and |c | units down if c < 0. 


EXAMPLE 4 Graphing y = c + a cos bx 
Graph y = 3 — 2cos 3x over two periods. 


Solution The values of y will be 3 greater than the corresponding values of y in 
y = —2 cos 3x. This means that the graph of y = 3 — 2 cos 3x is the same as 
the graph of y — —2 cos 3x, vertically translated 3 units up. Since the period of 


y = —2 cos 3x is =, the key points have x-values 
n ToO A X 
3 6 3 3 5 5 $ 3 » 


Use these x-values to make a table of points. 
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The key points are shown on the graph in Figure 17, along with more of the 
graph, sketched using the fact that the function is periodic. 


144123-2cos(38). 





The function in Example 4 is 
shown using the thick graph 
style. Notice also the thin 
graph style for y = —2 cos 3x. 





Figure 17 


Now try Exercise 37. 


Combinations of Translations A function of the form 
y-2c-casinbx—d) or y=ctacosh(ix-—d), b>O, 


which involves stretching, compressing, and translating, can be graphed accord- 
ing to the following guidelines. 


Further Guidelines for Sketching Graphs of Sine and 
Cosine Functions 


Method I Follow these steps. 


Step 1 Find an interval whose length is one period = by solving the three- 
part inequality 


0 = b(x — d) = 2s. (Appendix A) 
Step 2 Divide the interval into four equal parts. 


Step 3 Evaluate the function for each of the five x-values resulting from 
Step 2. The points will be maximum points, minimum points, and | 
points that intersect the line y = c (“middle” points of the wave). 


Step 4 Plot the points found in Step 3, and join them with a sinusoidal 
curve having amplitude | a |. 


Step 5 Draw the graph over additional periods, to the right and to the left, 
as needed. 


Method 2 First graph the basic circular function. The amplitude of the 
function is |a|, and the period is 2 . Then use translations to graph the de- 
sired function. The vertical translation is c units up if c > 0 and |c| units 
down if c < 0. The horizontal translation (phase shift) is d units to the right 
if d > O and |d] units to the left if d < 0. 


ERAS ocu —ÁÁárV I ET MCCC NE 
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EXAMPLE 5 Graphing y = c + a sin b(x — d) 
Graph y = —1 + 2 sin(4x + m) over two periods. 


Solution We use Method 1. First write the expression on the right side in the 
form c + asin b(x — d). 


Y, i T 
y= —1 + 2sin(4x + 7) = —1-— 2sinf a(> + =) 
Step 1 Find an interval whose length is one period. 

T 
0x a(x T z) = 21 
4 
T 
= EI Divide each part by 4. 


Subtract 7 from each part. 


Ú T « 8 £ 
E' 8' 8' 4 
Step 3 Make a table of values. 
. T4118 13 
er [o[r[i[*[: 


ex [s [3 : 
e [prp 
ated [ole] [ae 


—] + 2 sin(4x + 77) =] l —] -8 =| 


Steps 4 and 5 Plot the points found in the table and join them with a sinu- 
soidal curve. Figure 18 shows the graph, extended to the right and left 
to include two full periods. 





y = -1 +2 sin(4x + T) 


Figure 18 


Now try Exercise 43. 
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Determining a Trigonometric Model Using Curve Fitting A sinu- 
soidal function is often a good approximation of a set of real data points. 


^j EXAMPLE 6 Modeling Temperature with a Sine Function 


The maximum average monthly temperature in New Orleans is 82?F and the 
minimum is 54°F. The table shows the average monthly temperatures. The scat- 
ter diagram for a two-year interval in Figure 19 strongly suggests that the tem- 
peratures can be modeled with a sine curve. 





Source: Miller, A., J. Thompson, and R. Figure 19 
Peterson, Elements of Meteorology, 

Fourth Edition, Charles E. Merrill 

Publishing Co., 1983. 


(a) Using only the maximum and minimum temperatures, determine a function 
of the form f(x) = a sin[b(x — d)] + c, where a, b, c, and d are constants, 
that models the average monthly temperature in New Orleans. Let x repre- 
sent the month, with January corresponding to x — 1. 


(b) On the same coordinate axes, graph f for a two-year period together with the 
actual data values found in the table. 


(c) Use the sine regression feature of a graphing calculator to determine a sec- 
ond model for these data. 


Solution 


(a) We use the maximum and minimum average monthly temperatures to find 
the amplitude a. 
L-4 

CEU 


The average of the maximum and minimum temperatures is a good choice 
for c. The average is 


14 


82454 _ 
2 


Since the coldest month is January, when x = 1, and the hottest month is 
July, when x = 7, we should choose d to be about 4. We experiment with 
values just greater than 4 to find d. Trial and error using a calculator leads to 
d = 4. Since temperatures repeat every 12 months, b is a = $. Thus, 


68. 


f(x) = asin[b(x — d)] + c= 14 in Ze — «2| + 68. 
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(b) Figure 20 shows the data points from the table, the graph of y — 
14 sin| 2 (x - 4.2)] + 68, and the graph of y = 14 sin zx + 68 for com- 
parison. The horizontal translation of the model is fairly obvious here. 


90 
Tiz15.38:ksint.E 2i 72.15)4. 


Sinkeg 
Jg-ax*sinbxtc2-d 
= 





Values are rounded to the 
nearest hundredth. 


(a) (b) 
Figure 20 Figure 21 


(c) We used the given data for a two-year period to produce the model de- 


scribed in Figure 21(a). Figure 21(b) shows its graph along with the data 
points. 


Now try Exercise 47. 


42E xercises 
> 


Concept Check In Exercises 1—8, match each function with its graph in A-H. 


T T T 
. — 1 we . —— 1 + — ^ —— == — 
ly= in 1 Day sin 1 3. y cos(x 1 


a y= cos(x T] 5. y= 1+ sinx 6. y= —] + sinx 


7. y= 1 + cosx 8. y= —I + cosx 
À. 
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Concept Check Match each function in Column I with the appropriate description in 
Column IT. 


I | 
. 1 "NE 
9. y = 3sin(2x — 4) A. amplitude — 2, period — PE phase shift — a 
10. y = 2 sin(3x — 4) B. amplitude = 3, period = 7r, phase shift = 2 
. . , Zur 2 
11. y = 4 sin(3x — 2) C. amplitude — 4, period — EE phase shift — a 
277 4 
12. y = 2 sin(4x — 3) D. amplitude = 2, period = 3 phase shift — 3 


Concept Check In Exercises 13 and 14, fill in the blanks with the word right or the 
word left. 


13. If the graph of y = cos x is translated 5 units horizontally to the ______, it 
will coincide with the graph of y — sin x. 


14. If the graph of y = sin x is translated 5 units horizontally to the... . —— ,it 
will coincide with the graph of y — cos x. 


Find the amplitude, the period, any vertical translation, and any phase shift of the graph 
of each function. See Examples 1—5. 


2 
15. y = 2sin(x — 7) 16. v — - sin| x + — 
3 2 
"NS COS 5 sy COS T| X 3 
iw cos — x75 oy z Sin 5 +7 
T l 
21. y= 2 = sin( x - Z) 22. v= -|l + 5 cos(2x — 3n) 


Graph each function over a two-period interval. See Examples 1 and 2. 


T T 
23. y= Se 24. v = sinl x — — 
y cos(x 3 y in z) 
: T 
cos| x — — 
3 
sol ges 28 dc e 
f 3 ey $ 5 


Graph each function over a one-period interval. See Example 3. 


| 


25. y = sin (x is z) 26. y 


Il 


27. y 


3 
29. y= sinas 2) 30, y= —Leosa(x + 2) 
3l. y = —4sin(2x — 7) 32. y = 3cos(4x + m) 
33 l l T 34 lL . #2 " T 
. prc mod doc ` D= — — sin — x IH 
ne on g "4 44. g 


Graph each function over a two-period interval. See Example 4. 


35. y= —3 + 2sinx 36. y = 2 — 3 cosx 
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37. 


39. 


41. 


y = -1-—2cos 5x 38. y 
l 

p= beeen 40. v 
b 

ges s 2 5m 3x 42. y 


= ] — —sin—x 
3 


3 
4 


l 
= —3 + 3 sin * 


A l 
= ] + — cos — x 
2 


3 


Graph each function over a one-period interval. See Example 5. 


a y= -3 + 2sin(x +2) 44. y = 4 — 3 cos(x — 7) 
i l 5 
45. y — = + sin a(x T z) 46. y = EI t cos (> = z) 


(Modeling) Solve each problem. See Example 6. 


47. 


Average Monthly Temperature The average 
monthly temperature (in °F) in Vancouver, 
Canada, is shown in the table. 


(a) Plot the average monthly temperature 
over a two-year period letting x = | 
correspond to the month of January 
during the first year. Do the data seem 
to indicate a translated sine graph? 

(b) The highest average monthly temperature 
is 64°F in July, and the lowest average 
monthly temperature is 36°F in January. 
Their average is 50°F. Graph the data 
together with the line y = 50. What 
does this line represent with regard to 
temperature in Vancouver? 





Source: Miller, A. and J. Thompson, 
Elements of Meteorology, Fourth 
Edition, Charles E. Merrill Publishing 
Co., 1983. 


(c) Approximate the amplitude, period, and phase shift of the translated sine wave. 
(d) Determine a function of the form f(x) = a sin b(x — d) + c, where a, b, c, and 


d are constants, that models the data. 


(e) Graph f together with the data on the same coordinate axes. How well does f 


model the given data? 


(f) Use the sine regression capability of a graphing calculator to find the equation of 


48. 


a sine curve that fits these data. 


Average Monthly Temperature The aver- 


age monthly temperature (in ^F) in Phoenix, 
Arizona, is shown in the table. 


(a) Predict the average yearly temperature 
and compare it to the actual value of 70°F. 

(b) Plot the average monthly temperature 
over a two-year period by letting x = | 
correspond to January of the first year. 

(c) Determine a function of the form f(x) = 
a cos b(x — d) + c, where a, b, c, and d 
are constants, that models the data. 

(d) Graph f together with the data on the 
same coordinate axes. How well does f 
model the data? 


Al (e) Use the sine regression capability of a 


graphing calculator to find the equation of 
a sine curve that fits these data. 





Source: Miller, A. and J. Thompson, 
Elements of Meteorology, Fourth 
Edition, Charles E. Merrill Publishing 
Co., 1983. 
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Yı = sin X 


Y, =cse X 
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Trig window; connected mode 


Figure 24 


Yı = cos X Y> = sec X 
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Trig window; connected mode 


Figure 25 


| Graphs of the Other Circular Functions 


Graphs of the Cosecant and Secant Functions «= 
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Graphs of the Tangent and Cotangent Functions = Addition 


Graphs of the Cosecant and Secant Functions Since cosecant values 
are reciprocals of the corresponding sine values, the period of the function 
y = csc x is 27, the same as for y = sin x. When sin x = 1, the value of csc x is 
also 1, and when 0 < sin x < 1, then csc x > 1. Also, if —1 < sin x < 0, then 
csc x < — 1. (Verify these statements.) As |x| approaches 0, |sin x| approaches 
0, and |csc x| gets larger and larger. The graph of y = csc x approaches the ver- 
tical line x = O but never touches it, so the line x = 0 is a vertical asymptote. In 
fact, the lines x = nm, where n is any integer, are all vertical asymptotes. 

Using this information and plotting a few points shows that the graph takes 
the shape of the solid curve shown in Figure 22. To show how the two graphs are 
related, the graph of y — sin x is shown as a dashed curve. 


y 
n 






y=cosx 





y-cscx Period: 27 y =secx Period: 27 


Figure 22 Figure 23 


A similar analysis for the secant leads to the solid curve shown in Figure 23. 
The dashed curve, y = cos x, is shown so that the relationship between these 
two reciprocal functions can be seen. 


=| Typically, calculators do not have keys for the cosecant and secant func- 
tions. To graph y = csc x with a graphing calculator, use the fact that 


1 


sin x` 





CSC X = 


The graphs of Y, — sin X and Y, — csc X are shown in Figure 24. The calcula- 
tor is in split screen and connected modes. Similarly, the secant function is 
graphed by using the identity 





Sec x = š 
COS X 
as shown in Figure 25. 

Using dot mode for graphing will eliminate the vertical lines that appear in 
Figures 24 and 25. While they suggest asymptotes and are sometimes called 
pseudo-asymptotes, they are not actually parts of the graphs. See Figure 26 on 
the next page, for example. m 
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COSECANT FUNCTION f(x) = cscx 


Domain: (x|x # nm, where nis an integer} Range: (~œ, —1] U [1,%) 






dtu 
mee — — — | 
































x 
FX) = gx 
O | undefined 
7T 
E 2 
ka 2V3 
3 3 
J 1 
|2z| 2V3 
3 3 
7T | undefined 
SE -1 
2 
| 27r | undefined Dot mode 


Figure 26 





e The graph is discontinuous at values of x of the form x = nar and has ver- — 
tical asymptotes at these values. 


e There are no x-intercepts. 
e Its period is 27r. 
e [ts graph has no amplitude, since there are no maximum or minimum values. 


e The graph is symmetric with respect to the origin, so the function is an 
odd function. For all x in the domain, csc(—x) = —csc x. 


|  SECANTFUNCTION f()-secx 
Domain: {x|x x: (2n + 15, Range: (—%, —1] U [1,o9) 
where n is an integer} 









f(X)'— &eex 
















| 


undefined 


V2 
l 


v2 


YS yg AF va ea © AR w 


Dot mode 





undefined 





f(x) = secx 
Figure 27 


(continued) 
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In the previous sections, we gave guidelines for sketching graphs of sine 
and cosine functions. We now present similar guidelines for graphing cosecant 
and secant functions. 


Guidelines for Sketching Graphs of Cosecant and 
Secant Functions 
To graph y = a esc bx or y = a sec bx, with b > 0, follow these steps. 


Step 1 Graph the corresponding reciprocal function as a guide, using à 
dashed curve. p 










To Graph Use as a Guide 





y = acsc bx 


y = asec bx 


Step 2 Sketch the vertical asymptotes. They will have equations of the 
form x = k, where k is an x-intercept of the graph of the guide 
function. 


Step 3 Sketch the graph of the desired function by drawing the typical | 
U-shaped branches between the adjacent asymptotes. The branches | 
will be above the graph of the guide function when the guide func- 
tion values are positive and below the graph of the guide function 
when the guide function values are negative. The graph will re- 
semble those in Figures 26 and 27 in the function boxes on the pre- 
vious page. 


SS LU -acEm — Sarr MAImRA m or ELI ee ee lI -——— y: 











Like graphs of the sine and cosine functions, graphs of the secant and cose- 
cant functions may be translated vertically and horizontally. The period of both 
basic functions is 27. 
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EXAMPLE 1 Graphing y = a sec bx 
l 
Graph y = 2 sec 2 


Solution 


Step 1 This function involves the secant, so the corresponding reciprocal 
function will involve the cosine. The guide function to graph is 


l 
y = 2 cos — x. 
” 2 


Using the guidelines of Section 4.1, we find that this guide function 
has amplitude 2 and one period of the graph lies along the interval that 
satisfies the inequality 


l 
0x a <= 27, or [0,47]. (Appendix A) 


Dividing this interval into four equal parts gives the key points 
(0, 2), (75, 0), [245 — 2), (37r, 0). (47r, 2), 


which are joined with a dashed red curve to indicate that this graph 1s 
only a guide. An additional period is graphed as seen in Figure 28(a). 







i 
— JF onc — 
y = 2 cos 5: 


| 
| is used as a guide. 
| 
| 





^7 





-4T kd x27 





| 
| | 
| | 
| | 
| | 


(a) (b) 


Figure 28 


6 Step 2 Sketch the vertical asymptotes. These occur at x-values for which the 
Meere guide function equals 0, such as 





x= —-37, x= —T, XT. x = 37. 
See Figure 28(a). 
Step 3 Sketch the graph of y = 2 sec jx by drawing the typical U-shaped 
Dot mode branches, approaching the asymptotes. See the solid blue graph in 
This is a calculator graph of Figure 28(b). 


the function in Example 1. 


Now try Exercise 7. 





Dot mode 


This is a calculator graph of 
the function in Example 2. 
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EXAMPLE 2 Graphing y = a csc(x — d) 


3 
Graph y — Pe; = z) 


Solution 


Step 1 Use the guidelines of Section 4.2 to graph the corresponding recipro- 
cal function defined by 


— ein x 
75 > | 


shown as a red dashed curve in Figure 29. 


Step 2 Sketch the vertical asymptotes through the x-intercepts of the graph of 
= 5sinlx — z), These have the form x = (2n + 1)5, where n is an 
integer. See the black dashed lines in Figure 29. 


Step 3 Sketch the graph of y= 3 csc( = z) by drawing the typical 
U-shaped branches between adjacent asymptotes. See the solid blue 
graph in Figure 29. 





Figure 29 
Now try Exercise 9. 


Graphs of the Tangent and Cotangent Functions Unlike the four 
functions whose graphs we studied previously, the tangent function has period 


m. Because tan x = $=, tangent values are 0 when sine values are 0, and un- 


defined when cosine values are 0. As x-values go from — 5 to 5, tangent values 


go from —œ to © and increase throughout the interval. Those same values are 


repeated as x goes from f to Am 3a to a , and so on. The graph of y = tan x from 





—T to ža is shown in Figure 30. 





Figure 30 
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Figure 31 








The cotangent function also has period 7. Cotangent values are O when co- 
sine values are 0, and undefined when sine values are 0. As x-values go from 0 to 
7, cotangent values go from © to —° and decrease throughout the interval. 
Those same values are repeated as x goes from 7r to 277, 277 to 37r, and so on. The 
graph of y = cot x from — 7 to mis shown in Figure 31. 


FUNCTION | 


undefined 


undefined 


Figure 32 


" ENNIO TIC} 


=i] 
undefined 


-4 
f(x) =cotx, 0 «x «a Dot mode 


Figure 33 
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CF] The tangent function can be graphed directly with a graphing calculator, 
using the tangent key. To graph the digo function, however, we must use 





one of the identities cot x = zz; or cot x = $r since graphing calculators gen- 
erally do not have cotangent cya. ~ 


Guidelines for Sketching Graphs of Tangent and 
Cotangent Functions 


To graph y = a tan bx or y = a cot bx, with b > 0, follow these steps. 


Step 1 Determine the period, 7. . To locate two adjacent vertical asymptotes, 
solve the following equations for x: 


For y = a tan bx: b= =F and bo =. 


For y = a cot bx: bx =0 and bx= m. 
Step 2 Sketch the two vertical asymptotes found in Step 1. 


Step 3 Divide the interval formed by the vertical asymptotes into four : 
equal parts. ; 
Step 4 Evaluate the function for the first-quarter point, midpoint, and. thi ! d- ; : 
quarter point, using the x-values found in Step 3. E ace Ja 





Step 5 Join the points with a smooth curve, approaching the vertical i 
asymptotes. Indicate additional asymptotes and periods of the graph | 
as necessary. 





Graph y = tan 2x. 


Solution 


Step I The period of this function is 7 - To locate two adjacent vertical 
asymptotes, solve 2x = — 5 and bs 3 (since this i is a tangent func- 
tion). The two asymptotes fave equations x= —fandx = 7. 


Step 2 Sketch the two vertical asymptotes x = +7, as shown in Figure 34 on 
the next page. 
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Step 3 Divide the interval (—Z,2) into four equal parts. This gives the fol- 
lowing key x-values. 


first-quarter value: — r1 : middle value: 0, third-quarter value: + 


Step 4 Evaluate the function for the x-values found in Step 3. 





Step 5 Join these points with a smooth curve, approaching the vertical 
asymptotes. See Figure 34. Another period has been graphed, one half 
Figure 34 period to the left and one half period to the right. 


y = tan 2x Period: 7 


Now try Exercise 21. 





l 
Graph y = —3 tan 7” 


— * 1 , 
Solution The period is 7 = 7 + : =g " = 27. Adjacent asymptotes are at 
2 
x = — 3 and x = 7. Dividing the interval (— m, 7) into four equal parts gives 


key x-values of —4, 0, and +. Evaluating the function at these x-values gives the 
following key points. 


T T | 
(-23) (0, 0), (z.55] 


By plotting these points and joining them with a smooth curve, we obtain the 
graph shown in Figure 35. Because the coefficient —3 is negative, the graph is 
Figure 35 reflected across the x-axis compared to the graph of y — 3 tan ix. 





Now try Exercise 29. 


NOTE The function defined by y — —3 tan lx in Example 4, graphed in 
Figure 35, has a graph that compares to the graph of y — tan x as follows. 


1. The period is larger because b = b, and 4 be 
2. The graph is "stretched" because a = —3, and |—3| > 1. 


3. Each branch of the graph goes down from left to right (that is, the function 
decreases) between each pair of adjacent asymptotes because a = —3 < Q. 
When a < 0, the graph is reflected across the x-axis compared to the graph 
of y = |a| tan bx. 





Figure 36 


Analytic Solution 
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EXAMPLE 5 Graphing y = a cot bx 
l 
Graph y = E cot 2x. 


Solution Because this function involves the cotangent, we can locate two adja- 
cent asymptotes by solving the equations 2x = 0 and 2x = ~. The lines x = 0 


(the y-axis) and x = = are two such asymptotes. Divide the interval (0, F) into 
four equal parts, getting key x-values of 7,2, and X. Evaluating the function at 
these x-values gives the following key points. 


= I [^ 3m | 
8'27 a P 8. 2 


Joining these points with a smooth curve approaching the asymptotes gives the 
graph shown in Figure 36. 


Now try Exercise 31. 


Like the other circular functions, the graphs of the tangent and cotangent 
functions may be translated horizontally and vertically. 


EXAMPLE 6 Graphing a Tangent Function with a Vertical Translation 
Graph y = 2 + tan x. 


Graphing Calculator Solution 


Every value of y for this function will be 2 units more To see the vertical translation, observe the coordinates 
than the corresponding value of y in y — tan x, caus- displayed at the bottoms of the screens in Figures 38 
ing the graph of y = 2 + tan x to be translated 2 units and 39. For X = 7 = .78539816, 

up compared with the graph of y — tanx. See 


Figure 37. 





Figure 37 


Y; = tan X = 1, 
while for the same X-value, 


Y=2+tanxX =24+1=3. 


Yes2ekantH) 





Nia 


#220539916 Ivi 





—4 
Dot mode Dot mode 
Figure 38 Figure 39 
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y = -2 - cot(x = 


Figure 40 





EXAMPLE 7 Graphing a Cotangent Function with Vertical and Horizontal 
Translations 


dT 

Graph y = —2 — cor = z) 
Solution Here b = 1, so the period is 7. The graph will be translated down 
2 units (because c = —2), reflected across the x-axis (because of the negative 
sign in front of the cotangent), and will have a phase shift (horizontal transla- 
tion) 2 unit to the right (because of the argument (x = 2). To locate adjacent 
asymptotes, since this function involves the cotangent, we solve the following 
equations: 

To T7 d T 5T 

x—-—=0, sox =— an X cesa r=, 

4 4 4 4 
Dividing the interval (2,28) into four equal parts and evaluating the function at 
the three key x-values within the interval gives these points. 


TT 3T 
f Pha) aes 
2 4 


Join these points with a smooth curve. This period of the graph, along with the 
one in the domain interval (— “7 F), is shown in Figure 40. 


Now try Exercise 45. 


Addition of Ordinates New functions can be formed by adding or subtract- 
ing other functions. A function formed by combining two other functions, such as 


y — COS X + sin x, 


has historically been graphed using a method known as addition of ordinates. 
(The x-value of a point is sometimes called its abscissa, while its y-value is 
called its ordinate.) To apply this method to this function, we graph the func- 
tions y = cos x and y = sin x. Then, for selected values of x, we add cos x and 
sin x, and plot the points (x, cos x + sin x). Joining the resulting points with a 
sinusoidal curve gives the graph of the desired function. While this method 
illustrates some valuable concepts involving the arithmetic of functions, it is 
time-consuming. 

With graphing calculators, this technique is easily illustrated. Let Y; — 
cos X, Y; = sin X, and Y; = Y, + Y.. Figure 41 shows the result when Y, and 
Y, are graphed in thin graph style, and Y; = cos X + sin X is graphed in thick 
graph style. Notice that for X = 2 = .52359878, Y, + Y; = Y. 






Ve=sintay 


uz.b2359H?B IV=.5 
-2 





Figure 41 


Now try Exercise 61. 
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3 Exercises 





Concept Check In Exercises 1—6, match each function with its graph from choices A—F. 


l. y = —csex 2. y — —secx 3. y = —tanx 
T T 
4. y — —cot x $5. y= en(a = z) 6. y= cofa = =) 
A. Y SEE ; 








F. » 
| 
| | 
| | 
x X X 
"| x Mm 
4 4 
l 
Graph each function over a one-period interval. See Examples I and 2. 
jacet 8 je 9 gm 
. y = 3 sec — . y= —2 sec —x s y= = esc| x 
4^ d 2 "US 2 


l 3 
10. y tacs = z) 11. y — (^ = =) 12. y= si: + 22) 
13. y = ze F z) 14. y = se + z) 


l l 
15. y ers + z) 16. y= ese( 3 - z) 
T 
17. y= 2 388002 = a) 18. y= 1 - 2ese{x + 4) 
1 3 l Í 
19. y=1— Pe = 4 20. y= 2+ EE = =) 


Graph each function over a one-period interval. See Examples 3-5. 


] 
21. y = tan 4x 22. y= any x 23. y = 2tanx 
| l 
24. v = 2cot x 25. alan 26. y — ota 
l l 
27. v = cot 3x 28. y = —cot zx 29. y=~2tan7* 
30 3X 31 t4 32 t2 
y= n— y= ey —-—cot 2x 
y an x y — 7, cot 4x y z CO 


Graph each function over a two-period interval. See Examples 6 and 7. 


33. y = tan(2x — m) 3. y= as (4 a "| 35. y= (s + =) 
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3 
y= coi 2x = 22) 37. y= 1+ tanx 38. y= 1 — tanx 
. y=] —cotx 40. y = —2 — cot x 
i 
.yc—c-l-ct2tanx Lc: er 
| 
-| + 5 cot2x — Aq) 44. y = —2 + 3 tan(4x + 7) 


e 


P 3 
1 = 2012(x + =] a6. y= wa - n) -2 


Concept Check In Exercises 47—52, tell whether each statement is true or false. If 
false, tell why. 


47. 


48. 


49. 
50. 
SL 


52. 


53; 


54. 


55. 


56. 


The smallest positive number k for which x = k is an asymptote for the tangent func- 
tion is 5. 

The smallest positive number & for which x — & is an asymptote for the cotangent 
function is 5. 

The tangent and secant functions are undefined for the same values. 

The secant and cosecant functions are undefined for the same values. 


The graph of y = tan x in Figure 32 suggests that tan(—x) = tan x for all x in the 
domain of tan x. 

The graph of y — sec x in Figure 27 suggests that sec(—x) — sec x for all x in the 
domain of sec x. 

Concept Check If c is any number, then how many solutions does the equation 
c = tan x have in the interval (—27r, 271? 

Concept Check If c is any number such that —1 < c < 1, then how many solu- 
tions does the equation c — sec x have over the entire domain of the secant function? 
Consider the function defined by f(x) = —4 tan(2x + s). What is the domain of f? 
What is its range? 


Consider the function defined by g(x) = —2 csc(4x + 7r). What is the domain of g? 
What is its range? 


(Modeling) Solve each problem. 


57. 


Distance of a Rotating Beacon A rotating beacon is located at point A next to a 
long wall. (See the figure.) The beacon is 4 m from the wall. The distance d is 
given by 


d = 4tan 27r, 
where f is time measured in seconds since the beacon started rotating. (When r = 0, 
the beacon is aimed at point R. When the beacon is aimed to the right of R, the 


value of d is positive; d is negative if the beacon is aimed to the left of R.) Find d 
for each time. 


(a) 1— 0 
(b) f= 4 
(c) f= 8 
(d) t= 1.2 


(e) Why is .25 a meaningless value 
for t? 





S8. 


Pt 59. 
B 


|=) 60. 
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Distance of a Rotating Beacon In the figure for Exercise 57, the distance a is 
given by 

a = 4|sec 2|. 
Find a for each time. 
(a) 1 — 0 (b) z = .86 (c) t = 1.24 
Simultaneously graph y = tan x and y = x in the window [—1, 1] by [—1, 1] with a 
graphing calculator. Write a sentence or two describing the relationship of tan x and 
x for small x-values. 


Between each pair of successive asymptotes, a portion of the graph of y = sec x or 
y = csc x resembles a parabola. Can each of these portions actually be a parabola? 
Explain. 


FTH Use a graphing calculator to graph Y, Y, and Y, + Y; on the same screen. Evaluate 
each of the three functions at X = £, and verify that Y(£) + Y,(2) = (Y, + Y) (2). 
See the discussion on addition of ordinates. 


61. 


Y, = sin X, Y, = sin 2X 62. Yı = cos X, Y, = sec X 


fs / 7? 7 P 1 ^M 7 , | = Ja 
OHSIGCO! irie HAT iK ] sa’ 7. C M | | A 


T dis "s 


63 
\ » 


"" 


64. 


65. 


AS 66. 


67. 
68. 
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YIL a SR. aue "| TX PS è = X rm — PETS mnn 
What is the smallest positive number for v 


Let k represent the number you found in Exercise 63. Set x — Z equal to k, and solve 
to find a positive number for which cot(x E 2) is undefined. 


is undefit 


Based on your answer in Exercise 64 and the fact that the cotangent function has 
period 7, give the general form of the equations of the asymptotes of the graph of 
go! e cot(x = z), Let n represent any integer. 

Use the capabilities of your calculator to find the smallest positive x-intercept of the 
graph of this function. 

Use the fact that the period of this function is 7 to find the next positive x-intercept. 


Give the solution set of the equation —2 — cot( = z — 0 over all real numbers. 
Let n represent any integer. 
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| Summary Exercises on Graphing Circular Functions 


These summary exercises provide practice with the various graphing techniques pre- 
sented in this chapter. Graph each function over a one-period interval. 


lL. y —2sin mx 2. y = 4 cos 1.5x 
jeg tos 4. y = 3 sec 
5. y = —4csc 5x 6. y = It T z) 


Graph each function over a two-period interval. 


X x T 
7. y= —5sin— 8. 10 ee 
y sin 3 y (3 z) 


9, y = 3 — 4 sin(2.5x + 7) 10. y = 2 — sec[ m(x — 3)] 


Harmonic Motion 





Simple Harmonic Motion = Damped Oscillatory Motion 


Simple Harmonic Motion In part A of Figure 42, a spring with a weight 
attached to its free end is in equilibrium (or rest) position. If the weight is pulled 
down a units and released ( part B of the figure), the spring's elasticity causes the 
weight to rise a units (a > 0) above the equilibrium position, as seen in part C, 
and then oscillate about the equilibrium position. If friction is neglected, this os- 
cillatory motion is described mathematically by a sinusoid. Other applications 
of this type of motion include sound, electric current, and electromagnetic waves. 


yY 





Figure 42 


To develop a general equation for such motion, consider Figure 43. Suppose 
the point P(x, y) moves around the circle counterclockwise at a uniform angular 
speed w. Assume that at time t = 0, P is at (a, 0). The angle swept out by ray OP 
at time t is given by 0 = «or. The coordinates of point P at time t are 


x = a cos ĝ = a cos ot and y = asin 0 = asin ot. 


As P moves around the circle from the point (a,0), the point Q(0, y) oscil- 
lates back and forth along the y-axis between the points (0,a) and (0, —a). 
Similarly, the point R(x, 0) oscillates back and forth between (a,0) and (—a, 0). 
Figure 43 This oscillatory motion is called simple harmonic motion. 





4.4 Harmonic Motion 169 


The amplitude of the motion is |a|, and the period is 27. The moving points 

P and Q or P and R complete one oscillation or cycle per period. The number of 

cycles per unit of time, called the frequency, is the reciprocal of the period, 37, 
where w > 0. 

Simple Harmonic Motion " 


The position of a point oscillating about an equilibrium position at time 7 is | 
modeled by either | 


s(t) = a cos wt or s(t) = a sin ot, | 


where a and w are constants, with œ > 0. The amplitude of the motion is | 
|a|, the period is £z, and the frequency is 5>. 


EXAMPLE 1 Modeling the Motion of a Spring 


Suppose that an object is attached to a coiled spring such as the one in 
Figure 42. It is pulled down a distance of 5 in. from its equilibrium position, and 
then released. The time for one complete oscillation is 4 sec. 


(a) Give an equation that models the position of the object at time f. 
(b) Determine the position at t = 1.5 sec. 

(c) Find the frequency. 

Solution 


(a) When the object is released at t = 0, the distance of the object from the 
equilibrium position is 5 in. below equilibrium. If s(t) is to model the mo- 
tion, then s(0) must equal —5. We use 


s(t) = a cos ot, 


with a — —5. We choose the cosine function because cos e(0) — 
cos 0 = 1, and —5 - 1 = —5. (Had we chosen the sine function, a phase 
shift would have been required.) The period is 4, so 


27 T ; 
— = 4, or w = —. Solve for w. (Appendix A) 
w i 
Thus, the motion is modeled by 
vin 
t) = —5 cos —t. 
s(t) 5 
(b) After 1.5 sec, the position is 
s(1.5) = —5 cos 9| = 3.54 in. (Appendix C) 


Since 3.54 > 0, the object is above the equilibrium position. 


(c) The frequency is the reciprocal of the period, or T 


Now try Exercise 9. 
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y, =e *sinx yp =e 





hag 


Figure 44 


=X 


EXAMPLE 2 Analyzing Harmonic Motion 

Suppose that an object oscillates according to the model 
s(t) = 8 sin 3f, 

where t is in seconds and s(t) is in feet. Analyze the motion. 


Solution The motion is harmonic because the model is of the form s(t) = 
a sin wt. Because a = 8, the object oscillates 8 ft in either direction from its 
starting point. The period =f =æ 2.1 is the time, in seconds, it takes for one com- 
plete oscillation. The frequency is the reciprocal of the period, so the object 
completes x = 48 oscillation per sec. 


Now try Exercise 15. 


Damped Oscillatory Motion In the example of the stretched spring, we 
disregard the effect of friction. Friction causes the amplitude of the motion to di- 
minish gradually until the weight comes to rest. In this situation, we say that the 
motion has been damped by the force of friction. Most oscillatory motions are 
damped, and the decrease in amplitude follows the pattern of exponential decay. 
A typical example of damped oscillatory motion is provided by the function 
defined by 


yf)-e'snt 


Figure 44 shows how the graph of y, — e * sin x is bounded above by the 
graph of y, = e “ and below by the graph of y, = —e *. The damped motion 
curve dips below the x-axis at x = a but stays above the graph of y. Figure 45 
shows a traditional graph of s(t) = e ' sin t, along with the graph of y = sin t. 






Fit = sin í 


L s(t) = e~'sin t 


Figure 45 


Shock absorbers are put on an automobile in order to damp oscillatory mo- 
tion. Instead of oscillating up and down for a long while after hitting a bump or 
pothole, the oscillations of the car are quickly damped out for a smoother ride. 


Now try Exercise 21. 
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AA Ex ercises 


(Modeling) Springs | Suppose that a weight on a spring has initial position s(0) and 
period P. 





(a) Find a function s given by s(t) = a cos wt that models the displacement of the 
weight. 


(b) Evaluate s(1). Is the weight moving upward, downward, or neither when t = 1? 
Support your results graphically or numerically. 


1. s(0) = 2 in.: P = .5 sec 2. s(0) = 5 in.; P = 1.5 sec 
3. s(0) = —3 in.; P = .8 sec 4. s(0) = —4 in.; P = 1.2 sec 


^ (Modeling) Music A note on the piano has given frequency F. Suppose the maximum 
displacement at the center of the piano wire is given by s(Q). Find constants a and w so 
that the equation s(t) = a cos wt models this displacement. Graph s in the viewing win- 
dow [0,.05] by [—.3..3]. 
5. F = 27.5; s(0) = .21 6. F = 110; s(0) = .11 
7. F = 55; (0) = .14 8. F = 220; s(0) = .06 


(Modeling) Solve each problem. See Examples | and 2. 


9, Spring An object is attached to a coiled spring, as in Figure 42. It is pulled down 
a distance of 4 units from its equilibrium position, and then released. The time for 
one complete oscillation is 3 sec. 


(a) Give an equation that models the position of the object at time f. 
(b) Determine the position at  — 1.25 sec. 
(c) Find the frequency. 


10. 5pring Repeat Exercise 9, but assume that the object is pulled down 6 units and 
the time for one complete oscillation is 4 sec. 


11. Particle Movement Write the equation and then determine the amplitude, period, 
and frequency of the simple harmonic motion of a particle moving uniformly around 
a circle of radius 2 units, with angular speed 


(a) 2 radians per sec (b) 4 radians per sec. 

12. Pendulum What are the period P and frequency T of oscillation of a pendulum of 
length I ft? (Hint: P= 25 i. where L is the length of the pendulum in feet and P 
is in seconds. ) 

13. Pendulum In Exercise 12, how long should the pendulum be to have period | sec? 


14. Spring The formula for the up and down motion of a weight on a spring is 


given by 
k 
s(t) = a sin4 /—t. 
m 


If the spring constant & is 4, what mass m must be used to produce a period of | sec? 
15. Spring The height attained by a weight attached to a spring set in motion is 
s(t) = —4 cos 87t 
inches after t seconds. 


(a) Find the maximum height that the weight rises above the equilibrium position 
of v = 0. 

(b) When does the weight first reach its maximum height, if / = 0? 

(c) What are the frequency and period? 
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16. 


17. 


18. 


Spring (See Exercise 14.) A spring with spring constant k — 2 and a l-unit 

mass m attached to it is stretched and then allowed to come to rest. 

(a) If the spring is stretched 5 ft and released, what are the amplitude, period, and 
frequency of the resulting oscillatory motion? 

(b) What is the equation of the motion? 


Spring The position of a weight attached to a spring is 
s(t) = —5 cos 4rt 


inches after ¢ seconds. 


(a) What is the maximum height that the weight rises above the equilibrium 
position? 

(b) What are the frequency and period? 

(c) When does the weight first reach its maximum height? 

(d) Calculate and interpret s(1.3). 


Spring The position of a weight attached to a spring 1s 
s(t) = —4 cos IOf 


inches after t seconds. 

(a) What is the maximum height that the weight rises above the equilibrium 
position? 

(b) What are the frequency and period? 

(c) When does the weight first reach its maximum height? 

(d) Calculate and interpret (1.466). 





49. Spring A weight attached to a spring is pulled down 3 in. below the equilibrium 


20. 


position. 

(a) Assuming that the frequency is £ cycles per sec, determine a model that gives 
the position of the weight at time 1 seconds. 

(b) What is the period? 

Spring A weight attached to a spring is pulled down 2 in. below the equilibrium 

position. 

(a) Assuming that the period is 1 sec, determine a model that gives the position of 
the weight at time 1 seconds. 

(b) What is the frequency? 


^ Use a graphing calculator to graph y, = e™ sint, ys = e ', and y, = —e'' in the view- 
ing window [0, a] by [—.5,.5]. 


21. 


22. 


Find the ¢-intercepts of the graph of y,. Explain the relationship of these intercepts 
with the x-intercepts of the graph of y — sin x. 


Find any points of intersection of y, and y; or y; and y;. How are these points related 
to the graph of y — sin x? 
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4.1 periodic function 4.2 phase shift 4.4 simple harmonic damped oscillatory 


period argument motion motion 
sine wave (sinusoid) 4.3 vertical asymptote frequency | 
amplitude addition of ordinates | 





CONCEPTS EXAMPLES 


4.1 Graphs of the Sine and Cosine Functions 
4.2 Translations of the Graphs of the Sine and Cosine Functions 








| Sine and Cosine Functions Graph y — sin 3x. 
| 
Domain: (—, oo) Domain: (—~, ©) 4. 2 S 
; s d tude: ł 
Range: [—1,1] Range: [—1, 1] e 3 ur 
Amplitude: 1 Amplitude: 1 domain:(—9»9) range:[—1,1] 
Period: 277 Period: 27 | 
| 
The graph of Graph y = —2 cos x. | 
| 


y=ctasinb(x—d) or y-c-acosb(x — d), 
b > 0, has 
1. amplitude |a |, 2. period a 


3. vertical translation c units up if c > 0 or |c| units down 





if c < 0, and 
4. phase shift d units to the right if d > 0 or |d | units to 
the left if d < 0. period: 27 amplitude: 2 
See pages 138 and 149 for a summary of graphing domain: (— co, oc) range: [—2, 2] 


techniques. 
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CONCEPTS EXAMPLES 
4.3 Graphs of the Other Circular Functions 


Cosecant and Secant Functions Graph one period of y = secí hae z), 





Domain: [x|x # n, Domain: {x|x # (2n + 1)2, 

where n is an integer} where n is an integer 
Range: (^, —1] U [1,%) Range: (-6, —1] U [1,%) 
Period: 27 Period: 27 


eter er im Met. ii Ls SMACUM LM UE MINI SS NA PE VIDA IO miht wm A 


period: 27 
See page 157 for a summary of graphing techniques. phase shift: —Z 
domain: {x|x AG + nn, 

where n is an integer} 
range: (—9, —1] U [1, 0) 
Tangent and Cotangent Functions Graph one period of y = 2 tan x. 





casi anal 





Domain: {x|x #(2n + 15$, Domain: {x|x 7 n, 
where n is an integer } where n is an integer} | period: 7 


Range: (—~, %0) Range: (—%, o») 


pen m 
Period: 7 Period: 7 domain: {x|x # (2n + 1)5, 


where n is an integer} 


See page 161 for a summary of graphing techniques. | range: (—, o0) 


am 


4.4 Harmonic Motion 


Simple Harmonic Motion 
The position of a point oscillating about an equilibrium posi- | A spring oscillates according to 


tion at time fis modeled by either s(t) = —5 cos 6t, 


s(t) = a cos wt or s(t) = a sin wt md — 
(0 9 : where t is in seconds and s(f) is in inches. 


where a and w are constants, with w > 0. The amplitude of 


the motion is [a |, the period is ^7, and the frequency is ©. amplitude = |—5| = 5 
iod 2v "T 
eriod = — = — 

à 6 3 


3 
frequency = — 
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Chapter 4 Review Exercises 


1. Concept Check Which one of the following is true about the graph of y = 4 sin 2x? 


A. It has amplitude 2 and period 5. B. It has amplitude 4 and period v. 
C. Its range is [0,4]. D. Its range is [—4,0]. 

2. Concept Check Which one of the following is false about the graph of 
y = —3 cos 5x) 


A. Its range is [—3, 3]. 

B. Its domain is (—%, o»). 

C. Its amplitude is 3, and its period is 47. 
D. Its amplitude is 3, and its period is 7. 


3. Concept Check Which of the basic circular functions can have y-value i? 


4. Concept Check Which of the basic circular functions can have y-value 2? 


For each function, give the amplitude, period, vertical translation, and phase shift, as 
applicable. 


l 
5. y —2sinx 6. v = tan 3x 9oy—-—yesá 
8. v = 2 sin 5x 9 y=1+2sI1 a 10 e - 
ey sin 5x ey Irc ey 1 Up 
T 3r J i 
LL, y= 3os{x T) 12. y= =sin( - 22) 13, y= pese(2x - =) 
14. y = 2 sec(ax — 27) 15 zt ul -— 16. y — NEL 
ey sec( Tx T Rye x-7 - y= coll | 1 


Concept Check Identify the circular function that satisfies each description. 


17. period is 7, x-intercepts are of the form nm, where n is an integer 
18. period is 277, graph passes through the origin 

19. period is 277, graph passes through the point (2, 0) 

20. period is 27, domain is x | x »* nm, where n is an integer} 

21. period is 7, function is decreasing on the interval (0, 7) 


22. period is 27, has vertical asymptotes of the form x = (2n + 1)5, where n is an 


Integer 
z)23. Suppose that f is a sine function with period 10 and /(5) = 2. Explain why 
f(25) = 2. 
=) 24. Suppose that f is a sine function with period 7 and f(2) = |. Explain why 
4 
ays 
Graph each function over a one-period interval. 
l 
25. y — 3sinx 26. y — aoe 27. y = —tan x 
28. y — —2cos x 29. y —2 + cotx 30. y= —1 + cscx 


31. 


| 


sin 2x 32. y = tan 3x 33. y = 3 cos 2x 
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34. 


375 


39. 


41. 


343. 
=) 44, 


Sor 35 Lu 36 t 7 
Janis M E E . y = tan| X — — 
75 cot 3x y= COS| X 1 j s 
y — e (2 F z) 38. y = sin(3 EE z) 

l 3 l 2 
y-]1:26052531 40. y= —1 — 3sin 2x 

l 
y = 2 sin 7x 42. y — ET cos(mx — T) 


Explain why a function of the form f(x) = 2 sin(bx + c) has range [—2, 2]. 


Explain why a function of the form f(x) =2csc(bx +c) has range 
(79, —2] U [2, 9). 


Solve each problem. 


45. 


46. 


47. 


Viewing Angle to an Object Let a person whose eyes are A, feet from the ground 
stand d feet from an object h, feet tall, where ^; > h,. Let 0 be the angle of eleva- 
tion to the top of the object. See the figure. 





(a) Show that d = (h. — Aj) cot 0. 
(b) Let A; = 55 and h, = 5. Graph d for the interval 0 < 0 s 2. 
(Modeling) Tides The figure shows a function Y 
f that models the tides in feet at Clearwater 
Beach, Florida, x hours after midnight starting 
on August 26, 1998. (Source: Pentcheff, D., 
WWW Tide and Current Predictor.) 
(a) Find the time between high tides. 
(b) What is the difference in water levels 

between high tide and low tide? 
(c) The tides can be modeled by 

0 4 8 12 16 20 24 28 


f(x) = .6cos[.511(x — 2.4)] + 2. Time (in hours) 


Tides (in feet) 


(8.7, 1.4) (21, 1.4) 





Estimate the tides when x = 10. 


(Modeling) Maximum Temperatures The maximum afternoon temperature in a 
given city might be modeled by 


XT 
t = 60 — 30 cos —, 
6 
where : represents the maximum afternoon temperature in month x, with x = Q rep- 
resenting January, x = | representing February, and so on. Find the maximum after- 
noon temperature for each month. 


(a) January (b) April (c) May 
(d) June (e) August (f) October 


CHAPTER 4 Review Exercises 177 


FS 48. ( Modeling) Average Monthly Temperature 
The average monthly temperature (in °F) in 
Chicago, Illinois, is shown in the table. 


(a) Plot the average monthly temperature 
over a two-year period. Let x = 1 cor- 
respond to January of the first year. 

(b) Determine a model function of the form 
f(x) = asin b(x — d) + c, where a, b, 
c, and d are constants. 

(c) Explain the significance of each constant. 

(d) Graph f together with the data on the 
same coordinate axes. How well does f 
model the data? 





Source: Miller, A., J. Thompson, and R. 

Peterson, Elements of Meteorology, 

(e) Use the sine regression capability of a Fourth Edition, Charles E. Merrill 
graphing calculator to find the equation Publishing Co., 1983. 


of a sine curve that fits these data. 


49. (Modeling) Pollution Trends The amount of 600 

pollution in the air is lower after heavy spring rains iz? Ci-cos(2 THIS 10241. 
and higher after periods of little rain. In addition to 
this seasonal fluctuation, the long-term trend is 
upward. An idealized graph of this situation is 
shown in the figure. Circular functions can be used 
to model the fluctuating part of the pollution levels. 0 Yzio0 —— 6 
Powers of the number e (e is the base of the natural 
logarithm; e ~ 2.718282) can be used to model long-term growth. (See Chapter 9.) 
The pollution level in a certain area might be given by 





y = 7(1 — cos 2a) (x + 10) + 100e”, 


where x is the time in years, with x = 0 representing January | of the base year. July 1 
of the same year would be represented by x — .5, October 1 of the following year 
would be represented by x — 1.75, and so on. Find the pollution levels on each date. 
(a) January 1, base year (b) July 1, base year 
(c) January 1, following year (d) July 1, following year 

50. (Modeling) Lynx and Hare Populations The figure shows the populations of lynx 
and hares in Canada for the years 1847—1903. The hares are food for the lynx. An 
increase in hare population causes an increase in lynx population some time later. 
The increasing lynx population then causes a decline in hare population. The two 
graphs have the same period. 


Canadian Lynx and Hare Populations 


Hare 


= = = Lynx 





Number 





1850 1860 1870 1880 1890 1900 
Year 


(a) Estimate the length of one period. 
(b) Estimate maximum and minimum hare populations. 
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An object in simple harmonic motion has position function s inches from an initial point, 
where t is the time in seconds. Find the amplitude, period, and frequency. 


51. 
53. 


54. 


s(t) = 4 sin Tt 52. s(t) = 3 cos 2t 


In Exercise 51, what does the frequency represent? Find the position of the object 
from the initial point at 1.5 sec, 2 sec, and 3.25 sec. 


In Exercise 52, what does the period represent? What does the amplitude represent? 


Chapter 4 Test 


. Consider the function defined by y — 3 — 6 sin(2x T z), 


(a) What is its period? (b) What is the amplitude of its graph? 
(c) What is its range? (d) What is the y-intercept of its graph? 
(e) What is its phase shift? 


Graph each function over a two-period interval. Identify asymptotes when applicable. 


2. 


4. 


6. 


8. 


y = —cos 2x 3. y = —esc 2x 
T l 
y= w(x- 2) 5. y= —1 *-2sin(x + 7) 
y= ace T) 7. y = 3csc mx 
(Modeling) Average Monthly Temperature The average monthly temperature 


(in °F) in Austin, Texas, can be modeled using the circular function defined by 
_| 7 
f(x) = 17.5 in) Zo = J + 67.5, 


where x is the month and x = | corresponds to January. (Source: Miller, A., J. 
Thompson, and R. Peterson, Elements of Meteorology, Fourth Edition, Charles E. 
Merrill Publishing Co., 1983.) 


(a) Graph fin the window [1,25] by [45,90]. 


(b) Determine the amplitude, period, phase shift, and vertical translation of f. 

(c) What is the average monthly temperature for the month of December? 

(d) Determine the maximum and minimum average monthly temperatures and the 
months when they occur. 

(e) What would be an approximation for the average yearly temperature in Austin? 


How 1s this related to the vertical translation of the sine function in the formula 
for f? 


. (Modeling) Spring The height of a weight attached to a spring is 


s(t) = —4 cos 8mt 


inches after ¢ seconds. 

(a) Find the maximum height that the weight rises above the equilibrium position of 
s(t) = 0. 

(b) When does the weight first reach its maximum height, if t = 0? 

(c) What are the frequency and period? 


. Explain why the domains of the tangent and secant functions are the same, and then 


give a similar explanation for the cotangent and cosecant functions. 
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Chapter 4 Quantitative Reasoning 


Does the fact that average monthly temperatures are periodic affect 
your utility bills? 
In an article entitled “I Found Sinusoids in My Gas Bill” (Mathematics Teacher, 


January 2000), Cathy G. Schloemer presents the following graph that accompa- 
nied her gas bill. 


Your Energy Usage 
Average 
“ea | monthly 
MCF Sa temp (°F) 
OOD ux 
24 
22 





rm N 
oo © 
T 


Thousands of cubic feet 
T 





| 
|| 
| 
|| | 
| 
|| E 
E a 
: 
i 
Wf, 
i 
| 


19906 D 


Notice that two sinusoids are suggested here: one for the behavior of the average 
monthly temperature and another for gas use in MCF (thousands of cubic feet). 


1. If January 1997 is represented by x = 1, the data of estimated ordered pairs 
(month, temperature) are given in the list shown on the two graphing calcu- 
lator screens below. 





Use the sine regression feature of a graphing calculator to find a sine function 
that fits these data points. Then make a scatter diagram, and graph the function. 


2. If January 1997 is again represented by x — 1, the data of estimated ordered 
pairs (month, gas use in MCF) are given in the list shown on the two graph- 
ing calculator screens below. 





Use the sine regression feature of a graphing calculator to find a sine function 
that fits these data points. Then make a scatter diagram, and graph the function. 

53. Answer the question posed at the top of the page, in the form of a short 
paragraph. 





Trigonometric Identities 


L 1831 Michael Faraday discovered that 
when a wire passes by a magnet, a small 
electric current is produced in the wire. 5.1 Fundamental Identities ! 
Now we generate massive amounts of elec- 4 
tricity by simultaneously rotating thousands 
of wires near large electromagnets. Because 5.3 Sum and Difference Identities for 
electric current alternates its direction on Cosine 

electrical wires, it is modeled accurately by 

. -either the sine or the cosine function. 

We give many examples of applications | 
of the trigonometric functions to electricity 5.5 Double-Angle Identities 
md uu M Enomena in - Xu. ae 5.6 Half-Angle Identities 
exercises in this chapter, including a model EE 
of the wattage consumption of a toaster in | Summary Exercises on Verifying 
Section 5.5, Example 6. Trigonometric Identities 


5.2 Verifying Trigonometric identities 


5.4 Sum and Difference Identities for 


Sine and Tangent 
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Negative-Angle Identities = Fundamental Identities = Using the Fundamental Identities 


y Recall that an identity is an equation that is satisfied by every value in the 
domain of its variable. 


Negative-Angle Identities As suggested by the circle shown in Figure 1, 

an angle 0 having the point (x, y) on its terminal side has a corresponding angle 

— 0 with the point (x, —v) on its terminal side. From the definition of sine, 

m 
F 


; ‘ ¥ 
sin(— 0) = and sin 0 = —, (Section 1.3) 
r 





so sin(— 0) and sin 0 are negatives of each other, or 
sin(—@) = —sin 0. 


Figure | shows an angle 0 in quadrant II, but the same result holds for 0 in any 
quadrant. Also, by definition, 


x Š 
cos(— 0) = — and cos 0 = —, (Section 1.3) 
r r 


SO cos( — 8) = cos 6. 
We use the identities for sin( — 0) and cos(— 6) to find tan( — 0) in terms of tan 6: 
sin(—0)  —sin@ sin 


tan(— 9) = ———- = ——— = - 
i2 cos(—0) | cos 0 cos 0 


tani —080) = —Tan B. 
similar reasoning gives the following identities. 
CSel —D) = —coc B, sect — 8) = sec 0, cou ¢) = —o0t Ü 


These identities are known as the negative-angle or negative-number identities. 


Fundamental Identities In Chapter 1 we used the definitions of the 
trigonometric functions to derive the reciprocal, quotient, and Pythagorean 
identities. Together with the negative-angle identities, these are called the 
fundamental identities. 


Fundamental Identities 


Reciprocal Identities 














1 
cot 0 = sec 0 = ——— csc 0 = 
tan 0 cos 0 sin 0 
Quotient Identities 
sin 0 cos 0 
tan 0 — : cot 0 = — 
cos 0 sin 0 


(continued) - i 
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Pythagorean Identities 
sin? 9 + cos? 0 = 1 tan? 0 + 1=sec’’A 1 + cot? @ = csc’ 0 


Negative-Angle Identities 


sin(—0) = —sin@ . cos(-0) 2 cos0  tan(—0) = —tan 0 


sec( — 0) — sec 0 cot(— 0) — —cot 0 


esc(— 0) = —csc 0 
T= eee ee ee 


eee s -— 4 


NOTE The most commonly recognized forms of the fundamental identities 
are given above. Throughout this chapter you must also recognize alternative 
forms of these identities. For example, two other forms of sin? 0 + cos? 0 = 1 
are 


sin? 0 = 1 —cos?0 and cos? 0 = 1 — sin? 6. 


Using the Fundamental Identities One way we use these identities is to 
find the values of other trigonometric functions from the value of a given trigono- 
metric function. Although we could find such values using a right triangle, this 
is a good way to practice using the fundamental identities. 


EXAMPLE 1 Finding Trigonometric Function Values Given One Value and the 
Quadrant 





If tan 0 = —3 and 6 is in quadrant II, find each function value. 

(a) sec 0 (b) sin 0 (c) cot(— 0) 
Solution 

(a) Look for an identity that relates tangent and secant. 


tan? 6+ 1 = sec? 0 Pythagorean identity 
$t 2 5 
E + 1 = sec’? tan 0 = —3 


25 


— + 1 = sec’ 6 
9 

34 4 
9 = sec’ 0 Combine terms. 
34 i . 

= 9 = sec 0 Take the negative square root. (Appendix A) 

V 34 : 
Ea = sec 0 Simplify the radical; - y% - -y4 p -y5 


We chose the negative square root since sec 0 is negative in quadrant II. 
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(b) tan 0 = Quotient identity 


cos 0 tan 0 = sin 0 Multiply by cos 6. 





l ; 
( Jan 0 = sin 0 Reciprocal identity 








sec 0 
E anno am od MR m 
| 2-3 5) = sino sci faa và 34 vh 34 
TT fl wt -r 
^ 3 tan 0 — -3 
i 5V 34 i , 
sin 0 = ——— Multiply; rewrite. 
34 
1 
(c) cot(— 0) = ——— Reciprocal identity 
tan(— 8) 
1 
cot(— 6) = Negative-angle identity 
—tan 0 
1 3 -— 
cot(— 6) = = — tan 0 = — 3; simplify the complex fraction. 


Now try Exercises 5, 7, and 9. 


CAUTION To avoid a common error, when taking the square root, be sure to 
choose the sign based on the quadrant of 0 and the function being evaluated. 


Any trigonometric function of a number or angle can be expressed in terms 
of any other function. 
EXAMPLE 2 Expressing One Function in Terms of Another 
Express cos x in terms of tan x. 


Solution Since sec x is related to both cos x and tan x by identities, start with 
1 + tan?x = sec? x. 





1 l 
SO E Take reciprocals. 
1 + taņ?x sec?x " 
| i dicm 
— ÀáÁÀ = CIEN: eciprocal identit 
1 + tan? x " " 
1 
=4 [l———nes oe Take square roots. 
] + tan*x 
COS X = —————— —  Quotient rule for radicals: V/$ = %4; rewrite. 
V1 + tan?x Vb 
+V1 + tan’x NEM 
Dpi e LEE Rationalize the denominator. 
1 + tan*x 


Choose the + sign or the — sign, depending on the quadrant of x. 


Now try Exercise 43. 


Piloti Plotz Plst3 
“Yi GCsintade+0c 
CKI) E 





—4 


Figure 2 


yı = tan x + cot x 


= 
4 


cos x sin x 


-4 
The graph supports the result 
in Example 3. The graphs of 
y; and y, appear to be iden- 
tical. 


Exercises 
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^r We can use a graphing calculator to decide whether two functions are 
identical. See Figure 2, which supports the identity sin^x + cos?x = 1. With an 
identity, you should see no difference in the two graphs. m 


All other trigonometric functions can easily be expressed in terms of sin 0 
and/or cos 0. We often make such substitutions in an expression to simplify it. 


EXAMPLE 3 Rewriting an Expression in Terms of Sine and Cosine 


Write tan 0 + cot 0 in terms of sin and cos 0, and then simplify the 








expression. 
Solution 
sin O cos 0 ME 
tan 0 + cot d= E m Quotient identities 
cosÓ sin 
= sin? 0 cos? 0 Write each fraction with the least 
^ cos 0sin cos @sin @ common denominator (LCD). 
sin’ Ó + cos? 0 nro x 
DT oW ww Add fractions; = + 7 = =. 
cos @ sin 0 
| BASE 
tan 0 + cot 6 = ——— Pythagorean identity 
cos O sin 0 
Now try Exercise 55. 
CAUTION When working with trigonometric expressions and identities, be 


sure to write the argument of the function. For example, we would not write 
sin? + cos? = 1; an argument such as 0 is necessary in this identity. 





Concept Check Fill in the blanks. 


1. If tan x = 2.6, thentan(-x) 2. 
2. If cos x = —.65, then cos(—x) = ___. 
3. If tan x = 1.6, then cot x = 





4. If cos x = .8 and sin x = .6, then tan(—x) = ____. 


Find sin s. See Example 1. 


3 1 
5. coss = 473 in quadrant I 6. cot s = aes in quadrant IV 
V5 T 
Ta cos(—s) = —, tans < 0 8. tans = —,-,sees > 0 
1 
9, secs =, tans < 0 10. cscs = — 


Iz) 11. Why is it unnecessary to give the quadrant of s in Exercise 10? 
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tic n tf C GLUEGC an OGGG Il tC On fel LA. E jJ = L LL Lite GOI 
f EL mE o » ane Nu —— €" EM 
ercises 12—17 in order, to see the coni ection between the negative 
and even and odd functions. 





12. Complete the statement: sin(—x) = 
13. Is the function defined by f(x) = sin x even or odd? 
14. Complete the statement: cos(—x) = 
15. Is the function defined by f(x) = cos x even or odd? 
16. Complete the statement: tan(—x) = 
17. Is the function defined by f(x) = tan x even or odd? 














Concept Check For each graph, determine whether f(—x) = f(x) or f(—x) ^ —f(x) 
is true. 


18. 


20. 





Find the remaining five trigonometric functions of 0. See Example 1. 


2 1 
21. sin 0 = i 0 in quadrant II 22. cos 0 — F? 0 in quadrant I 
] . 5 e 
23. tan 0 = “a 0 in quadrant IV 24. csc 0 = EL 0 in quadrant III 
| T — A ) 4 
25. cot 0 = P, sin8 > 0 26. sin 8 = —.,cos8 < O 


4 
27. see 9.— sin 8 « 0 28. cos = -+ sin > 0 
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Concept Check For each expression in Column I, choose the expression from 
Column I that completes an identity. 








I II 
COS X Em : 
29. — = A. siny + cos’ x 
sin x 
30. tanx = B. cot x 
31. cos(é-)2. | . C. sec^x 
: sin x 
32. tar l1 D. 
COS X 
35.125.  — E. cos x 


Concept Check For each expression in Column I, choose the expression from 
Column II that completes an identity. You may have to rewrite one or both expressions. 











I II 
E 4 
sin” x 
34. —tan xcosx = . | . A. - 
COS^X 
35. sec x — 1 = B. = 
sec’ x 
sec x i 
36. = C. sin(—x) 
CSC X 
37. | + sinx = D. csc^x — cot x + sinx 
38. cos? x = E. tan x 


[ ` a . : 
= 39. A student writes “I + cot? = esc’.” Comment on this student's work. 


` f à i x 4 3 
=|40. Another student makes the following claim: "Since sin 0 + cos“ 0 = I, I should be 
able to also say that sin 0 + cos 0 — | if I take the square root of both sides." 
Comment on this student's statement. 


41. Concept Check Suppose that cos 0 = ——1. Find sin 6. 





ptd 


42 5 


Concept Check Find tan a if sec a 


Write the first trigonometric function in terms of the second trigonometric function. See 
Example 2. 


43. sinx; cosx 44. cotx; sinx 45. tanx; secx 


46. cotx; cscx 47. csc x: cos x 48. sec x; sinx 


Write each expression in terms of sine and cosine, and simplifv so that no quotients 
appear in the final expression. See Example 3. 


49. cot O sin 0 50. sec cot Osin 0 51. cos 0 csc 0 
52. cot  0(1 + tan` 6) 53. sin 0(csc^ 0 — 1) 54. (sec 0 — l)(sec 0 + 1) 
cos O + sin 6 
55. (1 — cos 0) (1 + sec 6) 6 
sin ð 
" e 0 — sin? 8 m | — me 
sin 0 cos 0 1 + cot’ 8 
BID sec 0 — cos 0 60. (sec 0 + csc 0) (cos 0 — sin 0) 
| + tan 8 


61. sin 0(csc 0 — sin 6) 62. ————— 
1 + cot 0 
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tan(— 0) 


63. sin’ 0 + tan? 0 + cos? 0 
sec 0 
65. Concept Check Let cos x = L Find all possible values of T Bae 
sin x + cosx 
sec x 


66. Concept Check Let csc x = —3. Find all possible values of 





For individual or collaborative investigation 
(Exercises 67—71) 


In Chapter 4 we graphed functions defined by 
y—c-ta-:f[b(x — d)] 


with the assumption that b — 0. To see what happens when b « 0, work Ex- 
ercises 67—71 in order. 

67. Use a negative-angle identity to write y — sin(—2x) as a function of 2x. 

68. How does your answer to Exercise 67 relate to y — sin(2x)? 

69. Use a negative-angle identity to write y — cos(—4x) as a function of 4x. 

70. How does your answer to Exercise 69 relate to y = cos(4x)? 


71. Use your results from Exercises 67—70 to rewrite the following with a positive value 
of b. 


(a) sin(—4x) (b) cos(—2x) (c) —5 sin(—3x) 


EX Use a graphing calculator to decide whether each equation is an identity. (Hint: In 
Exercise 76, graph the function of x for a few different values of y (in radians).) 


72. cos 2x = 1 — 2 sin?x 73. 2 sin s = sin 2s 
74. sinx = V1 — cos?x 75. cos 2x = cos?x — sin’x 


76. cos(x — y) ^ cos x — cos y 


| Verifying Trigonometric Identities 
‘Verifying Identities by Working with One Side = Verifying Identities by Working with Both Sides 





Recall that an identity is an equation that is satisfied for all meaningful replace- 
ments of the variable. One of the skills required for more advanced work in 
mathematics, especially in calculus, is the ability to use identities to write ex- 
pressions in alternative forms. We develop this skill by using the fundamental 
identities to verify that a trigonometric equation is an identity (for those values 
of the variable for which it is defined). Here are some hints to help you get 
started. 
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Looking Ahead to Calculus Hints for Verifying Identities 


Trigonometric identities are used in - ^" P 3 h 5 
E 1. Learn the fundamental identities given in the last section. Whenever you 


see either side of a fundamental identity, the other side should come to 
mind. Also, be aware of equivalent forms of the fundamental identities. 
For example, sin? 0 = 1 — cos? 0 is an alternative form of the identity | 
sin’ 8 + cos? 8 = 1. : 

2. Try to rewrite the more complicated side of the equation so that itisiden- | 
tical to the simpler side. 


calculus to simplify trigonometric ex- 
pressions, determine derivatives of 
trigonometric functions, and change 
the form of some integrals. 


3. It is sometimes helpful to express all trigonometric functions in the equa- 

tion in terms of sine and cosine and then simplify the result. : 

4. Usually, any factoring or indicated algebraic operations should be per- | 

formed. For example, the expression sin x + 2 sin x + 1canbefactored | 

as (sin x 2x 1Y. The sum or difference of two trigonometric expressions, | 

such as a; + co, Can be added or subtracted in the same way as Amy : 
other rational expression. | | 

] ] cos 0 sin 0 





— 
—-— 


sin@  cos0  sinO0cos0 sin @cos 0 
|. Cos 0 + sin 0 
sin 0 cos 0 


S. As you select substitutions, keep in mind the side you are not changing, | 
because it represents your goal. For example, to verify the identity 


1 
cos? x’ 





tan?^x + 1 = 


try to think of an identity that relates tan x to cos x. In this case, since | 
sec x = - and sec? x = tan? x + 1, the secant function is the best link : 
between the two sides. : 
6. If an expression contains 1 + sin x, multiplying both numerator and de=- : 
nominator by 1 — sin x would give 1 — sin’ x, which could be replaced 


with cos? x. Similar results for 1 — sin x, 1 + cos x, and 1 — .cos x may 
be useful. x 











CAUTION Verifying identities is not the same as solving equations. 
Techniques used in solving equations, such as adding the same terms to both 
sides, or multiplying both sides by the same term, should not be used when 
working with identities since you are starting with a statement (to be verified) 
that may not be true. 


Verifying Identities by Working with One Side To avoid the temptation 
to use algebraic properties of equations to verify identities, work with only one 
side and rewrite it to match the other side, as shown in Examples 1—4. 
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For $ = x, 
cot x - 1 = csc x (cos x + sin x) 





The graphs coincide, support- 
ing the conclusion in Exam- 
ple 1. 


me 


tan? x (1 + cot? x) = : 
4 l-sin?x 





zd 


The screen supports the con- 
clusion in Example 2. 


EXAMPLE 1 Verifying an Identity (Working with One Side) 
Verify that the following equation is an identity. 
cot s + 1 = csc s(cos s + sin s) 


Solution We use the fundamental identities from Section 5.1 to rewrite one 
side of the equation so that it is identical to the other side. Since the right side is 
more complicated, we work with it, using the third hint to change all functions 
to sine or cosine. 

















Steps Reasons 
Right side of 
given equation 
l , 1 
csc s(cos s + sins) = —— (coss + sins) cscs = zx; 
Sin s$ 
| coss , sins Distributive property; 
dns sms a(b c) = ab + ac 
— CBS nus sw 
— cots + 1 der = còt siini = l 
Left side of 


given equation 


The given equation is an identity since the right side equals the left side. 


Now try Exercise 33. 


EXAMPLE 2 Verifying an Identity (Working with One Side) 
Verify that the following equation is an identity. 


l 


tan’ x(1 + cot? x) = ———- 
L= sx 


Solution We work with the more complicated left side, as suggested in the sec- 
ond hint. Again, we use the fundamental identities from Section 5.1. 


tan’ x(1 + cot? x) = tan? x + tan? x cot^x Distributive property 








= tam x + tan’ x + 2 cot x = gi 
an* x 
= tan x + 1 tan x ui = d 
— sec? x tan? x + 1 = sec? x 
1 : 
= sec’ x = =~ 
cos? x — 
l 
LFE P cos? x = | — sin’ x 
| — sir x 


Since the left side is identical to the right side, the given equation is an identity. 


Now try Exercise 37. 
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EXAMPLE 3 Verifying an Identity (Working with One Side) 
Verify that the following equation is an identity. 
tant — cott n 2 
M — ae" $ -— iue 
sin t cos t 
Solution We transform the more complicated left side to match the right side. 


tanf— cot? tant cot t Tt WW 


sin f cos f sinfcosf sinfcost 














= Mm pec Re 
sin £ cost sin £ cos f 

sin t 1 COS f 1 
= k E e aum fllius RS 

cost sinf£cost  sint Ssinícosít 

1 1 

cos?t simt 
"e Da _. 2 j ORES — 2 
= sec’ i — esc" f ee E he = eee d 


The third hint about writing all trigonometric functions in terms of sine and 
cosine was used in the third line of the solution. | 


Now try Exercise 41. 


EXAMPLE 4 Verifying an Identity (Working with One Side) 
Verify that the following equation is an identity. 


COS X 1+ sinx 
] — sinx COS X 


Solution We work on the right side, using the last hint in the list given earlier 
to multiply numerator and denominator on the right by 1 — sin x. 


1+sinx (1 + sinx)(1 — sin x) 
COS X cos x(1 — sin x) 


] — sinx 


Multiply by 1 in the form 1—3;. 





1 — sin^x "m 
ENU AEW (x -yx—y-x-y 
cos x(1 — sin x) 
cos? x F j 
—— — | — sin^x = cos^ x 
cos x(1 — sin x) 


COS X 
SS Lowest terms 
| = gpx 





Now try Exercise 47. 


Verifying Identities by Working with Both Sides If both sides of an 
identity appear to be equally complex, the identity can be verified by working 
independently on the left side and on the right side, until each side is changed 
into some common third result. Each step, on each side, must be reversible. 
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let = ngħt 


T LA 


common third 


With all steps reversible, the procedure is as shown in the margin. The left side 
leads to a common third expression, which leads back to the right side. This pro- 
cedure is just a shortcut for the procedure used in Examples 1—4: one side is 


expression changed into the other side, but by going through an intermediate step. 


EXAMPLE 5 Verifying an Identity (Working with Both Sides) 
Verify that the following equation is an identity. 


seco ttano 1 + 2sin ao + sin a 
sec a — tana cos? @ 


Solution Both sides appear equally complex, so we verify the identity by 

changing each side into a common third expression. We work first on the left, 

multiplying numerator and denominator by cos a. 
sec œ tana (sec a + tan a) cosa 


= Multiply by 1. 
seco — tana (sec œ — tana) cosa 


sec a cos a + tano cos a ML 
= Distributive property 
sec a cos a — tan & cos a 


 l-rtanacosa 


= sec a cos a = | 
| — tanacosa 


sin @ 





- cos a 
COS a 

= tana = 
sin « 


sin @ 
COS a 








* COS Q 
COS @ 


| + sine 
| — sina 


On the right side of the original equation, begin by factoring. 


1+2sina+sira (1 + sin ay : . ] 
— — M o e o x” + 2xy t y* = (x + y) 


cos? a cos? a 
(1 + sin a)’ ' ~ 
— Ls cos a = | — sin e 
| — sin a 
a 2 . 
m (1 + sin a) Factor the denominator; 
(1 +sina)(1—sina) x -y = (x + y) -— y). 
1 + sin & 
— me Lowest terms 
l— sina 


We have shown that 


Left side of Common third Right side of 





given equation expression given equation 
seca t tana 1|+sina 1+2sina+sin’a 
seca — tang 1-—sina cos? a i 


verifying that the given equation is an identity. 


Now try Exercise 51. 





An Inductor and a Capacitor 


Figure 3 
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CAUTION Use the method of Example 5 only if the steps are reversible. 


There are usually several ways to verify a given identity. For instance, an- 
other way to begin verifying the identity in Example 5 is to work on the left as 
follows. 








1 sin @ 
+ 
sec a + tang COS @ COS @ 


— - Fundamental identities (Section 5.1) 
sec a — tana l sin @ 





COS Q COS Q 


] + sina 


COS @ " 
= ———— Add and subtract fractions. 
] — sina 


COS Q 


1+ sina mn d 
= M Simplify the complex fraction. 
1 — sina 


Compare this with the result shown in Example 5 for the right side to see that 
the two sides indeed agree. 


EXAMPLE 6 Applying a Pythagorean Identity to Radios 


Tuners in radios select a radio station by adjusting the frequency. A tuner may 
contain an inductor L and a capacitor C, as illustrated in Figure 3. The energy 
stored in the inductor at time t is given by 


L(t) = ksin'(2aFt) 
and the energy stored in the capacitor is given by 
C(t) = k cos?(2aFt), 
where F is the frequency of the radio station and k is a constant. The total energy 
E in the circuit is given by 
E(t) = L(t) + C(t). 
Show that E is a constant function. (Source: Weidner, R. and R. Sells, Ele- 
mentary Classical Physics, Vol. 2, Allyn & Bacon, 1973.) 
Solution 
E(t) = L(t) + C(t) Given equation 
= ksin’(2aFt) + kcos*(27Ft) Substitute. 
= k[sin"(2arFt) + cos"(2arFt)| Factor out k. 
= k(1) sin? 6 + cos? 0 = 1 (Here 0 = 27Ft.) 
=k 


Since k is a constant, E(t) is a constant function. 


Now try Exercise 85. 
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52 ! Exercises 


Perform each indicated operation and simplify the result. 














l secx — csex 
l. cot 0 + —— 2. + 3. tan s(cot s + csc s) 
cot 0 CSCX secx 
4 ( + ) 5 + . 6 ! : 
. cos B(sec CSC PE ur ME x E ce me —M 
P P P csc @ sec 0 sina — 1 sin a + | 
cosx sinx cos 0 sin 0 V" 5 
7, ——— + —— 8. — ———— 9. (1 + sinf) + cost 
sec x  cscx sin 8 | + cos 8 
4 l l . 
10. (1 + tans) —2tans &E ———— —- ———— 12. (sina — cos a) 


l + cos x ] — cos x 


Factor each trigonometric expression. 
13. sin0 — | 14. sec 0 — | 


is) (sin x + IF — (sinx — 1) 16. (tan x + cot x)? — (tan x — cot x) 





2simx + 3sinx + 1 18. 4 tan? B + tan B — 3 
cos'x -2cos x 1 20. cot'x + 3cotx + 2 
sin’ x — cos"x 22. sina + cosa 


Each expression simplifies to a constant, a single function, or a power of a function. 
Use fundamental identities to simplify each expression. 





23. tan 0 cos 0 24. coto sin 25. sec r COS’ 
sin 8 tan csc O sec 0 

26. cott tant 27. mpane 28. Á — 

cos B cot 6 

- 9 

. sin” X 

29. sec?x — 1 30. csct — 1 31. —— + sinxcscx 
COS^.X 

32, + cota tan a 





tan" a 


In Exercises 33—68, verify that each trigonometric equation is an identity. See 
Examples 1—5. 

















cot 9 tan a 
33. = cos 0 34. = sin a 
csc @ sec a 
] — sim tana + | 
CRINE ME 36. —— ———- = sec a 
cos D sec a 
37. cos^G(tan 0 + 1) = I 38. si B(1 + cot’ B) = 1 
39. cots + tans = sec s csc s 40. sin a + tan « ^ cos? a = sec? a 
i LE 
cosa sing : a sin’ 0 
41. T = sec’ a — tan" « 42. = sec 8 — cos 8 
seca  csca cos 0 
4 4 4 cos 0 
43. sn'0— cos @= 2 sin ð — 1 -n 
sin 0 cot 0 


45. (1 — cos’ a) (1 + cosa) = 2 sina — sin a 


46. tano sin a = tana + cosa — | 


47. 
49. 
50. 
51. 
52, 
53. 


54. 
55. 
s. 
57. 


58. 


59. 


60. 
61. 


62. 


64. 


65. 


66. 
67. 


68. 


169. 


170. 


| — sin 0 | + sin 8 
sec a — tan @ 


] + coss ] — cos s 


] — cosx 


r + c 
tan a — seca tana + seca 


csc 6+ cot 0 


!1—cosÓ 1+ cos@ 


pe 
sec^s + tan’s 
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cos 6+ | cos 4 (sec 8 — tan Oy + 1 
tee 48. ————————————— = 2 tan 0 
tan" 0 sec 6 — | sec Ocsc 0 — tan 0 csc 0 
l | : 
= 2 sec’ ð 


] 
= seca + tana 


tan s sin § 
+ = cots + secscsc s 


= (cot x — csc x)" 
l + cos x 


cota tl 1+ tana 


cota—1 1-—tane 


] 1 
= —2 tana 


E 2 - 2 2 2 
sin a sec’ a + sin“ a csc’ a = sec’ a 
= cot ð csc 0 


tan 0 + sin 0 


secx — sec^x = tanx + tan'x 








| — sin 0 ; : 

—— — —— = sec’ 0 — 2 sec B tan 6 + tan 0 

] + sin 0 

sin 0 cos @ 

SIDE COs B i —— p I 
cos 0 sin 0 
sin 0 cos @ 

sin 0 sin Ó cos 0 


= csc (1 + cos" 0) 


sec^s — tan's ; E 
= sec s — fan s 


cott£— 1 


— = |] — 2 şin't 
] + cot 4 


 tamt£— ] | tant — cott 


sec^t tant + cott 


(1 + sinx + cos x) = 2(1 + sin x) (1 + cos x) 


l + cos x ] — cosx 


— —— —— = 4 cot xcsc x 
] — cos x ] + cosx 


, l-^sine 
(sec a — tan a)" = ————— 
| + sina 
(sec œ + csc a) (cos a — sina) = cota — tana 


sinf a — costa 


— 


sina — COs’ a 
A student claims that the equation cos 0 + sin 0 = | is an identity, since by letting 


0 — 90° (or i radians) we get O + | = |, a true statement. Comment on this stu- 
dent's reasoning. | 


An equation that is an identity has an infinite number of solutions. If an equation has 
an infinite number of solutions, is it necessarily an identity? Explain. 


196 CHAPTER 5 Trigonometric Identities 


et Graph each expression and conjecture an identity. Then verify your conjecture 
algebraically. 
71. (sec 0 + tan 6)(1 — sin 0) 72. (csc 0 + cot 0) (sec 0 — 1) 
cos 0 + l l 
Tera 74. tan O sin 0 + cos 0 
sin + tan 6 


S Graph the expressions on each side of the equals sign to determine whether the equation 
might be an identity. (Note: Use a domain whose length is at least 23r.) If the equation 
looks like an identity, prove it algebraically. See Example I. 


2 + 5949083 : sec? s 
75. —————— = 2csc s + 5cot 5 76. ] + cots = — —— 
sin s secs — | 
tans — cots E" i I 
. ——— = 2 sims 78. ——— + ———— = sec’ 
tans + cots I + sins ] — sins 


By substituting a number for s or t, show that the equation is not an identity. 


79. sin(csc s) = 1 80. V/cos!s = coss 
81. cset = V1 + cott 82. cost = V1 — sint 


83. When is sin x = V1 — cos?x a true statement? 


(Modeling) Work each problem. 


84. Intensity of a Lamp | According to Lambert's law, the 
intensity of light from a single source on a flat surface at 
point P is given by 


I = k cos? 0, 
where k is a constant. (Source: Winter, C., Solar Power 
Plants, Springer-Verlag, 1991.) 


(a) Write / in terms of the sine function. 
(b) Why does the maximum value of / occur when 0 = 0? 


85. Oscillating Spring The distance or displacement y of a 
weight attached to an oscillating spring from its natural posi- 
tion is modeled by 


y = 4 cos(27r1), 


where f is time in seconds. Potential energy is the energy of 
position and is given by 





P= ky’, 


where & is a constant. The weight has the greatest potential energy when the spring 
is stretched the most. (Source: Weidner, R. and R. Sells, Elementary Classical 
Physics, Vol. 1, Allyn & Bacon, 1973.) 


(a) Write an expression for P that involves the cosine function. 
(b) Use a fundamental identity to write P in terms of sin(27rt). 


^86. Radio Tuners Refer to Example 6. Let the energy stored in the inductor be given by 
L(t) = 3 cos'(6,000,000/) 
and the energy in the capacitor be given by 


C(t) = 3 sin'(6,000,000/), 
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where f is time in seconds. The total energy E in the circuit is given by 
E(t) = L(t) + C(t). 


(a) Graph L, C, and E in the window [0, 10 ^] by [—1,4], with Xscl = 10°’ and 
Yscl — 1. Interpret the graph. 

(b) Make a table of values for L, C, and E starting at t = 0, incrementing by 10 ’. 
Interpret your results. 

(c) Use a fundamental identity to derive a simplified expression for E(t). 


Sum and Difference Identities for Cosine 





| Difference Identity for Cosine = Sum Identity for Cosine = Cofunction Identities = Applying the Sum and 
Difference Identities 


Difference Identity for Cosine Several examples presented earlier should 
have convinced you by now that cos(A — B) does not equal cos A — cos B. For 
example, if A = 5 and B = 0, then 


T T 
A — B) = cos| — — 0] = cos— = 0, 
cos( ) (2 | COS ) 


while cos A — cos B = cos $ — cos0= 0 — 1— =I. 


We can now derive a formula for cos(A — B). We start by locating angles A 
and B in standard position on a unit circle, with B < A. Let S and Q be the 
points where the terminal sides of angles A and B, respectively, intersect the 
circle. Locate point R on the unit circle so that angle POR equals the difference 
A — B. See Figure 4. 


(cos(A — B), sin(A - B) R 





Figure 4 


Point Q is on the unit circle, so by the work with circular functions in 
Chapter 3, the x-coordinate of Q is the cosine of angle B, while the y-coordinate 
of Q 1s the sine of angle B. 


Q has coordinates (cos B,sin B). 
In the same way, 
S has coordinates (cos A, sin A), 


and R has coordinates (cos(A — B),sin(A — B)). 
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Angle SOQ also equals A — B. Since the central angles SOQ and POR are 
equal, chords PR and SQ are equal. By the distance formula, since PR — SQ, 


V[cos(A — B) — 1} + [sina — B) — OF 
— V/(cos A — cos BY + (sin A — sin B). (Appendix B) 
Squaring both sides and clearing parentheses gives 
cos(A — B) — 2 cos(A — B) + 1 + sin'(A — B) 
= cos? A — 2 cos A cos B + cos? B + sin’ A — 2 sin A sin B + sin’ B. 
Since sin’ x + cos? x = 1 for any value of x, we can rewrite the equation as 
2 — 2 cos(A — B) = 2 —2cosAcos B — 2 sin A sin B 
cos(A — B) = cos A cos B + sin A sin B. Subtract 2; divide by —2. 
Although Figure 4 shows angles A and B in the second and first quadrants, 
respectively, this result is the same for any values of these angles. 
Sum Identity for Cosine To find a similar expression for cos(A + B), 
rewrite A + Bas A — (—B) and use the identity for cos(A — B). 
cos(A + B) = cos[A — (—B)] 


cos A cos( — B) + sin A sin(—B) Cosine difference identity 


| 


cos A cos B + sin A(—sin B) Negative-angle identities 
(Section 5.1) 


| 


cos(A + B) = cos A cos B — sin A sin B 


Cosine of a Sum or Difference 


cos(A + B) = cos A cos B — sin A sin B 
cos(A — B) = cos A cos B + sin A sin B 


Tx 
ilb uma E A E E EEA S AE epa a E AET ERTER S E REEE VETE eet re E : y Mi rient ws f Mel ie DRS nuray xeu bs d v tiaara Th ses eum 
E DOR TOES VA MSDS eee TES SEES GEB EIR POS PAUTAS SEU Re RI TRE guntur PROC RR RE SET CERE fay Die : jig: xor e aS Ae HESS SUE ente ME INED. TION IER UP ER 


These identities are important in calculus and useful in certain applications. 
Although a calculator can be used to find an approximation for cos 15°, for 
example, the method shown below can be applied to get an exact value, as well 
as to practice using the sum and difference identities. 


EXAMPLE 1 Finding Exact Cosine Function Values 


Find the exact value of each expression. 
IT e o H o : o 
(a) cos 15? (b) cos 12 (c) cos 87° cos 93^ — sin 87° sin 93 


Solution 


(a) To find cos 15?, we write 15? as the sum or difference of two angles with 
known function values. Since we know the exact trigonometric function 
values of 45° and 30°, we write 15° as 45° — 30°. (We could also use 
60° — 45°.) Then we use the cosine difference identity. 
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cos 15? = cos(45° — 30°) 


= cos 45? cos 30? + sin 45° sin 30° Cosine difference identity 





v2 v3 V2 1 — 
—— eet un dili ] A 
: E 1 3 " 
Wo? v2 
4 
2T TT TT Tz 20 4 3m 
(b) cos -75 = cos v! 671471 
T T | st o T 
cosConz12? = COS — COS — — sin — Sin — Cosine sum identity 
QOL e : 
. 2588198451 Ve wi Lk we l 
= -rten (Section 3.1) 
2 2 A x 
| vV6- v2 
The screen supports the solu- 4 
tion in Example 1(b) by " " a oak : " 5 
showing that (c) cos 87? cos 93? — sin 87? sin 93? = cos(87? + 93°) 
s 46-35 Cosine sum identity 
COS 12 = "0 


— cos 180* 
—-—] (Section 1.3) 


Now try Exercises 7, 9, and 11. 


Cofunction Identities We can use the identity for the cosine of the differ- 
ence of two angles and the fundamental identities to derive the cofunction iden- 
tities, presented in Section 2.1 for values of 8 in the interval [0°, 90°]. 


Cofunction Identities 


cos(90° — 0) = sin 0 cot(90° — 0) = tan 0 
sin(90° — 0) = cos 0 sec(90? — 0) — csc 0 
tan(90° — 0) = cot 0 csc(90° — 0) = sec 0 


Similar identities can be obtained for a real number domain by replacing 
90? with 7. 


Substituting 90° for A and 0 for B in the identity for cos(A — B) gives 
cos(90° — 6) = cos 90? cos 8 + sin 90? sin 8 
— 0-cos0 - 1- sin 
= sin Ó. 


This result is true for any value of 0 since the identity for cos(A — B) is true for 
any values of A and B. 
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EXAMPLE 2 Using Cofunction Identities to Find 6 





Find an angle @ that satisfies each of the following. 
o : o 3A 
(a) cot 0 — tan 25 (b) sin 0 = cos(—30°) (c) csc A sec 0 


Solution 
(a) Since tangent and cotangent are cofunctions, tan(90° — 6) = cot 0. 


cot 6 = tan 25° 
tan(90° — 8) = tan 25?  Cofunction identity 


90° — 0 = 25° Set angle measures equal. 
0 — 65° 
(b) sin 0 — cos(—30?) 
cos(90? — 8) = cos(—30?)  Cofunction identity 
90° — 0 = —30? 
= 120° 
377 
(c) csc —. = sec 0 
4 
a ç 8a 
sec| — — —] = sec  Cofunction identity 
T 
«(t = sec Ó Combine terms. 
T — 
4 


Now try Exercises 33 and 37. 


NOTE Because trigonometric (circular) functions are periodic, the solutions 
in Example 2 are not unique. We give only one of infinitely many possibilities. 


Applying the Sum and Difference Identities If one of the angles A or B 
in the identities for cos(A + B) and cos(A — B) is a quadrantal angle, then the 
identity allows us to write the expression in terms of a single function of À or B. 


EXAMPLE 3 Reducing cos(A — B) to a Function of a Single Variable 
Write cos(180? — 6) as a trigonometric function of 8. 


Solution | cos(180? — 0) = cos 180? cos 8 + sin 180° sin 6 
Cosine difference identity 


= (—1)cos @+ (0) sin 0 (Section 1.3) 


—cos 0 


Now try Exercise 39. 





(b) 


Figure 5 
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EXAMPLE 4 Finding cos(s + t) Given Information about s and t 





Suppose that sin s = 2, cos t = H, and both s and : are in quadrant II. Find 
cos(s + ft). 


Solution By the cosine sum identity, cos(s + t) = cos s cos t — sin s sin f. 
The values of sin s and cos f are given, so we can find cos(s + t) if we know the 
values of cos s and sin r. To find cos s and sin t, we sketch two angles in the sec- 


ond quadrant, one with sin s — : and the other with cos t = -i See Figure 5. 
In Figure 5(a), since sins = 2 = - we let y — 3 and r — 5. Substituting in 
the Pythagorean theorem, we get x^ + 3° = 5° and solve to find x = —4. Thus, 


12 


COS $ = -$. In Figure 5(b), cos t = —33 = zi so we let x = —12 and r = 13. 


Then (—12)? + y? = 135; we solve to get y = 5. Thus, sin t = x. Now we can 
find cos(s + t). 


cos(s + t) = cos scost — sins sin: Cosine sum identity 


4 12 3 —O Ema 
= —— | —— | — —  — Substitute. 
5 13 5 13 


| 


Now try Exercise 47. 


NOTE In Example 4, the values of cos s and sin tf could also be found by 
using the Pythagorean identities. The problem could then be solved using the 
identity for cos(s + 7) as shown in the example. 


EXAMPLE 5 Applying the Cosine Difference Identity to Voltage 


Common household electric current is called alternating current because the 
current alternates direction within the wires. The voltage V in a typical 115-volt 
outlet can be expressed by the function 


V(t) = 163 sin ot, 


where « is the angular speed (in radians per second) of the rotating generator at 
the electrical plant and f is time measured in seconds. (Source: Bell, D., 
Fundamentals of Electric Circuits, Fourth Edition, Prentice-Hall, 1988.) 


(a) It is essential for electric generators to rotate at precisely 60 cycles per sec 
so household appliances and computers will function properly. Determine w 
for these electric generators. 


^H (b) Graph V in the window [0, .05] by [ —200, 200]. 


(c) Determine a value of @ so that the graph of V(t) = 163 cos(wt — d) is the 
same as the graph of V(t) = 163 sin æt. 
Solution 


(a) Each cycle is 27 radians at 60 cycles per sec, so the angular speed is 
w = 60(277) = 1207 radians per sec. 
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For x =t, (b) Vit) = 163 sin wt = 163 sin !207rt. Because the amplitude of the function 
V(t) = 163 sin 12071 is 163 (from Section 4.1), [—200, 200] is an appropriate interval for the 
200 range, as shown in Figure 6. 


(c) Using the negative-angle identity for cosine and a cofunction identity, 


0 .05 " T T 7T . 
COS] X — — | = ecolo — E "i edis = SIN x. 
) ) X CO ) X In x 


200 Therefore, if @ = 5, then 


Figure 6 V(t) = 163 cos(wt — $) = 163 Ze = z) = 163 sin ot. 


Now try Exercise 71. 


5.3 Exercises 





Concept Check Match each expression in Column I with the correct expression in 
Column II to form an identity. 


I I 


L. cos(x + y) 5. A. COS X COS y + sin x sin y 
2. cos(x — v) = ___ B. cos x 
3. cos(90° — x) = | C. cos x + sinx 
4. sin(90° — x) = _____ D. cos x — sinx 
E. sin x 
F. cos x cos y — sin x sin y 


Use identities to find each exact value. (Do not use a calculator.) See Example 1. 


5. cos 75° 6. cos(—15?) 
7. cos 105° 8. cos(—105?) 
(Hint: 105° = 60° + 45°) (Hint: — 105° = —60° + (—45°)) 
TT T 
9, — 10. — — 
COS 3 0 e =) 
7 2 7 2 
11. cos 40° cos 50° — sin 40° sin 50° 12. cos COS P — sin E sin e 


Example I. 


^F Use a graphing calculator to support your answer for each of the following. See 


13. Exercise 11 14. Exercise 12 


Write each function value in terms of the cofunction of a complementary angle. See 


Example 2. 
T . 2a 
15. tan 87? 16. sin 15° 17. cos — 18. sin — 
12 3 
i . i * ST OT 
19. csc(—14? 24’) 20. sin 142° 14 21. sin 22 cot 


23. sec 146? 42' 24. tan 174° 3' 25. cot 176.9814? 26. sin 98.0142? 
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Use identities to fill in each blank with the appropriate trigonometric function name. See 











Example 2. 
T T "n^ a 7 
27 cot = € 28. sin -7 — | z) 
29. 33° = sin 57° 30. 72° = cot 18° 
31 70° = EN 32. tan 24? — 
«e COS 20? a n 66° 








Find an angle 0 that makes each statement true. See Example 2. 


33. tan 0 = cot(45° + 20) 34. sin 0 = cos(20 — 10°) 

4. 0 

35. sec 0 = csc e + 20°] 36. cos 0 = sin(30 + 10°) 

37. sin(30 — 15?) = cos(@ + 25?) 38. cot(@ — 10?) = tan(20 + 20°) 


Use identities to write each expression as a function of 0. See Example 3. 


39. cos(0? — 6) 40. cos(90° — 0) 41. cos(180° — 0) 42. cos(270? — @) 
43. cos(0? + 8) 44. cos(90° + 0) 45. cos(180? + 0) 46. cos(270? + 0) 


Find cos(s + t) and cos(s — t). See Example 4. 


l 3 
47. cos s = i and sin f — 3° s and t in quadrant II 
2 l , ; 
48. sins = 3 and sin t = T7’ s in quadrant II and ¢ in quadrant IV 
3 : 12 , 
49. sins = * and sin t = 713! s in quadrant I and ¢ in quadrant III 
8 3 
50. cos s — NU and cos t = ls s and f in quadrant IIT 


6 
S]. sins — EN and sin t = PED and ¢ in quadrant I 


v2 V5 
52. cos s = P and sin f = Er s and 1 in quadrant IV 


Concept Check Tell whether each statement is true or false. 

83. cos 42? = cos(30? + 12?) 54. cos(—24°) = cos 16? — cos 40? 
55. cos 74° = cos 60° cos 14? + sin 60? sin 14° 

56. cos 140° = cos 60° cos 80° — sin 60° sin 80° 


m T T T T T 
57. cos — = cos — cos — — sin — sin — 


3 12 4 12 4 
58. cos En = COS a COS = + sin iu sin a 
3 12 4 12 4 
59. cos 70? cos 20? — sin 70° sin 20° = 0 
V2 


60. cos 85° cos 40° + sin 85° sin 40° = EN 


T T 
61. Z = z) = cot 0 62. io = z) = cos 0 
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Verify that each equation is an identity. 


63. (Z + :) = —sinx 64. sec(7 — x) = —secx 


65. cos 2x = cos? x — sin’x (Hint: cos 2x = cos(x + x).) 
66. 1 + cos 2x — cos? x = cosx (Hint: Use the result from Exercise 65.) 


> iF na Jew 
IQ 
a) 





| sical in me , to see how this is done. | i 3 

67. By writing 195? as 180? + 15°, use the identity for cos(A + B) to express cos 195° 
ue cow 139 

68. Use the identity for cos(A — B) to find —cos 15°. 

69. By the results of Exercises 67 and 68, cos 195? — 


70. Find each exact value using the method shown in Exercises 67—69. 





11 
(a) cos 255° (b) cos T 





(Modeling) Solve each problem. 


71. Electric Current Refer to Example 5. 


(a) How many times does the current oscillate in .05 sec? 
(b) What are the maximum and minimum voltages in this outlet? Is the voltage 
always equal to 115 volts? 


CH 72. Sound Waves Sound is a result of waves applying pressure to a person’s eardrum. 
For a pure sound wave radiating outward in a spherical shape, the trigonometric 


function defined by 
P = = cos( 22 — a) 
r À 


can be used to model the sound pressure at a radius of r feet from the source, where 
t is time in seconds, A is length of the sound wave in feet, c is speed of sound in feet 
per second, and a is maximum sound pressure at the source measured in pounds 
per square foot. (Source: Beranek, L., Noise and Vibration Control, Institute 
of Noise Control Engineering, Washington, D.C., 1988.) Let A — 4.9 ft and 
c — 1026 ft per sec. 


(a) Let a — .4 Ib per ft^. Graph the sound pressure at distance r — 10 ft from its 
source in the window [0, .05] by [ —.05, .05]. Describe P at this distance. 

(b) Now let a — 3 and t — 10. Graph the sound pressure in the window [0, 20] by 
[ -2, 2]. What happens to pressure P as radius r increases? 

(c) Suppose a person stands at a radius r so that r — nÀ, where n is a positive 
integer. Use the difference identity for cosine to simplify P in this situation. 
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Sum and Difference Identities for Sine and Tangent 


| Sum and Difference Identities for Sine = Sum and Difference Identities for Tangent = Applying the Sum and 
Difference Identities 





Sum and Difference Identities for Sine We can use the cosine sum and 
difference identities to derive similar identities for sine and tangent. Since 
sin 0 = cos(90° — 6), we replace 0 with A + B to get 
sin(A + B) = cos[90? — (A + B)] Cofunction identity (Section 5.3) 
= cos[(90? — A) — B] 


cos(90? — A) cos B + sin(90? — A) sin B 
Cosine difference identity (Section 5.3) 


sin(A + B) = sin Á cos B + cos A sin B. Cofunction identities 


Now we write sin(A — B) as sin[A + (—B)] and use the identity for 


sin(A + B). 
sin(A — B) = sin[A + (—B)] 
= sin A cos(—B) + cos A sin(—B) Sine sum identity 
sin(A — B) = sin A cos B — cosA sin B Negative-angle identities 
(Section 5.1) 


Sine of a Sum or Difference. 





sin(A + B) = sin A cos B + cos A sin B 


sin(A — B) = sinA cos B — cos A sin B 


Sum and Difference Identities for Tangent To derive the identity for 
tan(A + B), we start with 


sin(A + B) Fundamental identity 
tan(A + B) Ds cos(A E B) (Section 5.1) 
| SinA cos B + cos A sin B Sum identities 


cos A cos B — sin A sin B` 


We express this result in terms of the tangent function by multiplying both nu- 
merator and denominator by LIE 


sin Á cos B + cos A sin B l 
l cos Á cos B  Simøli 
tan( A + B) a € M MN ead Simplify - 
cos A cos B — sin A sin B | complex fraction. 
|| cos Á cos B 


sin A sin B 


Ea mE Multiply numerators; 
ee multiply denominators; 
sinA sinB simplify. 


cosA cosB 
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Since Ë = a 


Replacing B with —B and using the fact that tan(—B) = 


= tan 0, we have 
tan A + tan B 
tan(A + B) = ———————. 
| — tan A tan B 


—tan B give the 


identity for the tangent of the difference of two angles. 


Tangent of a Sum or Difference 


= + ——— 







tan A + tan B nla By tanA — tanB | 
E +. ttu bl : 


wee uan Aton 


Applying the Sum and Difference Identities 


EXAMPLE 1 Finding Exact Sine and Tangent Function Values 


Find the exact value of each expression. 


(a) sin 75? 


Solution 


(a) sin 75° 


Tar 
(b) tan — 


|? 


(b) tan E, 


12 (c) sin 40? cos 160° — cos 40° sin 160° 


sin(45° + 30°) 
sin 45° cos 30° + + cos 45° sin 30° 
v2 v3 


— . 


Sine sum identity 





(Section 2.1) 


Ro 


T T 
» Sina PUE. 


Tangent sum identity 
] — tan 3 tan? 


V3 +1 tái 

= ection 3. 

L— VE -1 

—2ON3-1 149 V3 see ea races 

Se ationalize the denominator. 

“1-13 14 v8 ( e denc 

Vvi-3r-1c-YX3 | 
-———— .— — —— B. 

1-3 

4+2V3 | 

= ee Combine terms. 
RS 

2(2 + V3) 

= - = Factor out 2 in the numerator. 


-2 — V3 


Lowest terms 
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(c) sin 40? cos 160? — cos 40? sin 160? — sin(40? — 160?) 


Sine difference identity 


— sin(—120?) 

= —sin 120?  Negative-angle identity 
V3 

= — > (Section 2.2) 


Now try Exercises 9, 11, and 15. 


EXAMPLE 2 Writing Functions as Expressions Involving Functions of @ — 
Write each function as an expression involving functions of 8. 
(a) sin(30? + 0) (b) tan(45? — 0) (c) sin(180? + 0) 
Solution 
(a) Using the identity for sin(A + B), 

sin(30° + 0) = sin 30° cos 0 + cos 30? sin 6 


] V3 
—. err “> n 0. 


tan 45? — tan 0 ] — tan 6 
b 45° — ) = ————— = M 
UP) tanl 9) 1+tan45°tan@ 1+ tan 
(c) sin(180? + 0) = sin 180? cos 0 + cos 180° sin 0 
= 0 * cos 0 + (— 1) sin 0 (Section 1.3) 


= —sin 6 


Now try Exercises 29 and 33. 


EXAMPLE 3 Finding Function Values and the Quadrant of A + B 


Suppose that A and B are angles in standard position, with sinA = A 


3 « A « m, and cos B = -5, m<B< x Find each of the following. 
(a) sin(A + B) (b) tan(A + B) (c) the quadrant of A + B 
Solution 


(a) The identity for sin(A + B) requires sin A, cos A, sin B, and cos B. We are 
given values of sin A and cos B. We must find values of cos A and sin B. 


sin? A + cos? A = 1 Fundamental identity (Section 5.1) 


Lal 


16 
js + cos A= I sin A = 


9 
2 16 
COS A = Subtract 52. 
25 " 
Take square roots (Appendix A); since 


cos A = * A is in quadrant II, cos A « 0. 
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In the same way, sin B — — i. Now use the formula for sin(A + B). 
l 4 5 3 12 
sin(A + B) = 4(-5) T (i) 4 
5 13 5 13 
_ 20 , 36_ 16 
65 65 65 


(b) To find tan(A + B), first use the values of sine and cosine from part (a) to 
gettanA = —% and tan B = => 


4 l 16 16 
E dE: 15 is _ 16 
tan(A + B) = "WP ie Rabe: 
uz! (3) l+75 15 6 
(c) From parts (a) and (b), sin(A + B) = 2 and tan(A + B) = 2o both posi- 


tive. Therefore, A + B must be in aun ut I, since it 1s the only quadrant in 
which both sine and tangent are positive. 


Now try Exercise 41. 


EXAMPLE 4 Verifying an Identity Using Sum and Difference Identities 


Verify that the equation is an identity. 


T Ti 
in( Z =F ] F (4 + ] = COS $ 


Solution Work on the left side, using the sum identities for sin(A + B) and 


cos(A + B). 
; TT TT 
simi — tsi teos +s 
6 3 
_ T T, T" 
= (sin Fa COS § + COS 6 sin ] Sine sum identity 


4T . TT * e : . 
KE (co 4 COS $ — sin 4 sin ] Cosine sum identity (Section 5.3) 


| V3. SALT "MET. 

= | — coss T —— sins sing = 3; COS & — 75- 
P 2 I i 
I ME . Zw [nci R 

+ {| — coss — ——-Sms COS 3 = 3; Sin 35 => 
2 2 : c e 


l l 
= — cos s t — COS S 
2 2 


= COS S 


Now try Exercise 59. 
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54 Exercises 


B 1. Compare the formulas for sin(A — B) and sin(A + B). How do they differ? How are 
they alike? 


B 2. Compare the formulas for tan(A — B) and tan(A + B). How do they differ? How are 
they alike? 





Concept Check Match each expression in Column I with its value in Column II. See 


Example 1. 
I II 

+ 

3. sin 15° A. eM 

-v6 — V2 

5. tan 15° C. V6 - v3 
4 

6. tan 105? D. 2 + V3 

7. sin(— 105°) E. 2 - V3 

8. tan(— 105°) E. 23 v3 


Use identities to find each exact value. See Example I. 


5T 5 T 
9. sin — 10. tan — 11. tan — 
12 12 12 
T 1% TT 
12. sin — 13. sin| —— 14. —— 
sin 12 in z) a z) 
15. sin 76? cos 31? — cos 76° sin 31? 16. sin 40? cos 50? + cos 40° sin 50? 
7 tan 80° + tan 55° 18 tan 80° — tan(—55°) 
' 1 — tan 80? tan 55° ' 1 + tan 80° tan(—55?) 
tan 100? + tan 80? 
19. ————————— 20. si j 10° — ? sin 10° 
| — tan 100° tan 80° 0. sin 100° cos 10 cos 100° sin 10 
a 3r aT . 30 tan 23 + tan 7 
21. sin — cos — + cos — sin — Ad, aam 
= 10 3 10 | — tan 52 tan 7 


Use identities to write each expression as a single function of x or 0. See Example 2. 


23. cos(30? + 0) 24. cos(45? — 8) 25. cos(60? + 8) 
3 

26. cos(0 — 30?) 27. cos 32 — J 28. sin(45? + 0) 

29. tan(@ + 30°) 30. tan (= n x) 31. TE +4 =) 

32. sin(180? — 0) 33. sin(270? — 8) 34. tan(180? + 60) 

35. tan(360? — 8) 36. sin(7 + 0) 37. tan(a — 0) 


=)38. Why is it not possible to follow Example 2 to find a formula for tan(270° — 8)? 
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tan 65.902? + tan 24.098? " 
1 — tan 65.902? tan 24.098? ` 


40. Show that if A, B, and C are the angles of a triangle, then sin(A + B + C) = 0. 


B 39. What happens when you try to evaluate 


Use the given information to find (a) sin(s + t), (b) tan(s + t), and (c) the quadrant of 
s + f. See Example 3. 


3 3 
4l. cos s = * and sin f = 1373 and f in quadrant I 


l 3 
42. cos s = "s and sin f = s s and t in quadrant II 
2 l| X 
43. sins = = and sin f = 7a sin quadrant II and ¢ in quadrant IV 
3 I : 
44. sin s = — and sin f = — 1^5 in quadrant I and f in quadrant III 
45. cos s — ^1 and cos f = TFS and fin quadrant III 
15 4 . l 
46. coss = 71 and sin f = 5° s in quadrant II and f in quadrant I 


Find each exact value. Use the technique developed in Section 5.3, Exercises 67-70. 


47. sin 165? 48. tan 165? 49. sin 255? 
Ily 1347 
; p i —— 25 Sil] -————— 
50. tan 285 5]. tan T 5 a l2 


^ Graph each expression and use the graph to conjecture an identity. Then verify your 
conjecture algebraically. 


3 Des 
CM LONE SR da eae]. Saa ea Bo oe 
2 2 2 I — tan x 


Verify that each equation is an identity. See Example 4. 
57. sin 2x = 2sinxcosx (Hint: sin 2x = sin(x + x)) 
58. sin(x + y) + sin(x — y) = 2 sin x cos y 

59. sin(210? + x) — cos(120? + x) = 0 


2(tan x — tan y 
60. tan(x — y) — tan(y — x) = EN DE 
| + tan x tan y 


p E DL coe a D uns 
cos a sin B COS $ cost 

63. sin(x — y) _ tanx — tan y 64 sin(x + y) _ Cot x + cot y 

~ sin(x + y) tanx + tan v "cos(x — y) 1 + cot xcot v 

sin(s — 7) " cos(s — f) _ sin s tan(a + B) — tan B 


y ; ` = tana 
sin f COS t sin f COS t | + tan(a + B) tan B 
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ME | A ' z j " E — Jm 
Relating Concepts 

For individual or collaborative investigation 

(Exercises 67—72) 


Refer to the figure on the left below. By the definition of tan 0, m — tan 0, where m is the 
slope and 0 is the angle of inclination of the line. The following exercises, which depend 
on properties of triangles, refer to triangle ABC in the figure on the right below. Work 
Exercises 67—72 in order. Assume that all angles are measured in degrees. 





67. In terms of B, what is the measure of angle ABC? 
68. Use the fact that the sum of the angles in a triangle is 180? to express 0 in terms of 


a and f. 
69. Apply the formula for tan(A — B) to obtain an expression for tan @ in terms of tan a 
and tan £. 
. : ; Mı m; 
70. Replace tan œ with m, and tan B with m, to obtain tan 0 = —— —— —. 
I + mnm. 


Fd In Exercises 71 and 72, use the result from Exercise 70 to find the angle between each 
pair of lines. Use a calculator and round to the nearest tenth of a degree. 


7l. x - y ^ 9, 2x - y i 72. Sx - 2y - 4-0, 3x + 5y = 6 





(Modeling) Solve each problem. 


73. Back Stress If a person bends at the 
waist with a straight back making an 
angle of 0 degrees with the horizontal, 
then the force F exerted on the back 
muscles can be modeled by the equation 


_ .6Wsin( + 90°) 
sin 12° i 


where W is the weight of the person. 
(Source: Metcalf, H., Topics in Classical 
Biophysics, Prentice-Hall, 1980.) 

(a) Calculate F when W = 170 lb and 

0 = 30°. 
(b) Use an identity to show that F is approximately equal to 2.9W cos 0. 
(c) For what value of 0 is F maximum? 
74. Back Stress Refer to Exercise 73. 


(a) Suppose a 200-Ib person bends at the waist so that 0 = 45°. Estimate the force 
exerted on the person's back muscles. 
b) Approximate graphically the value of 0 that results in the back muscles exerting 
a force of 400 Ib. 
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75. Voltage A coil of wire rotating in a magnetic field induces a voltage 


20 si Tí am 
= i) = 7, 
T i 4 2 
Ti 


Use an identity from this section to express this in terms of cos 4. 
Fs 76. Voltage of a Circuit When the two voltages 


V, = 30 sin I207t and V, = 40 cos 1207t 


are applied to the same circuit, the resulting voltage V will be equal to their sum. 
(Source: Bell, D., Fundamentals of Electric Circuits, Second Edition, Reston 
Publishing Company, 1981.) 

(a) Graph the sum in the window [0, .05] by [—60. 60]. 

(b) Use the graph to estimate values for a and œ so that V = a sin(1207rt + œ). 

(c) Use identities to verify that your expression for V is valid. 


5 | Double-Angle Identities 


Double-Angle Identities = Product-to-Sum and Sum-to-Product Identities 





Double-Angle Identities When A = B in the identities for the sum of two 
angles, these identities are called the double-angle identities. For example, to 
derive an expression for cos 2A, we let B = A in the identity cos(A + B) = 
cos A cos B — sinA sin B. 

cos 2A = cos(A + A) 

= COS Á COS Á — sin A sin A Cosine sum identity (Section 5.3) 
cos 2A = cos A — sin" A 
Two other useful forms of this identity can be obtained by substituting 

either cos’ A = 1 — sin A or sin A = I — cos! A. Replace cos? A with the 
expression 1 — sin? A to get 


cos 2A = cos? A — sin? A 


I 


(1 — sin’ A) — sim A Fundamental identity (Section 5.1) 
cos 2A = ] — 2sin A, 
or replace sin’ A with | — cos? A to get 


cos 2A = cos? A — sin’ A 


| 


cos? A — (1 — cos? A) Fundamental identity 
Y} 
= cos? A — 1 + cos” A 


cos 2A = 2 cos A — I. 


Looking Ahead to Calculus 


The identities 
cos 2A = 1 — 2sin’ A 
and cos2A = 2cos*A — 1 


can be rewritten as 
s 1 
sinf A = 7; — cos 2A) 
ò l 
and cos!A = X (1 + cos 2A). 
These identities are used to integrate 


the functions f(A) = sin’ A and 
g(A) = cos? A. 
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We find sin 2A with the identity sin(A + B) = sin A cos B + cos A sin B, 
letting B = A. 
sin 2A = sin(A + A) 
= sin Á cos Á + cos Á sin A Sine sum identity (Section 5.4) 
sin 2A = 2 sin A cos A 


Using the identity for tan(A + B), we find tan 2A. 


tan 2A = tan(A + A) 
tanA + tanA 
E I — tan A tan Á 
2 tan Á 
| — tan’ A 


Tangent sum identity (Section 5.4) 


tan 2A — 







Double-Angle Identities 





cos 2A = 1 — 2si A 
sin 2A = 2 sin A cos A 


2 tan Á 
1 — tan! A 


T z à s EE LT m oe Meare ae tae We adie an Utne tah AAR TL Ga G SUES tga ee n aeg Dod 


cos 2A = cos? A — sin? A 
cos 2A = 2 cos A — 1 


tan 2A = 








EXAMPLE 1 Finding Function Values of 28 Given Information about 0 
Given cos 0 — z and sin 0 < 0, find sin 26, cos 20, and tan 280. 


Solution To find sin 20, we must first find the value of sin 0. 


; A 
sto (2) =1 sin? @ + cos? 9 = 1: cos 0 = à 


16 
sin? 9 — 25 Simplify. 


; 4 Take square roots (Appendix A); choose the 
Em gu = “5 negative square root since sin 6 < 0. 
Using the double-angle identity for sine, 


sin 20 = 2 sin 0 cos 0 


4 3 24 
= (-2) (3) Uu» een 


Now we find cos 26, using the first of the double-angle identities for cosine. 
(Any of the three forms may be used.) 


Unus 


cos 20 = cos? 0 — sin’ 0 


—— 
— —— a — Gee c 
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The value of tan 20 can be found in either of two Ways. We can use the double- 





" : si TUE 3 
angle identity and the fact that tan 0 — ane = ER = -i + Š= -ź ; 2 — -1. 
5 
4 8 
2 tan 0 2(—4) $5 24 
l-taré@ Jos -$ 317 


simplify the complex fraction. 


Alternatively, we can find tan 20 by finding the quotient of sin 20 and cos 20. 





sin20 — -5 _ 24 


Now try Exercise 15. 


EXAMPLE 2 Finding Function Values of @ Given Information about 20 


Find the values of the six trigonometric functions of 0 if cos 20 =% and 
90? < 8 < 180°. 


Solution Use one of the double-angle identities for cosine to get a trigono- 
metric function value for 6. 


cos 20 = | —2sin 0 











4 . n | 4 
— = | — 2 sin 8 cos 20 == 
5 
1 " 
~— = —2sin 0 Subtract 1. 
5 
l = | 
— = sin’ 0 Multiply by —5. 
10 ] 
l Take square roots; choose the positive square 
2 q | q 
sin 0 = = F T r 
10 root since @ terminates in quadrant II. 
: |, VIO VI ga CLE 
sin Up a a uotient rule; rationalize the denominator. 
vlo v10 l 
J Now find values of cos 0 and tan 0 using the fundamental identities or by 
| sketching and labeling a right triangle in quadrant IL. From the triangle in 
Figure 7, 
pou 2L I Exe (Section 1.3) 
l GS Eo an an @ = —~ = ——-. (Section 1. 
V 10 10 eS 3 
Fj Find the other three functions using reciprocals. 
igure 7 
| l v 10 l 
CS m m VIO, sec 9 = par cot 0 = RESO 
sin 0 cos 0 2 tan 0 


Now try Exercise 9. 
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EXAMPLE 3 Verifying a Double-Angle Identity 
Verify that the following equation is an identity. 
cot x sin 2x = 1 + cos 2x 


Solution We start by working on the left side, using the hint from Section 5.1 
about writing all functions in terms of sine and cosine. 





A COS X : : i ; 
cot x sin 2x = — * sin 2x Quotient identity 
sın Xx 


COS X , 
= -(2 sinx cos x)  Double-angle identity 
Sin X 





= 2 COS’ s 


= 1 + cos 2x cos 2x = 2 cos? x — l,so 
2 cos? x = 1 + cos 2x 


The final step illustrates the importance of being able to recognize alterna- 
tive forms of identities. 


Now try Exercise 37. 


EXAMPLE 4  Simplifying Expressions Using Double-Angle Identities 
Simplify each expression. 

(a) cos? 7x — sim? 7x (b) sin 15? cos 15? 
Solution 


(a) This expression suggests one of the double-angle identities for cosine: 
cos 2A = cos? A — sin’ A. Substituting 7x for A gives 


cos? 7x — sin? 7x — cos 2(7x) — cos 14x. 


(b) If this expression were 2 sin 15? cos 15?, we could apply the identity for 
sin 2A directly since sin 2A = 2 sin A cos A. We can still apply the identity 
with A = 15° by writing the multiplicative identity element 1 as 12). 


l 
sin 15° cos 15° = z (2 sin 15° cos 15°. Multiply by 1 in the form $ (2). 


l 
= F (2 sin 15° cos 15^) Associative property 


l 
= T sin(2 - 15°) 2 sin A cos A = sin 2A, with A = 15° 
= — sin 30° 

i d l i 


= — . — = — sin 30° = 5 (Section 2.1) 


Now try Exercises 17 and 19. 
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Identities involving larger multiples of the variable can be derived by re- 
peated use of the double-angle identities and other identities. 


EXAMPLE 5  Deriving a Multiple-Angle Identity 


Write sin 3x in terms of sin x. 


Solution 

sin 3x = sin(2x + x) 
= sin 2x cos x + cos 2x sin x Sine sum identity 

(Section 5.4) 

= (2 sin x cos x) cos x + (cos? x — sin? x) sin x Double-angle identities 
= 2 sin x cos? x + cos? x sin x — sin’ x Multiply. 
= 2 sin x(1 — sim? x) + (1 — sin? x) sin x — sim x cos?x 1 — sin’ x 
= 2sinx — 2 sin? x + sin x — sin? x — sin’ x Distributive property 
= 3 sin x — 4sin’ x Combine terms. 


Now try Exercise 29. 


The next example applies a multiple-angle identity to answer a question 
about electric current. 


^J EXAMPLE 6 Determining Wattage Consumption 





If a toaster is plugged into a common household outlet, the wattage consumed is 
not constant. Instead, it varies at a high frequency according to the model 

y? 

W= —, 

R 
where V is the voltage and R is a constant that measures the resistance of 
the toaster in ohms. (Source: Bell, D., Fundamentals of Electric Circuits, 
Fourth Edition, Prentice-Hall, 1998.) Graph the wattage W consumed by a typi- 
cal toaster with R = 15 and V = 163 sin 1207: in the window [0, .05] by 
[ —500, 2000]. How many oscillations are there? 





Solution Substituting the given values into the wattage equation gives 


an (i63 sin 1207)? _ V? _ (063 sin 1207 
wth , Od rins? A as 3 
2000 
To determine the range of W, we note that sin 1207rt has maximum value 1, so 
the expression for W has maximum value n = 1771. The minimum value is 0. 
The graph in Figure 8 shows that there are six oscillations. 
i is Now try Exercise 65. 
-500 
Figure 8 Product-to-Sum and Sum-to-Product Identities Because they make it 


possible to rewrite a product as a sum, the identities for cos(A + B) and 
cos(A — B) are used to derive a group of identities useful in calculus. 


Looking Ahead to Calculus 


The product-to-sum identities are used 
in calculus to find integrals of func- 

tions that are products of trigonometric 
functions. One classic calculus text in- 


cludes the following example: 
Evaluate Í cos 5x cos 3xdx. 
The first solution line reads: 


“We may write 


cos 5x cos 3x = = leos 8x + cos 2x].” 
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Adding the identities for cos(A + B) and cos(A — B) gives 


cos(A + B) = cos A cos B — sin A sin B 
cos(A — B) = cos A cos B + sin A sin B 


cos(A + B) + cos(A — B) = 2 cos A cos B 
l 
or cos A cos B = z Leos(A + B) + cos(A — B)]. 
Similarly, subtracting cos(A + B) from cos(A — B) gives 
I 
sin A sin B = 7; |cos(A — B) — cos(A + B)]. 


Using the identities for sin(A + B) and sin(A — B) in the same way, we get 
two more identities. Those and the previous ones are now summarized. 


Product-to-Sum Identities 


cos A cos B = + feos(A + B) + cos(A — B)] 


1 
sin A sin B = z [osl — B) — cos(A + B)] 


sin A cos B = = [sinc + B) + sin(A — B)] 


1 
cos A sin B = z [Sin + B) — sin(A — B)] 


VIVC TNNT s UT 





EXAMPLE 7 Using a Product-to-Sum Identity 
Write cos 20 sin 0 as the sum or difference of two functions. 


Solution Use the identity for cos A sin B, with 20 = A and 0 = B. 
l 
cos 20 sin 0 — 7 Lsin(2 0 + 0) — sin(20 — 8)] 
1 1 
= — sin 30 — — sin 0 
z sin 7 
Now try Exercise 55. 


Another group of identities allows us to write sums as products. 


Sum-to-Product Identities 
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Sum-to-Product Identities (continued) 


+ B — B 
cosA + cos B — 2 cos( 4 cos( 4 








2 d 


A+B — B 
cos A — cos B = —2 zi 2 Je (525) 


EXAMPLE 8 Using a Sum-to-Product Identity 





Write sin 20 — sin 40 as a product of two functions. 


Solution Use the identity for sin A — sin B, with 20 = A and 40 = B. 


20 + 40 20 — 40 
sin 20 — sin 40 = 2 cos) sin( 7) 


MA VS = 
2 2 


= 2 cos 30 sin( — 6) 
= —?2 cos 30 sin 0  sin(—0) = —sin 0 (Section 5.1) 


Now try Exercise 59. 


55 Exercises 


Concept Check Match each expression in Column I with its value in Column II. 





I II 
2 1 
I. 2609575" — T A. 3 
2 tam 15° » V2 
"1 = tan? 15? " 2 
3 
3. 2 sin 22.5? cos 22,5? C. T 
4. cos? — — sin? — D. —V3 
6 6 
3 
5. 2 sin — cos — E. v3 
3 3 3 
6. — tan 3 
d T 
p= tan’ 3 


Use identities to find values of the sine and cosine functions for each angle measure. See 
Examples 1 and 2. 


3 
7. 0, given cos 20 = 5 and @ terminates in quadrant I 


3 
8. 6, given cos 26 = A and @ terminates in quadrant III 
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5 
9. 6, given cos 26 = ET and = « «m 


10. x. given cos 2x = 


ww [to 


" 
BUE oe 


11. 20, given sin 0 = — and cos 0 < 0 


Un | bo 


12 
12..28. given cos 0 = Er and sin 0 > 0 
13. 2x, given tan x = 2 and cos x > 0 


5 l 
14. 2x, given tan x = 3 and sin x < 0 
ee v5 
15. 26, given sin 0 = 7.3 and cos 0 > 0 


v3 
16. 20, given cos 0 = E and sin 0 > 0 


Use an identity to write each expression as a single trigonometric function value or as a 
single number. See Example 4. 

2 tan 15° 
| — tan? 15? 


o o 


| l 
21. 2 cos? 67 = ] 


17. cos? 15? — sin’ 15? 18. 19. | — 2 sin? 15° 


: l 
20. 1 — 2 sin“ 22— 


tan 34? 
` 2(1 — tan? 34°) 


tan 51? 
23, —— 24 
| = tan 3l" 





2 2 
27, sin? — coe 
5 5 


28. cos? 2x — sin? 2x 


l 
26. z sin 29.5? cos 29.5? 


Express each function as a trigonometric function of x. See Example 5. 


29. cos 3x 30. sin 4x 3l. tan 3x 32. cos 4x 


^H Graph each expression and use the graph to conjecture an identity. Then verify your 


conjecture algebraically. 


4 tan x cos?^x — 2 tan x 
33. cos* x — sin’ x gf, -————————————5 
] — tan x 


2 tan x cotx— 1 
295 = a Us — 
2 REC" X 2 cot x 
Verify that each equation is an identity. See Example 3. 


sec? x + sec’ x 


37. (sin x + cos x) = sin2x + 1 38. sec 2x = —————— | 
2 t sec x — Sec Xx 
4 . 2 tan x 
39, tan 8k — tan 8k tan’ 4k = 2 tan 4k 40. sin 2x = ——_,— 
] + tan’ x 
2 — sec 2 tan 0 
41. cos2y — Ss 42. —tan 20 = — ——— 
l sec y sec e 
um . | + cos 2x 
43. sin 4x — 4 sin x cos x cos 2x 4. ———— = cot x 


sin 2x 
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45. tan(0 — 45?) + tan(0 + 45°) = 2 tan 20 





1 — tan? 20 
46. cot 40 = —— ——— 
2 tan 20 
2 20 
47. = = cot 0 — tan @ 
sin 20 


48. sin 4x = 4 sin x cos x — 8 sin’ x cos x 

49. sin 2A cos 2A = sin 2A — 4 sin? A cos A 
| — tan? x 

50. cos 2x = ———À— 

| + tan^ x 

51. tans + cot s = 2 csc 2s 

52. 

53. ] + tanx tan 2x = sec 2x 


54. cot 0tan(0 + 7) — sin(a — 8) (2 = o) = cos? 6 


Write each expression as a sum or difference of trigonometric functions. See Example 7. 


55, 2 sin 58° cos 102° 56. 2 cos 85? sin 140° 


57. 5 cos 3x cos 2x 58. sin 4x sin 5x 


Write each expression as a product of trigonometric functions. See Example 8. 


59, cos 4x — cos 2x 60. cos 5x + cos 8x 61. sin 25° + sin(—48?) 
62. sin 102? — sin 95? 63. cos 4x + cos 8x 64. sin 9x — sin 3x 


I (Modeling) Solve each problem. 


65. Waitage Consumption Refer to Example 6. Use an identity to determine values of 
a, c, and w so that W = a cos(wrt) + c. Check your answer by graphing both expres- 
sions for W on the same coordinate axes. 


66. Amperage, Wattage, and Voltage Amperage is a measure of the amount of elec- 
tricity that is moving through a circuit, whereas voltage is a measure of the force 
pushing the electricity. The wattage W consumed by an electrical device can be 
determined by calculating the product of the amperage / and voltage V. (Source: 
Wilcox, G. and C. Hesselberth, Electricity for Engineering Technology, Allyn & 
Bacon, 1970.) 


(a) A household circuit has voltage 
V = 163 sin 1207t 
when an incandescent lightbulb is turned on with amperage 
I = 1,23 sin 1207rt. 


Graph the wattage W — VI consumed by the lightbulb in the window [0, .05] by 
[ —50, 300]. 
(b) Determine the maximum and minimum wattages used by the lightbulb. 
(c) Use identities to determine values for a, c, and w so that W = a cos(wt) + c. 
(d) Check your answer by graphing both expressions for W on the same coordinate axes. 
(e) Use the graph to estimate the average wattage used by the light. For how many 
watts do you think this incandescent lightbulb is rated? 
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Half-Angle Identities 





Half-Angle Identities = Applying the Half-Angle Identities 


Half-Angle Identities From the alternative forms of the identity for cos 2A, 
we derive three additional identities for sin å, COS å, and tan 5. These are 
known as half-angle identities. 
To derive the identity for sin A, start with the following double-angle iden- 
tity for cosine and solve for sin x. 
cos 2x = 1 — 2 sin" x 


> ï E" 
2 sinf x = 1 — cos 2x Add 2 sin“ x; subtract cos 2x. 





sin x = = Divide by 2; take square roots. (Appendix A) 


2 


A || — cos A à 
sin <_< = | s AE Let 2x = A, so x = 5; substitute. 


The + sign in this identity indicates that the appropriate sign is chosen de- 
pending on the quadrant of 5. For example, if S is a quadrant III angle, we 
choose the negative sign since the sine function is negative in quadrant III. 

We derive the identity for cos $ using the double-angle identity 
cos 2x = 2 cosx — 1. 


] + cos 2x = 2 cos* x Add 1. 
: | + cos 2x — 
cosx em Rewrite; divide by 2. 
2 
] + cos 2x 
cosx = = + |——__ Take square roots. 
2 
A |l + cos A ox 
Cos z^ = = \ — Replace x with 5. 


An identity for tan 4 comes from the identities for sin 4 and cos o. 


. Á 
| sin 5 1 = Cos A 
NE — = E oda Pct 
£ COS 5 Y | + cos A 





We derive an alternative identity for tan $ using double-angle identities. 


NES TE. A 
Sina —— 2 sin cos Multiply by 2 cos 4 in numer- 





m 9 i COS 4 i 2 cos? 4 ator and denominator. 
in 2(5) ism. 
PENNE E Double-angle identities 
EEFT 
1 + cos 2(5) (Section 5.5) 
A sin A 
ae = 


2 | + cos A 
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A sin A A ] —cosA 
From the identity tan — = ——— —., dlap Gene lah” o 
rom the identity tan > Tuc we can also derive tan 5 2m A 


Half-Angle Identities 


„_ [Lt cosa + si A A _ ^, [La sos _ T 
cos A. = — 
Fos 
A £ 1 — cos A arse sin A re 
2 1+cosA 2 1l + cosA 2 sin A 


- -= pare: SEEMS one SU ditta NA tutt 
TID - E DEEST ae ES EERE SEER RESO SRR RR EN, 





NOTE The last two identities for tan $ do not require a sign choice. When 
using the other half-angle identities, select the plus or minus sign according to 


the quadrant in which E terminates. For example, if an angle A — 324^, then 
5 = 162^, which lies in quadrant II. In quadrant II, cos 2 and tan - are negative, 


while sin 4 iS positive. 


Applying the Half-Angle Identities 


EXAMPLE 1 Using a Half-Angle Identity to Find an Exact Value 


Find the exact value of cos 15? using the half-angle identity for cosine. 





Solution 


] + cos 30? 
2 


Choose the positive square root. 


ex t-h jet lee, Veecws 
2 2:2 3 


Simplify the radicals. 


] 
cos 15? — cos 5 90) = 


Now try Exercise 11. 


EXAMPLE 2 Using a Half-Angle Identity to Find an Exact Value 
Find the exact value of tan 22.5° using the identity tan 4 = ps. 


Solution Since 22.5° = 5 (45°), replace A with 45°. 











PT = ee = X = Ls 
2 1 + cos 45° pax | Y 2 
V2 = V2 2 =W 77-2 Rationalize the 
p 4592 2y? t= V2 2 denominator. 
2V2 — 1 
E Factor out 2. 


Now try Exercise 13. 
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EXAMPLE 3 Erg Function Values of 5 Given Information about s 
Given cos 5 — 7 with 2 X» < s < 27, find cos 5, sin 5, and tan 5. 


Solution Since 


AT 
g on 


and 4 < p < m, Divide by 2. (Appendix A) 

5 terminates in quadrant II. See Figure 9. In quadrant II, the values of cos 5 and 
S . - os $ a * ox x 

tan 5 are negative and the value of sin 5 is positive. Now use the appropriate half- 

angle identities and "M the radicals. 


Figure 9 -4 t \ 6 
sin — a == 
vy- 6 


5 NET V5 V6 V30 
CUM — = — a o — n< L MÁL e 
2 NET v6 \/6 6 


s sing vi V6 V6 V30 .J VISO (6V5 _ S 


tan — = = — > = — — s — EE 


2 cos} =%  —4/30 v30 v30 30 6-5 5. 


Notice that it is not necessary to use a half-angle identity for tan 5 once we find 
sin 5 and cos 5. However, using this identity would provide an excellent check. 

















Now try Exercise 19. 


EXAMPLE 4  Simplifying Expressions Using the Half-Angle Identities 


Simplify each expression. 


1 + cos 12x | — cos Sa 
(a) +4 | —— (b) —— — 
2 sin 5a@ 


Solution 


(a) This matches part of the identity for cos $, 


Á l + cosA 
COS — — SSS 
Pi 2 


Replace A with 12x to get 


1 + cos 12x 12x 
+ 4 | — = cos — = cos Óx. 
7 2 


(b) Use the third identity for tan 2 given earlier with A — 5a to get 


It 


1 — cos 5a 5a 
— —— = tan —. 
sin 5a@ 2 


Now try Exercises 37 and 39. 
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EXAMPLE 5 Verifying an Identity 
Verify that the following equation is an identity. 


x x V 
[sd +F COS 3 = | + snx 
2 2 


fom 


Solution We work on the more complicated left side. 


o X x X 
sin — + cos — 
2 2 


ss di x X jx Lo 
sum — + 2sin— cos -€08& — la bl-—a + 2ab +b 
2 2 2 2 


x x zm | 
=f uri E sin? 5 + cos! 5 = | 

" X ` i \ . Y | 
= | + sin2 E 2 sin 5 cos 5 = sin 2(5] 
= | + sinx 


Now try Exercise 51. 


5.6 Exercises 





Concept Check Determine whether the positive or negative square root should be 


selected. 
| — cos 390° 1 + cos 116? 
+ q | — 2. cos 58° = + , | — 
2 2 
| = 450? | — cos( 20° 
ee BM LLLA iy S050 
| + cos 450° 2 


Match each expression in Column I with its value in Column Il. See Examples I and 2. 


1. sin 195? 


5. tàn 225^ 


| 


I II 
2 — 2 

5. sin 15? 6. tan 15? A. 2 — V3 B. A 

T T D eee RU MAE V2 
T. cos — 8. tan{ —— C. —————— D == 

5 8 2 2 
9. tan 67.5? 10. cos 67.5? E. 132 F. 14 V2 
Use a half-angle identity to find each exact value. See Examples 1 and 2. 
11. sin 67.5? 12. sin 195? 13. cos 195? 
14. tan 195? 15. cos 165? 16. sin 165? 


—|17. Explain how you could use an identity of this section to find the exact value of 
sin 7.5°. (Hint: 7.5 = 4(3)(30).) 
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18. The identity tan 4 — X A/1——954 can be used to find tan 22.5? = V3 — 2 V2, and 
2 1+ cosA 


the identity tan = —“24- can be used to find tan 22.5° = V2 — 1. Show that 
these answers are the same, without using a calculator. (Hint: If a > 0 and b > 0 
and a” = P?, then a = b.) 


Find each of the following. See Example 3. 
19 ;—. gi E thO « x « EE 
. COS 3 given cos x = 7> wi ** 
20. sin—, gi LH NE 
. Sin —, given cos x = ——, with — « x « ar 
is 8 2 
0 . NP 
2D tan PE given sin 0 = s' with 90° < 0 < 180° 
0 l : 
22. cos uS given sin 0 = "Es with 180? < 0 < 270? 
a ur T 
23. sin PE given tan x = 2, with 0 < x < E 
x. 0007 
24. E given cot x — —3, with E «x« 
0 . V1 . 
25. tan 3" given tan 0 = 737 with 180? « 0 « 270? 


0 5 
26. cot, given tan 0 = An with 90? « 0 « 180? 


27. sin 0, given cos 20 = — and 0 terminates in quadrant I 


in | Geo 


l 
28. cos 0, given cos 20 = — and @ terminates in quadrant II 


3 T 
29. cos x, given cos 2x = 712 with E3 <x< 7 


: : 2, dor 
30. sin x, given cos 2x — 4° with 7 «x < E 


31. Concept Check If cos x = .9682 and sin x = .25, then tan 5 = 
32. Concept Check If cos x = —.75 and sin x = .6614, then tan 5 = 


Use an identity to write each expression as a single trigonometric function. See Example 4. 


33. ] — cos 40? 34. | + cos 76? 35. | = cos 147° 
2 2 1 + cos 147° 


] + cos 165° | — cos 59.74° sin 158.2? 
36. —— 37. —————— 38. ——————— 
] — cos 165? sin 59.74? | + cos 158.2? 


ad ee ] + cos 18x 40. + 1 + cos 20a dia 1 — cos 80 

2 2 | + cos 80 

gv x . 30 

NEN DRE jj n E 44, - [1 — 985 
1 + cos 5A 2 2 
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^J Graph each expression and use the graph to conjecture an identity. Then verify your 
conjecture algebraically. 
sin x ] — cos x 


45, ————— 46. - 
| + cosx sin x 


X X: 
tan 5 + cot 5 „X X 
dy oc 48. 1 ^ 8 sin? E cos? a 


cots — tan5 


Verify that each equation is an identity. See Example 5. 








X 2 X | + cos xY 
3 = E 50. oS rA 
2 1+ cosx 2 sin’ x 
x tan x — sinx sin 2x x x 
51. sin? — = ——————— 52. — — = cos? — — sin’ — 
2 2 tan x 2 sin x 2 2 
2 x 0 
53, ————— — ta — = | 54. tan — = csc 0 — cot 0 
] + cos x 2 2 
Ü 2 cos 0 1 — tan? å 
55. 1 — tar — = <T 56. cos x = — > 
2 1 + cos 0 | + tan 5 
57. Use the identity tan $ = 1/4 to derive the equivalent identity tan $ = {S984 


by multiplying both the numerator and denominator by 1 — cos A. 


(Modeling) Mach Number An airplane flying faster 
than sound sends out sound waves that form a cone, as 
shown in the figure. The cone intersects the ground to 
form a hyperbola. As this hyperbola passes over a par- 
ticular point on the ground, a sonic boom is heard at that 
point. If 0 is the angle at the vertex of the cone, then 

0 l 


sin — = —, 
2 m 





where m is the Mach number for the speed of the plane. (We assume m > 1.) The Mach 
number is the ratio of the speed of the plane and the speed of sound. Thus, a speed of 
Mach 1.4 means that the plane is flying at 1.4 times the speed of sound. In Ex- 
ercises 58—61, one of the values 0 or m is given. Find the other value. 


5 
58. m=> 59. m= 60. 0 = 30° 61. 0 = 60° 


62. (Modeling) Railroad Curves In the United States, circular railroad curves are des- 
ignated by the degree of curvature, the central angle subtended by a chord of 100 ft. 
See the figure. (Source: Hay, W. W., Railroad Engineering, John Wiley & Sons, 
1982.) 





(a) Use the figure to write an expression for cos 8 
(b) Use the result of part (a) and the third half-angle identity for tangent to write 


an expression for tan 4 
(c) If b = 12, what is the measure of angle 6 to the nearest degree? 
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63. Why does AB — BD? Conclude that triangle ABD is isosceles. 
64. Why does angle ABD have measure 150?? 

65. Why do angles DAB and ADB both have measures of 15°? 

66. What is the length DC? 


67. Use the Pythagorean theorem to show that the length AD is V6 + V2. (Note: 
(V6 + V2) =8 + 4V3.) 


68. Use angle ADB of triangle EAD to find cos 15°. 
69. Show that AE has length V6 — V2 and find sin 15°. 
70. Use triangle ACD to find tan 15°. 





ng Trigonometric Identities 





These summary exercises provide practice with the various types of trigonometric iden- 
tities presented in this chapter. Verify that each equation is an identity. 


1. tan 0 + cot 0 = sec 0csc 0 2. csc 0 cos? 0 + sin 6 = csc 6 
3. tan > = csc x — cot x 4. sec(z — x) = —sec x 

sin t I — cost l — sint l 
'I+cost sint '" eost sect + tant 
parapa- m B — itii 


1 + tan? 0 "1-4 cosx 2 
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11. 


13. 


15. 


17. 


19. 


2L 


23. 


29; 


275 


2cos 0 — | 
cot f — tan 8 = ———— 
sin 0 cos 0 

sin(x + vy) | cotx + cot y 


cos(x — v) — | + cot x cot y 
sin 0 + tan 6 
| + cos 0 


£e 
= 
m» 


© 
- 
7: 
“ 
| 
to 
to] [P212 


tan^ f + | 
= = tan f 
tan f esc? t 


2 tan 20 


tan 48 = ———— — 
2. SBC^2D 


cots — tans COS $5 — sins 


coss + sins sin s COS s 


tan(x + y) — tan y 


——————————————— = tan x 

| + tan(x  y)tan y 

COS' Y — sin" x , 

——.—— —-—tanm x 
cos” X 

2(sin x — sin? x) 

=-= —— = sin 2x 


COS Y 


10. 


2. 


14. 


16. 


18. 


20. 


22: 


24. 


26. 


28. 


sect — | 


] | 


——————— = 2 cottcescft 
secf + | 


, 6 2 cos 0 
| — qan — => 
2 1 + cos 8 


j f | + cos? x 
csc — cot = 
] = cos r 


, 

2 — sec” x 

cos 2x = ————— 
Sec" x 


sin s ] + coss 


"— — - = 2 csc s 
| + coss sin 5 


X T 
tan| — + — | = sṣsẹc x + tanx 
2 4 


tan 0 — cot 0 
tan 0 + cot 0 


= ] — 2cos* 8 


zo 
2 COS” 5 tan x = tan x + sin x 


esc rt | ; 
— — — = (sec f + tan f) 
csc p= | 

] X ] X 

— cot — — — tan — = cot x 
2 2 P 2 
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CONCEPTS EXAMPLES 


5.1 Fundamental Identities 





Reciprocal Identities If 0 is in quadrant IV and sin 0 = -$, find csc 0, cos 6, and 
l 1 1 sin(— 0). 
cot 0 = —— sec 0 = —— csc Q = —— 
tan 0 cos 0 sin 0 ] ] 5 
| A csc Q = — atm ‘ane 3 
|! Quotient Identities sn@  —$ 3 
sin 0 cos 0 sin? ð + cos 0 = 1 
tan @ = —— : cot 0 = — 
cos 0 sin 6 3V 
^ B Lx) raort 
Pythagorean Identities 5 
9 16 
in^0--cos0—] tan*9 + 1 — sec^ = 1 —-— 
sin’ Ó + cos an’ 0 sec COS 25 . 25 


1 + cot? 9 = csc? 0 
16 4 cosÓis positive 


Negative-Angle Identities cos 0 = + or "€ opka. 
sin(—0) = —sin8  cos(—0) —^ cos 0  tan(—0) = —tan 0 l 3 
cse(—0) = —csc 0  sec(—0) = sec 0. cot(—0) = —cot 0 sin(—6) = —sin 0 = 5 
5.2 Verifying Trigonometric Identities 
See the box titled Hints for Verifying Identities on page 189. 
5.5 Sum and Difference Identities for Cosine 
5.4 Sum and Difference Identities for Sine and Tangent 
Cofunction Identities Find a value of 0 such that tan 0 — cot 78?. 
cos(90? — 60) = sin 0 cot(90° — 0) = tan 0 tan 0 = cot 78? 
sin(90? — 0) — cos 0 sec(90° — 0) = csc 0 cot(90 — 86) = cot 78? 
tan(90° — 0) = cot 0 csc(90° — 0) = sec 0 90° — 9 = 78? 
0 — 12? 
Sum and Difference Identities Find the exact value of cos(—15?). 
cos(A — B) = cos A cos B + sin A sin B cos(— 15°) = cos(30? — 45°) 
cos(A + B) = cos A cos B — sin A sin B = cos 30? cos 45? + sin 30? sin 45? 
sin(A + B) = sin A cos B + cos A sin B 9 ve, i w2 
sin(A — B) = sin A cos B — cos A sin B 2 4 2 2 
(A+B) tan A + tan B v6 | V2 V6+ V2 
ta SO = —— — D LLEÓLBÉBÉMÓM———Á€ 
j ] — tan A tan B 4 4 e 
nae = tan A — tan B Write tan(7 + 6) in terms of tan 6. 
] + tan A tan B à 
T tan z + tan 0 
tan| — + 6] = ———— — 
+ ] — tan 4 tan 0 


_1F tne 


= tan? — ] 
l — tan 9 j 
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CONCEPTS 

5.5 Double-Angle Identities 

| Double-Angle Identities 

cos 2A — ] — 2sin'A 
sin 2A = 2 sin A cos A 


2 tan A 
I — tan A 


cos 2A = cos? A — sim A 
cos 2A = 2 cos? A — 1 


tan 2A = 


} Product-to-Sum Identities 


] 

cos A cos B = z Leos(A + B) + cos(A — B)] 
] 

sin A sin B = z leostA — B) — cos(A + B)] 
l 

sin Á cos B = z lsin(A + B) + sin(A — B)] 


I 
cos A sin B = z Lsin(A + B) — sin(A — B)] 


ia 2 
Je) 
rool) 
TE atA 


Sum-to-Product Identities 


D> 
+ 
E 
ù 








ho 


sinA + sin B = snl 


— B 


> 
+ N 
oS 








tN 


sin A — sin B = 2cos( 


D 
+ N 








cos À + cos B = 2e 








cos ÁA — cos B = —2 sin 


P as 


| 5.6 Half-Angle Identities 


x 


| Half-Angle Identities 


Ya. c ] + cos A — A. | — ceos A 
2, i 2 2 0 2 


la sin Á 
I + cos A 


(In the first MIR identities, the sign is chosen based on the 
quadrant of 5. 4.) 


EXAMPLES 


Given cos 6 = —7 and sin 0 > 0, find sin 26. 
Sketch E7 M in quadrant II and use it to find sin 8: 
sin 0 = 33. 


sin 20 — 2 sin 0 cos 0 
le 5 
= pi —— — —— — 
(2 \(-3) 


Write sin(— 0) sin 20 as the difference of two functions. 





l 
sin(— 6) sin 20 = 7 Leos(— 8 — 20) — cos(—@ + 20)] 


[cos(—30) — cos 6] 


I 
eos(—30) — z Cos 0 


l 
= 7 00s 38 — > ee 


Write cos 0 + cos 30 as a product of two functions. 


| 0 - 30 a 
cs 9 + e0538 = 2cos( =) oos =) 


= 2 cos 46 COS z% 
CAE 2 


— 2 cos 20 cos( — 6) 


— 2 cos 20 cos 0 








| Find the exact value of tan 67.5°. 
We choose the last form with A — 135?. 





carca Oe metes _ 1 = 
| 2 sin 135° và 
£323 24+V2 
Y » 


Rationalize the denominator; simplify. 
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Chapter 5 Review Exercises 


Concept Check For each expression in Column Í, choose the expression from 
Column H that completes an identity. 























I II 
l l 
1l. sec x = 2.€scxes o A. = B. 
sin X COS X 
sin x l 
3. tanx —c —_ — 4. cot x = |... C. D. z 
COS X cot’ x 
: r l COS X 
5. tan x = __ . . 6.secx—. E. - E: — 
COS X sin X 


Use identities to write each expression in terms of sin 0 and cos 0, and simplify. 





t 0 
7. sec? 0 — tan’ 0 LI 9. tan? 6(1 + cot? 8) 
sec 0 | 
10. csc 8 + cot 0 11. tan 0 — sec 0csc 0 12. csc? 6+ sec’ 0 


13. Use the trigonometric identities to find sin x, tan x, and cot(—x), given cos x = à and 
x in quadrant IV. 


14. Given tan x — E where 5 < x < a, use the trigonometric identities to find cot x, 
csc x, and sec x. 


15. Find the exact values of the six trigonometric functions of 165°. 


16. Find the exact values of sin x, cos x, and tan x, for x — 15, using 


(a) difference identities (b) half-angle identities. 


Concept Check For each expression in Column I, use an identity to choose an expres- 
sion from Column ll with the same value. 


I II 
17. cos 210? 18. sin 35? A. sin(—35?) B. cos 55? 
] + 150? 

19. tan(—35°) 20. —sin 35? C. 4 po D. 2 sin 150? cos 150° 
21. cos 35? 22. cos 75? E. cos 150? cos 60? — sin 150? sin 60? 
23. sin 75? 24. sin 300? E. cot(—35°) 
25. cos 300? 26. cos(—55?) G. cos* 150° — sin? 150? 

H. sin 15? cos 60° + cos 15? sin 60° 

I. cos(—35?) J. cot 125? 


For each of the following, find sin(x + y), cos(x — y), tan(x + y), and the quadrant 


Of X + y. 
l 4 . 
27. sin x = = Us x and y in quadrant III 
! 4, ; 
28. sinx = 10° COS y = rus in quadrant I, y in quadrant IV 


l 2 
29. sin x — EE COS y — Us x and y in quadrant III 
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2 l | 
30. sin y = ——.cosx— as in quadrant II, v in quadrant III 
I 4+, . 
Jl. sin x = To: cosy = vn quadrant I, v in quadrant IV 
i | n 
32. cos x = g^ siy = IN quadrant IV, v in quadrant III 


Find sine and cosine of each of the following. 


3 
33. 0, given cos 20 = ur 90? « 20 « 180? 


| 
34. B. given cos 2B = rt B in quadrant IV 


T 
35. 2x, given tan x = 3, sin x <Q 36. 2v. given sec v = =m silly >0 
Find each of the following. 

0 | 
J7. cos 7. given cos 6 = Ux with 90° < 9g < 180? 

"€" ar M 
38. sin >: given cos A = Up with 90? « A « 180? 
FT 


390. tan v, given tan 2x = 2. with m < x < — 
9 ? 


pu 


: | s AT 
40. sin v. given cos 2y = E with Pu E 


— 


Y 


A s T 
41. tan > given sin x = .8. with Ü s xm E3 


— 


42. sin 2x, given sin x = .6. with pu ndr 


— 


ASG raph each expression and use the graph to conjecture an identity. Then verify your con- 


Jecture algebraically. 


sin 2x + sin X 
43. ——————————— 44. 
cos 2x — COS X 


COS Y sin 2x 
a 47. 
| + cos 2x 


Verify that each equation ts un identity. 


à 7 a ^ "7 4 
49. sn x — sim v = cos v — cos x 





six zd 
51, ——— = cos — 
2 — 2 COs x 2 
tan A 
53. 2cosA — sec A = cosA — 
csc A 


, 
585. | + tawa = 2 tan æ csc 2a@ 
57. tan sin 20 = 2 — 2 cos" 0 


59. 2 tan x csc 2x — tan x = | 


sin 2x 


l — cos 2E 


2(sin.X — sim x) 


COs 


50. 


52. 


54. 


56. 


58. 


60. 


sin X 
45. 


| — cos x 


48. csc x — cot x 


; 60s x = Sin: 
2 COS X — COS x = —— —————— 








sec x 
sin 2x 2 

sin X Sec x 

2 tan B ` 

— —— = sec b 

sin 2B 

2 cot x : 

Le ex = 7 

tan 2x 


csc A sin 2A — sec A = cos 2A sec A 
4 
| — tan’ 0 


2cos0— ] = ; 
| + tan’ 0 
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: 2 tan 8 cos? Ó — tan 0 ; sec 2a — | 
61. tan 8 cos: 8 = — ——— 62. seca — | = — —— 
| — tan 0 sec 2a + | 
COS^X — sin’ x M l 2l 
63. 2 cos XY — cos Y = ——— —— —— 64. sin’ 0 = sin 0 — cossin ð 
sec x 
2 tan 28 "E. l 
65. tan 48 = ———— 66. 2 cos% — tan x = tan x + sin x 
2 — sec” 20 2 
X T ] 3 ] H^ 
67. tanl — + — | = sec x + tan x 68. — cot — — — tan — = cot x 
2 4 2 2 2 2 
; 5 
X sin 2x + sin X sin3r+ sin2t tan ¥ 
69. —cot — = —— — —— Se 7 
2  cosĉ2yx — cosx sin 34 — sin2f tan5 


(Modeling) Solve each problem. 


71. Distance Traveled by a Stone The distance D 
of an object thrown (or propelled) from height / 
(feet) at angle 0 with initial velocity v is modeled h | 
by the formula 





v^ sin Q cos 0 + v cos OV (v sin 8 + 64h 

32 
See the figure. (Source: Kreighbaum. E. and K. Barthels, Biomechanics, Allyn & 
Bacon, 1996.) Also see the Chapter 2 Quantitative Reasoning. 


(a) Find D when h = 0; that is, when the object is propelled from the ground. 
(b) Suppose a car driving over loose gravel kicks up a small stone at a velocity of 
36 ft per sec (about 25 mph) and an angle 0 — 30*. How far will the stone travel? 


72. Amperage, Wattage, and Voltage Suppose that for an electric heater, voltage 
is given by V = a sin 270 and amperage by 7 = b sin 277wt. where f is time in 


seconds. 


* 


. (a) Find the period of the graph for the voltage. 
= (b) Show that the graph of the wattage W = V7 will have half the period of the 
voltage. Interpret this result. 


Chapter 5 Test 


5 3 —S 
1. Given tan x = —z.^5 < x < 2s. use trigonometric identities to find sin x and cos x. 


2. Express tam x — sec? x in terms of sin x and cos x, and simplify. 
š ; Laco | 2 i 4 
3. Find sin(x + y), cos(x — v). and tan(x + v), if sin x = —3, cosy = —$, x is in 
quadrant III, and v is in quadrant II. 


4. Use a half-angle identity to find sin(—22.5°). 


Graph each expression and use the graph to conjecture an identity. Then verify your 
conjecture algebraically. 


x 
5. sec x — sinx tan x 6. cot = cot x 


i 


Verify that each eguation is an identity. 


` ] eot A — tan Á 
7. sec B = ———— 8. cos 2A = ———— 
1 — sin B csc A sec A 
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tan x — cot x ] . : 
. ———_ = 2six-—1 10. tan? x — sin? x = (tan x sin x)? 
tan x + cot x 


11. Use an identity to write each expression as a trigonometric function of 6 alone. 
(a) cos(270? — 8) (b) sin(7r + 0) 


12. (Modeling) Voltage The voltage in common household current is expressed as 
V = 163 sin wt, where o is the angular speed (in radians per second) of the genera- 
tor at the electrical plant and t is time (in seconds). 


(a) Use an identity to express V in terms of cosine. 
(b) If w = 1207, what is the maximum voltage? Give the smallest positive value of 
t When the maximum voltage occurs. 


Chapter 5 Quantitative Reasoning 


How does NASA calculate rotation and roll of a spacecraft? 


With the spectacular success of the Mars explorers Spirit and Opportunity, 
interest in space travel has been revived. The drawing on the left below shows 
the three quantities that determine the motion of a spacecraft. A conventional 
three-dimensional spacecraft coordinate system is shown on the right below. 





Roll 





8 Z 


Angle YOQ = 0 and OQ = r. The coordinates of Q are (x,y,z), where 


y^rcos6 and z = rsin ð. 


When the spacecraft performs a rotation, it is necessary to find the 
coordinates in the spacecraft system after the rotation takes place. For 
example, suppose the spacecraft undergoes roll through angle R. The 
coordinates (x, y, z) of point Q become (x', y', z'), the coordinates of the 
corresponding point Q’. In the new reference system, OQ’ = r and, since 
the roll is around the x-axis and angle Y'OQ' = YOQ = 0, 


‘=x, y'=rcos(@+R), and  z'—rsin(0 + R). 


Use the cosine and sine sum identities to write expressions for y' and z' 
in terms of y, z, and R. (Source: Kastner, B., Space Mathematics, NASA.) 
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The association between music and mathematics has a long history. In 
500 B.C., Pythagoras’ discovery of mathematical relationships between 
lengths of strings and musical intervals was the beginning of the science of 
musical sound. In the Middle Ages, music was studied with arithmetic, 
geometry, and astronomy as part of the liberal arts curriculum. Today, 
computers are used to create complex musical sounds. (Source: Pierce, J., 
The Science of Musical Sound, Scientific American Books, 1992.) 


In Section 6.2, Example 6, and Sec- 
tion 6.3, Example 5, various aspects of music 
are analyzed using trigonometric equations 
and graphs. 





6.1 Inverse Circular Functions 


a T MENU = =F 





— — "1 


6.2 Trigonometric Equations | 


6.3 Trigonometric Equations Il 


6.4 Equations Involving Inverse 
Trigonometric Functions 
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3.1 Inverse Circular Functions 


| Inverse Functions = Inverse Sine Function = Inverse Cosine Function = Inverse Tangent Function = 
Remaining Inverse Circular Functions = Inverse Function Values 





Inverse Functions Recall that for a function f, every element x in the 
domain corresponds to one and only one element y, or f(x), in the range. 
(Appendix C) This means that if point (a, b) lies on the graph of f, then there is no 
other point on the graph that has a as first coordinate. However, there may be 
other points having b as second coordinate, since the definition of function 
allows range elements to be used more than once. 

If a function is defined so that each range element is used only once, then it 
is called a one-to-one function. For example, the function f(x) — x? is a one-to- 
one function because every real number has exactly one real cube root. On the 
other hand, g(x) = x? is not one-to-one because, for example, f(2) = 4 and 





f(x) = x? is a one-to-one func- 


tion. It satisfies the conditions f(—2) = 4. There are two domain elements, 2 and —2, that correspond to the 
of the horizontal line test. range element 4. 
The horizontal line test helps determine graphically whether a function is 
one-to-one. 


Horizontal Line Test 


Any horizontal line will intersect the graph of a one-to-one function in at 
most one point. 





g(x) = x? is not one-to-one. 
It does not satisfy the conditions 
of the horizontal line test. 


This test is applied to the graphs of f(x) = x? and g(x) = x’ in Figure 1. 

Figure 1 By interchanging the components of the ordered pairs of a one-to-one func- 
tion f, we obtain a new set of ordered pairs that satisfies the definition of func- 
tion. This new function, called the inverse function, or inverse, of f, is symbol- 


ized f^. 


Inverse Function 


The inverse function of the one-to-one function f is defined as 


f! = {(y,x)|@,y) belongs to f). 


CAUTION The —1 in f '(x) is not an exponent. That is, 


Less ds 
disi c 


The following statements summarize our discussion of inverse functions. 
Figure 2 illustrates some of the concepts. 





(b, a) is the reflection of (a, b) across 
the line y = x. 


Mx 1 





The graph of f~! is the reflection of 
the graph of f across the line y = x. 


Figure 2 


gx -xx20 





'This is a one-to-one function. 


Figure 3 


Looking Ahead to Calculus 


The inverse circular functions are used 
in calculus to solve certain types of 
related-rates problems and to integrate 
certain rational functions. 
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Summary of Inverse Functions 





1. In a one-to-one function, each x-value corresponds to only one y-value 
and each y-value corresponds to only one x-value. | 

2. If a function f is one-to-one, then f has an inverse function f. i 

3. The domain of f is the range of f~', and the range of f is the domain of 
TA 

4. The graphs of fand f '' are reflections of each other across the line y = x. | 

5. To find f~'(x) from f(x), follow these steps. l 
Step 1 Replace f(x) with y and interchange x and y. | 
Step 2 Solve for y. | 
Step 3 Replace y with f^ '(x). | 


— —— Sees SS SS 


We often restrict the domain of a function that is not one-to-one to make it 
one-to-one, without changing the range. For example, we saw in Figure 1 that 
g(x) = x’, with its natural domain (—~,), is not one-to-one. However, if we 
restrict its domain to the set of nonnegative numbers [0,%), we obtain a new 
function f that is one-to-one and has the same range as g, [0,~). See Figure 3. 


NOTE We could have chosen to restrict the domain of g(x) = x’, x = 0 to 
(—99,0] to obtain a different one-to-one function. For the trigonometric func- 
tions, such choices are made based on general agreement by mathematicians. 


In the remainder of this section, we develop the inverse circular (trigono- 
metric) functions. 


Inverse Sine Function From Figure 4 and the horizontal line test, we see 
that y — sin x does not define a one-to-one function. If we restrict the domain to 
the interval [-4 I, which is the part of the graph in Figure 4 shown in color, 
this restricted function is one-to-one and has an inverse function. The range of 


y = sin x is [—1,1], so the domain of the inverse function will be [—1, 1], and 


its range will be | - 2,2]. 





Figure 4 
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Reflecting the graph of y = sin x on the restricted domain across the 
line y = x gives the graph of the inverse function, shown in Figure 5. Some 
key points are labeled on the graph. The equation of the inverse of y — sin x is 
found by interchanging x and y to get x — sin y. This equation is solved for y by 
writing y = sin ! x (read “inverse sine of x"). As Figure 5 shows, the domain of 





y -2sin!x or y = arcsinx 


Figure 5 


y = sin ' x is [21,1], while the restricted domain of y = sin x, |- 
range of y = sin ! x. An alternative notation for sin ' x is arcsin x. 


y = sin! x or y = arcsin x means that x = sin y, for - 5 Sy S 


2 Fl, is the 


Inverse Sine Function 


Nia 


We can think of y = sin ` x or y = arcsin x as “y is the number in the inter- 


val |-3, 


z] whose sine is x.” Thus, we can write y = sin ! x as sin y = x to eval- 


uate it. We must pay close attention to the domain and range intervals. 


EXAMPLE 1 Finding Inverse Sine Values 





Find y in each equation. 


UE 
(a) y — arcsin 7 


Algebraic Solution 
(a) The graph of the function defined by y = arcsin x 
(Figure 5) includes the point (5, 2). Thus, 


"ue T 
arcsin — = —. 
2 © 
Alternatively, we can think of y = arcsin E as "y Is 
the number in [-2.2] whose sine is 4.” Then 
we can write the given equation as sin y — l. 
Since sin 2 = 5 and Z is in the range of the arcsine 
. T 
function, y = g 
(b) Writing the equation y = sin (— 1) in the form 
sin y = —1 shows that y = — 7. This can be veri- 
fied by noticing that the point (- l2 2)i is on the 
graph of y = sin ! x. 
(c) Because —2 is not in the domain of the inverse 
sine function, sin !(—2) does not exist. 


CAUTION 


7, SINCE SIN 5 


(b) y = sin '(-1) (c) y = sin (-2) 


Graphing Calculator Solution 


To find these values with a graphing calculator, we 


graph Y, = sin ! X and locate the points with X-values 


} and —1. Figure 6(a) shows that when X =}, 


Y = $ e 52359878. Similarly, Figure 6(b) shows 
that Eat = —], Y = u» = —].570796. 


3 ll 
2 2 


T d-5in-MCH2 Ti=sin-CHD 





Figure 6 


Since sin !(—2) does not exist, a calculator will give 
an error message for this input. 


Now try Exercises 13 and 23. 


In Example 1(b), it is p dn to eive ihe value of sin '(—1) as 
= — |. Notice, however, that 2 7 is not in the range of the inverse 


sine function. Be certain that the number given for an inverse function value is 
in the range of the particular inverse function being considered. 
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Our observations about the inverse sine function from Figure 5 lead to the 
following generalizations. 


Nig Aly C Aly ni 





Inverse Cosine Function The function y = cos ! x (or y = arccos x) is de- 
fined by restricting the domain of the function y = cos x to the interval [0, 7] as 
in Figure 8, and then interchanging the roles of x and y. The graph of 
y = cos ! x is shown in Figure 9. Again, some key points are shown on the 
graph. 





Restricted domain 
[0, 7] y = cos” 





1 


x or y-arccosx 


Figure 8 Figure 9 


Inverse Cosine Function 





y = cos !x or y = arccos x means that x = cos y, for 0 = y S 7. 


240 CHAPTER6 Inverse Circular Functions and Trigonometric Equations 








z-0?106B W=2.35eL945 
—.5 

These screens support the re- 

sults of Example 2, since 

2E = 2,3561945. 


EXAMPLE 2 Finding Inverse Cosine Values 





Find y in each equation. 


(a) y = arccos 1 (b) y — e ( 23 


Solution 


(a) Since the point (1,0) lies on the graph of y — arccos x in Figure 9 on 
the previous page, the value of y is 0. Alternatively, we can think of 
y = arccos 1 as “y is the number in [0, 7r] whose cosine is 1,” or cos y = 1. 
Then y = 0, since cos 0 = 1 and O is in the range of the arccosine function. 


(b) We must find the value of y that satisfies cos y — Au where y is in the in- 
terval [0, 7r], the range of the function y = cos ! x. The only value for y that 
satisfies these conditions is M Again, this can be verified from the graph in 
Figure 9. 





Now try Exercises 15 and 21. 


Our observations about the inverse cosine function lead to the following 
generalizations. 





y = cos! x 





T 






© alg nig S a 






Figure 10 





* The inverse cosine function is decreasing and continuous on its domain 
MEX. 
| * Its x-intercept is 1, and its y-intercept is 7. 

e Its graph is not symmetric with respect to the y-axis or the origin. 









Inverse Tangent Function  Restricting the domain of the function y — tan x 
to the open interval (- 2,2) yields a one-to-one function. By interchanging the 
roles of x and y, we obtain the inverse tangent function given by y — tan ! x or 
y — arctan x. Figure 11 shows the graph of the restricted tangent function. 


Figure 12 gives the graph of y = tan ! x. 
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— — — ——À — — — — M — ee — M 





C95) 6,29) * 


yzstam!x or y - arctanx 





Figure 11 Figure 12 


Inverse Tangent Function 


y = tan! x or y = arctan x means that x = tan y, for —5 < y < 5. 





— SS: a. x am cM. V ERE EET SE ESS E NENA ER, 


ea ay Cay Aly 


Figure 13 





Remaining Inverse Circular Functions The remaining three inverse 
trigonometric functions are defined similarly; their graphs are shown in 
Figure 14 on the next page. All six inverse trigonometric functions with their do- 
mains and ranges are given in the table that follows. 





v3zcDT-7i(H) 














Ploti Plotz Plot3 
Yi dicos 101“) 
sYeHsin lclzx» 
wYsBctarn clzx»» 
CR2BI+C tani 1-H 
Te ee Ua 





* 
) 


The first three screens show 
the graphs of the three re- 
maining inverse circular func- 
tions. The last screen shows 
how they are defined. 


Figure 14 
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7 


Y4=SEC “Ley 








aa CE [tea 
y — esc^!x [-2,2] y = o* I and IV 


Inverse Function Values The inverse circular functions are formally de- 
fined with real number ranges. However, there are times when it may be conve- 
nient to find degree-measured angles equivalent to these real number values. It is 
also often convenient to think in terms of the unit circle and choose the inverse 
function values based on the quadrants given in the preceding table. 


EXAMPLE 3 Finding Inverse Function Values (Degree-Measured Angles) 
Find the degree measure of 0 in the following. 

(a) 0 — arctan 1 (b) 0 = sec !2 
Solution 


(a) Here 0 must be in (—90°, 90°), but since 1 > 0, 0 must be in quadrant I. The 
alternative statement, tan 0 = 1, leads to 0 = 45°. 


(b) Write the equation as sec 0 = 2. For sec ^! x, 0 is in quadrant I or II. Because 
2 is positive, 0 is in quadrant I and 0 = 60°, since sec 60° = 2. Note that 60° 
(the degree equivalent of 1) is in the range of the inverse secant function. 





Now try Exercises 33 and 39. 


The inverse trigonometric function keys on a calculator give results in 
the proper quadrant for the inverse sine, inverse cosine, and inverse tangent 
functions, according to the definitions of these functions. For example, on a cal- 
culator, in degrees, sin ! .5 = 30°, sin !(—.5) = —30°, tan !(—1) = —45°, and 
cos |(—.5) = 120°. 

Finding cot ! x, sec! x, and csc ! x with a calculator is not as straightfor- 
ward, because these functions must be expressed in terms of tan ! x, cos! x, and 
sin ! x, respectively. If y = sec ! x, for example, then sec y = x, which must be 
written as a cosine function as follows: 


l " 
=x or cosy=—, and y= cos —. 
X 


X 





If sec y = x, then 


*The inverse secant and inverse cosecant functions are sometimes defined with different ranges. We use 


intervals that match their reciprocal functions (except for one missing point). 


sin'clz pe, 
,3S3590 3569095 


tan (1^-.35415*1 


189,4998544 


Figure 15 





Figure 16 





Figure 17 
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In summary, to find sec! x, we find cos ^! +. Similar statements apply to csc ^! x 


and cot"! x. There is one additional consideration with cot"! x. Since we take the 
inverse tangent of the reciprocal to find inverse cotangent, the calculator gives 
values of inverse cotangent with the same range as inverse tangent, (-2,2), 
which is not the correct range for inverse cotangent. For inverse cotangent, the 
proper range must be considered and the results adjusted accordingly. 


EXAMPLE 4 Finding Inverse Function Values with a Calculator 
(a) Find y in radians if y = csc (—3). 

(b) Find 0 in degrees if 0 = arccot(—.3541). 

Solution 


(a) With the calculator in radian mode, enter csc !(—3) as sin" (—1) to get 
y ~ —.3398369095. See Figure 15. 


(b) Set the calculator to degree mode. A calculator gives the inverse tangent 
value of a negative number as a quadrant IV angle. The restriction on the 
range of arccotangent implies that 0 must be in quadrant IJ, so enter 





1 
—.3541 p" + 180°. 
arccot(—.3541) as tan (=a) 180 
As shown in Figure 15, 0 = 109.4990544*. 


Now try Exercises 45 and 49. 


EXAMPLE 5 Finding Function Values Using Definitions of the 
Trigonometric Functions 


Evaluate each expression without using a calculator. 


TIT f. 3. 
(a) sin( tan >) (b) (sos ( 2) 


Solution 


(a) Let 0 = tan! 3, so tan 0 = 3. The inverse tangent function yields values 
only in quadrants I and IV, and since 5 is positive, 0 is in quadrant I. Sketch 
0 in quadrant I, and label a triangle, as shown in Figure 16. By the 
Pythagorean theorem, the hypotenuse is V13. The value of sine is the quo- 
tient of the side opposite and the hypotenuse, so 


sin| tan! : sin 0 = T. : I, 3V13 (Section 2.1) 
Eg — LE a on z. 
2 vie VE oe 13 

(b) Let A= cos" !( — 15). Then, cos A = -&. Since cos !x for a negative 


value of x is in quadrant II, sketch A in quadrant II, as shown in Figure 17. 


5 12 
—1 EN, nti _ 
an( cos ( 5)) = tan Á = T 


Now try Exercises 63 and 65. 
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EXAMPLE 6 Finding Function Values Using Identities 





Evaluate each expression without using a calculator. 


dl "E 
(a) cos| arctan V3 4 arcsin — (b) tan| 2 arcsin ~~ 


_ ^ 


Solution 


(a) Let A = arctan V3 and B = arcsin}, so tanA = V3 and sin B = 1. 


Sketch both A and B in quadrant I, as shown in Figure 18. Now, use the co- 
sine sum identity. 
cos(A + B) = cos A cos B — sin A sin B (Section 5.3) 


x 
cos| arctan V 5 + arcsin — J = cos(arctan N 3) COS| arcsin * 
` 
| z -- 
= sin( arctan \ 3) sin| arcsin — (1) 


3 


|] 2/5 
cos| arcsin 3 — cos B — 3 


| | | 
sin(arctan V3) = sinA = 7^ sin( arsin +) = sin B = 3 


From Figure 18, 





| 
cos(arctan V3) = COS Á = 5 
3 


Substitute these values into equation (1) to get 





23 





_ | | 
cos( arcan V3 + dd -——— Hu US URDU UTE E S 


Figure 18 


(b) Let arcsin à — B. Then, from the double-angle tangent identity, 


Y 


| = tan 


p 


. 2 2 tan B 
tan| 2 arcsin A = tan 2B = Tann (Section 5.5) 


Since arcsin $ = B, sin B = s. Sketch a triangle in quadrant L, find the 
length of the third side, and then find tan B. From the triangle in Figure 19, 
tan B — bon and 

















lL— ET EN 4 V21 4^ /01 
Los 2 T V21 VAL 379] ——— ANIZ] 
t: ar == 21 
: an| 2 arcsin = — = mM EC NC = 
0 I1 5 | — (P D. ass 4 17 17 17 
9 V21 21 2] 21 
Figure 19 Simplify the complex fraction. 


Now try Exercises 69 and 75. 


While the work shown in Examples 5 and 6 does not rely on a calculator, we 
can support our algebraic work with one. By entering cos(arctan V/3 + arcsin x) 
from Example 6(a) into a calculator, we get the approximation .1827293862, the 


ae DAT et 
same approximation as when we enter ——¢—— (the exact value we obtained 
algebraically). Similarly, we obtain the same approximation when we evaluate 


2 4V 21 : l 
tan(2 arcsin =) and —7—, supporting our answer in Example 6(b). 
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EXAMPLE 7 Writing Function Values in Terms of u 





Write each trigonometric expression as an algebraic expression in u. 
(a) sin(tan ! u) (b) cos sin ' u) 


y Solution 







(a) Let 0 = tan ' u, so tan 0 = u. Here, u may be positive or negative. Since 
u,u 0 —F < tan ! u < 5, sketch 0 in quadrants I and IV and label two triangles, 
as shown in Figure 20. Since sine is given by the quotient of the side oppo- 


: site and the hypotenuse, 


u,u«t 


u _ u kim quu 
WET wet) vM “+l 


Rationalize the denominator. 


Vu? +1 sin(tan ! u) = sin 0 = 
Figure 20 The result is positive when u is positive and negative when u is negative. 


(b) Let 0 = sin ' u, so sin 0 = u. To find cos 26, use the double-angle identity 
cos 20 = 1 — 2 sin? 0. 


cos(2 sin! u) = cos 20 = 1 — 2sin’ 0 = 1 — 2u? (Section 5.5) 


Now try Exercises 83 and 85. 





EXAMPLE 8 Finding the Optimal Angle of Elevation of a Shot Put 


The optimal angle of elevation 0 a shot-putter should aim for to throw the great- 
est distance depends on the velocity v of the throw and the initial height A of the 
shot. See Figure 21. One model for 0 that achieves this greatest distance is 


v? 
Ó = arcsin 2v 4 64h : 


(Source: Townend, M. S., Mathematics in Sport, Chichester, Ellis Horwood 
Limited, 1984.) 





Figure 21 


Suppose a shot-putter can consistently throw the steel ball with A — 6.6 ft and 
v — 42 ft per sec. At what angle should he throw the ball to maximize distance? 


Solution To find this angle, substitute and use a calculator in degree mode. 


42? 


——— —— 949" = — 
sas : à 


0 = arcsin( 


Now try Exercise 93. 
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m— 


6.1 Exercises 


Concept Check Complete each statement. 


me ww b 


. For a function to have an inverse, it must be 


. The domain of y = arcsin x equals the ______ of y = sin x. 
. The range of y = cos `'x equals the _.______——__—of y = cos x. 
. The point (z , 1) lies on the graph of y = tan x. Therefore, the point 


lies on the graph of 


5. If a function f has an inverse and f(m) = —1, then f '(—1) = 


6. 


How can the graph of f! be sketched if the graph of f is known? 


Concept Check In Exercises 7—10, write short answers. 


Í 


10. 


11. 
12. 


Consider the inverse sine function, defined by y = sin ' x or y = arcsin x. 


(a) What is its domain? (b) What is its range? 

(c) Is this function increasing or decreasing? 

(d) Why is arcsin( —2) not defined? 

Consider the inverse cosine function, defined by v = cos ! x or y = arccos x. 


(a) What is its domain? (b) What is its range? 

(c) Is this function increasing or decreasing? 

(d) Arccos( — 5) = d. Why is arccos( — 4) not equal to — 22 

Consider the inverse tangent function, defined by y = tan ' x or y = arctan x. 

(a) What is its domain? (b) What is its range? 

(c) Is this function increasing or decreasing? 

(d) Is there any real number x for which arctan x is not defined? If so, what is it (or 
what are they)? 

Give the domain and range of the three other inverse trigonometric functions, as 

defined in this section. 


(a) inverse cosecant function (b) inverse secant function 
(c) inverse cotangent function 


a -4 
Concept Check Is sec ' a calculated as cos! |; or as ggz? 

. PN . — : —11 i 
Concept Check For positive values of a, cot a is calculated as tan"! 5. How is 


cot^! a calculated for negative values of a? 


Find the exact value of each real number v. Do not use a calculator. See Examples 1 





and 2. 
13. y = sin! 0 14. y= tan! I 15. y = cos (- 1) 
] 
16. y — arctan(— 1) 17. y = sin (— 1) 18. y = cos" A 
V3 
19. y = arctan 0 20. y — arcsin -Y* 21. y = arccos 0 
V2 
22. y = tan (— 1) 23. y = sin! E 24. y = cos! m 
V3 V2 
25. y — arccos - 26. y = arcsin y 27. y = cot '(- 1) 
28. y = sec (- V2) 29. y = csc (-2) 30. y = arccot( - V3) 
2V3 
31. y = arcsec 3 32. y= csc ! V2 


6.1 inverse Circular Functions 247 


Give the degree measure of 0. Do not use a calculator. See Example 3. 


1 | 3 
33. 0 = arctan(— 1) 34. 0 — accos{ =+) 35. 0 = wcsia( 52) 
2 3 
36. 0 = asin( V) 37. 0— cor'( - 38. 0 = csc '(—2) 
39. 0 = sec '(—2) 40. 6 = csc (—1) 


Use a calculator to give each value in decimal degrees. See Example 4. 


41. 0 = sin '(—.13349122) 42. 0 = cos !(—.13348816) 
43. 0 — arccos(—.39876459) 44. 0 — arcsin .77900016 
45. 0 = csc! 1.9422833 46. 0 = cot ! 1.7670492 


Use a calculator to give each real number value. (Be sure the calculator is in radian 
mode.) See Example 4. 


47. y — arctan 1.1111111 48. y — arcsin .81926439 
49. y = cot !(—.92170128) 50. y = sec '(—1.2871684) 
51. y = arcsin .92837781 52. y = arccos .44624593 


Graph each inverse function as defined in the text. 

53. y= cot ! x 54. y = esc! x 55. y = sec ! x 
l 

56. y = arccsc 2x 57. y = arcsec 9 


58. Explain why attempting to find sin ! 1.003 on your calculator will result in an error 
message. 


89. Explain why you are able to find tan™' 1.003 on your calculator. Why is this situ- 
ation different from the one described in Exercise 58? 


(Exercises 60—62)* 
60. Consider the function defined by f(x) = 3x — 2 and its inverse f(x) = LIA j 
Simplify f[f 1] and f~'[ f(x)]. What do you notice in each case? What would the 
graph look like in each case? 





Fi 61. Use a graphing calculator to graph y = tan(tan ! x) in the standard viewing win- 
dow, using radian mode. How does this compare to the graph you described in 
Exercise 60? 


Ff 62. Use a graphing calculator to graph y = tan ' (tan x) in the standard viewing window, 
using radian and dot modes. Why does this graph not agree with the graph you found 
in Exercise 61? 





*The authors wish to thank Carol Walker of Hinds Community College for making a suggestion on 
which these exercises are based. 
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Give the exact value of each expression without using a calculator. See Examples 5 


and 6. 


3 ] | 
63. an arccos i 64. sin( arccos i 65. cos(tan '(—2)) 
A ] l p12 ae 
66. secl sin | —— 67. sin| 2tan ^ — 68. cos| 2 sin — 
5 5 4 
4 FE a. a 
69. cos| 2 arctan 7 70. tan| 2 cos > 71. sin| 2 cos s 
72. cos(2 tan !( —2)) 73. sec(sec !2) 74. cselesc^! vi) 
5 3 3 5 
75. cos| tan! — — tan '! — 76. cos| sin — + cos | — 
12 4 5 13 


| V3 3 
T. sin sin a + an (-3)] 78. anf eos” E a (-3)) 


Use a calculator to find each value. Give answers as real numbers. 


79. cos(tan ! .5) 80. sin(cos | .25) 
81. tan(arcsin .12251014) 82. cot(arccos .58236841) 


Write each expression as an algebraic (nontrigonometric) expression in it u > 0. See 
Example 7. 


83. sin(arccos 11) 84. tan(arccos u) 85. cos(arcsin i) 
| Jp a, 
86. cot(arcsin iu) 87. sinl sec > 88. cos| tan. — 
H 
nai aq u 
89. lan sin e 90. SEC) COS. —— 
a +2 w +5 
VA — up V9 — P 
91. sec| arccot ———— 92. csel| arctan —-———— 
u u 


(Modeling) | Solve each problem. 


93. Angle of Elevation of a Shot Put Refer to Example 8. 


(a) What is the optimal angle when A = 0? 
(b) Fix h at 6 ft and regard 0 as a function of v. As v gets larger and larger, the graph 
approaches an asymptote. Find the equation of that asymptote. 


94 


Landscaping Formula A shrub is 
planted in a 100-ft-wide space between 
buildings measuring 75 ft and 150 ft tall. 
The location of the shrub determines how 
much sun it receives each day. Show that 
if 0 is the angle in the figure and x is the 
distance of the shrub from the taller build- 
ing, then the value of 0 (in radians) is 
given by 


75 150 
= 4T — arctan| —— — —— = dretani ——— |. 100 ft 
100 — x X 


zr I50ft 
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95. Observation of a Painting A painting | m high and 3 m from the floor will cut off 
an angle 0 to an observer, where 


X 
0 = tan '| — 
x” + 2 


Assume that the observer is x meters from the wall where the painting is displayed 
and that the eyes of the observer are 2 m above the ground. (See the figure.) Find the 
value of 0 for the following values of x. Round to the nearest degree. 








(a) 1 (b) 2 (c) 3 

(d) Derive the formula given above. (Hint: Use the identity for tan(@ + a). Use 
right triangles.) 

A- (e) Graph the function for 0 with a graphing calculator. and determine the distance 
that maximizes the angle. 

(f) The idea in part (e) was first investigated in 1471 by the astronomer 
Regiomontanus. (Source: Maor, E.. Trigonometric Delights, Princeton 
University Press, 1998.) If the bottom of the picture is a meters above eye 
level and the top of the picture is b meters above eye level, then the optimum 


value of x is V ab meters. Use this result to find the exact answer to part (e). 


96. Communications Satellite Coverage The figure shows a stationary communica- 
tions satellite positioned 20,000 mi above the equator. What percent of the equator 
can be seen from the satellite? The diameter of Earth is 7927 mi at the equator. 





Trigonometric Equations | 


Solving by Linear Methods = Solving by Factoring = Solving by Quadratic Methods = Solving by Using 
Trigonometric Identities 





Looking Ahead to Calculus In Chapter 5, we studied trigonometric equations that were identities. We now 





There are many instances in calculus consider trigonometric equations that are conditional; that is, equations that are 
where it is necessary to solve trigono- satisfied by some values but not others. 

metric equations. Examples include 

solving related-rates problems and Solving by Linear Methods Conditional equations with trigonometric (or 
optimization problems. circular) functions can usually be solved using algebraic methods and trigono- 


metric identities. 
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(b) 


Figure 22 


EXAMPLE 1 Solving a Trigonometric Equation by Linear Methods 
Solve 2 sin 0 — 1 = Oover the interval [0?, 360°). 


Solution Because sin @ is the first power of a trigonometric function, we use 
the same method as we would to solve the linear equation 2x + 1 = 0. 


2sin@+1=0 
2sin0-— —] Subtract |. (Appendix A) 


i l 
sin 6 = = Divide by 2. 


To find values of 0 that satisfy sin 0 = -i, we observe that 0 must be in 
either quadrant III or IV since the sine function is negative only in these two 
quadrants. Furthermore, the reference angle must be 30? since sin 30? — 7 The 
graphs in Figure 22 show the two possible values of 6, 210° and 330°. The solu- 
tion set is {210°, 330°}. 

Alternatively, we could determine the solutions by referring to Figure 12 in 
Section 3.3 on page 109. 


Now try Exercise 11. 


Solving by Factoring 


EXAMPLE 2 Solving a Trigonometric Equation by Factoring 


Solve sin x tan x = sin x over the interval [0°, 360°). 


Solution sin x tan x — sin x 
sin x tan x — sinx — 0 Subtract sin x. 
sin x(tan x — 1) = 0 Factor out sin x. 
sin x = 0 Or tanx — 1 — O  Zero-factor property (Appendix A) 
tanx = | 


x=0 or x=180° | x=45° or x = 225° 
The solution set is {0°, 45°, 180°, 225°}. 


Now try Exercise 31. 


CAUTION There are four solutions in Example 2. Trying to solve the equa- 

tion by dividing each side by sin x would lead to just tan x = 1, which would 

give x = 45? or x = 225°. The other two solutions would not appear. The miss- 

ing solutions are the ones that make the divisor, sin x, equal 0. For this reason, 
, we avoid dividing by a variable expression. 


Solving by Quadratic Methods An equation in the form ai? + bu + 
c = 0, where u is an algebraic expression, is solved by quadratic methods. 
(Appendix A) The expression u may be a trigonometric function, as in the equa- 
tion tan^ x + tan x — 2 = 0 which we solve in the next example. 
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EXAMPLE 3 Solving a Trigonometric Equation by Factoring 
Solve tan^ x + tan x — 2 = 0 over the interval [0, 277). 
Solution This equation is quadratic in form and can be solved by factoring. 
tax + tanx —2—0 
(tanx — 1)(tanx - 2) 20 Factor. 
tanx —1-0 Or tanx -2-—0 Zero-factor property 


tanx = 1 or tan x = —2 
The solutions for tan x = 1 over the interval [0,277 are x = G and x = a 
To solve tan x = —2 over that interval, we use a Scientific calculator set in 


radian mode. We find that tan !(—2) ^ —1.1071487. This is a quadrant IV 
number, based on the range of the inverse tangent function. (Refer to Figure 12 
in Section 3.3 on page 109.) However, since we want solutions over the interval 
[0, 27r), we must first add 7 to —1.1071487, and then add 27. 


x = —1.1071487 + m = 2.0344439 
x = —1.1071487 + 27 = 5.1760366 


The solutions over the required interval form the solution set 


T S5 
AX » x 3 A. 0, 5 2 P 
| 4 4 20, 52 | 
Set 
Exact Approximate values 
values to the nearest tenth 


Now try Exercise 21. 


EXAMPLE 4 Solving a Trigonometric Equation Using the Quadratic Formula 
Find all solutions of cot x(cot x + 3) = 1. 


Solution We multiply the factors on the left and subtract 1 to get the equation 
in standard quadratic form. 


cot? x + 3cotx — 1 — 0 (Appendix A) 


Since this equation cannot be solved by factoring, we use the quadratic formula, 


with a = 1,b = 3,c = —1, and cot x as the variable. 
—3 + V9 +4 — ae VI Quadratic formula with 
cot x = ———————— = ————— a=1,b=3,c= -l1 
2 2 (Appendix A) 


cotx = —3.302775638 or cotx = .3027756377 Usea calculator. 


We cannot find inverse cotangent values directly on a calculator, so we use the 
fact that cot x = zu and take reciprocals to get 


tanx = —.3027756377 or tanx = 3.302775638 
x = —.2940013018 or x = 1.276795025. 
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- 
y= tan x + V3 -— sec y 





eere 
#=5.7595065 vcn 
—4 
Dot mode; radian mode 


The graph shows that on the 
interval [Q. 277), the only 
x-intercept of the graph of 
y = tan x + V3 — sec x is 
5.7595865, which is an ap- 


proximation for ue. the sol- 


ution found in Example 5. 


To find all solutions, we add integer multiples of the period of the tangent 
function, which is 7r, to each solution found above. Thus, all solutions of the 
equation are written as 


—.2940013018 + nz and 1.276795025 + n7, where n is any integer.* 


Now try Exercise 43. 


Solving by Using Trigonometric Identities Recall that squaring both 
sides of an equation, such as V x + 4 = x + 2, will yield all solutions but may 
also give extraneous values. (In this equation, 0 is a solution, while —3 is extra- 
neous. Verify this.) The same situation may occur when trigonometric equations 
are solved in this manner. 


EXAMPLE 5 Solving a Trigonometric Equation by Squaring 
Solve tan x + V3 = sec x over the interval [0, 277). 


Solution Since the tangent and secant functions are related by the identity 
| + tan? x = sec” x, square both sides and express sec? x in terms of tan? x. 


tan x + V3 = sec x 
tan" X + 95/3 tan X + 3 —= BEC \ it cc y] | + Dry 


tan x + 2V3 tanx +3 = | + tama Pythagorean identity (Section 5.1) 
V3 tan x = = 2 Subtract 3 + tan" 4 
t l V3 Divide by PN, ^: rati alize tn 
an x = —— = te 
E A3 3 denominator 


TT 


The possible solutions are 22 and Now check them. Try 2 7 first. 








" ; ; \/3 = 
Left side: tanx + V3 = tan = ee d V3 = de + V3 = 
. , Sa 3 
Right side: sec x = sec "mies - < - — Not equal 
9, 


The check shows that ^c 3T is not a solution. Now check D 











lla V3 2V3 
Left side: tan - "7W + V3 = N + V3 = 
) 2 E: 
lla 2V3 
Right side: sec DS — Egu 
) a 


This solution satisfies the equation, so {ua E is the solution set. 


Now try Exercise 41. 


*We usually give solutions of equations as solution sets, except when we ask for all solutions of a 
triponometric equation. 
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The methods for solving trigonometric equations illustrated in the examples 
can be summarized as follows. 


Solving a Trigonometric Equation 


1. Decide whether the equation is linear or quadratic in form, so you can 
determine the solution method. 


2. If only one trigonometric function is present, first solve the equation for 
that function. 


3. If more than one trigonometric function is present, rearrange the equa- 
tion so that one side equals 0. Then try to factor and set each factor equal 
to 0 to solve. 


4. If the equation is quadratic in form, but not factorable, use the quadratic 
formula. Check that solutions are in the desired interval. 


5. Try using identities to change the form of the equation. It may be helpful 
to square both sides of the equation first. If this is done, check for extra- 
neous solutions. 


EXAMPLE 6  Describing a Musical Tone from a Graph 


A basic component of music is a pure tone. The graph in Figure 23 models the 
sinusoidal pressure y — P in pounds per square foot from a pure tone at time 
x = t in seconds. 


(a) The frequency of a pure tone is often measured in hertz. One hertz is equal 
to one cycle per second and is abbreviated Hz. What is the frequency f in 
hertz of the pure tone shown in the graph? 





(b) The time for the tone to produce one complete cycle is called the period. 


Approximate the period T in seconds of the pure tone. 
y = .004 sin 3007x 


006 ©} (e) An equation for the graph is y = .004 sin 3007rx. Use a calculator to esti- 
mate all solutions to the equation that make y — .004 over the interval 
[0, .02]. 

^ Solution 


(a) From the graph in Figure 23, we see that there are 6 cycles 1n .04 sec. This is 
—.006 equivalent to 47 = 150 cycles per sec. The pure tone has a frequency of 
Figure 23 j = 150 Hz. 


(b) Six periods cover a time of .04 sec. One period would be equal to 


Y2 = .004 T= 2 = IET or .006 sec. 


(c) If we reproduce the graph in Figure 23 on a calculator as Y, and also graph a 
second function as Y) = .004, we can determine that the approximate values 
of x at the points of intersection of the graphs over the interval [0, .02] are 


.0017, .0083, and .015. 


Intersection 
n-z.)9i&GBB;? Y¥=.004 


The first value is shown in Figure 24. 





Y, = .004 sin 3007X 


Figure 24 Now try Exercise 53. 
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6.2 Exercises 





Concept Check Refer to the summary box on solving a trigonometric equation. Decide 
on the appropriate technique to begin the solution of each equation. Do not solve the 
equation. 


1. 2cotx + 1 — -1 . sinx +2=3 


^ q 
3. 5 secr = 6sec x . 2cos x — cosx = | 


9sin x ~ 5sinx= | . tan-x — 4tanx +2=0 


96 O kN 


tanx — cotx = 0 cos x = sinnx + ] 


, 


O on t 


JT 


Suppose in solving an equation over the interval [0?. 360?), you reach the step 
sin o -4. Why is sin’ '(—4) = — 30° not a correct answer? 

= 10. Lindsay solved the equation sin x = | — cosx by squaring both sides to get 
sin x = 1 — 2cos x + cos’ x. Several steps later. using correct algebra, she found 


l , 3 ; 
that the solution set for solutions over the interval [0, 277) was 10. 2. ay Explain why 
this is not the correct solution set. 


Solve each equation for exact solutions over the interval [0, 247). See Examples 1—3. 


11. 2cot x + t= -| 12. sinx + 2-3 

13. 2sinx + 3— 4 14. 2sec x + 1 — see x + 3 

15) tax + 3-0 16. set x +2 = -1 

17. (cot x — 1) (V3 colr + I) = 0 18. (csc x + 2) (ese x E v2) =) 
19. cos x + 2cosx+1=0 20. 2cos x — V3 cosx = 0 

21. -2sin x = 3sinx + ] 22. 2cos x — cosx = ] 


Solve each equation for solutions over the interval [0?, 360°). Give solutions to the near- 
est tenth as appropriate. See Examples 2—5. 


23. (cot 0 — v3 )(2 sin 0 + V3) = 0 24. (tan 0 — 1)(cos 0 — 1) 20 


25. 2sin 0 — 1 = csc 0 26. tan 0 + 1 = V3 + V3 cot 0 
27. tan 0 — cot 8 = 0 28. cos 0 = sin 6+ | 

29. csc” 0 — 2cot 0 = 0 30. sin’ cos 0 = cos 0 

31. 2 tan 0sin 0 — tan? 0 = 0 32. sin 0cos 09 = 0 

33. sec’ tan 0 = 2 tan 0 34. cos" 0 — si 0 = 0 

35. 9 sin O — 6sin ð = | 36. 4cos 0 + 4cos0— | 

37. ian 0 + 4tan 08 +2=0 38. 3 cot 0 — 3cot0— 1 — 0 
39. sin ð — 2sind+3=0 40. 2cos° 8+ 2cos0— 1 — 0 
41. cot O0 + 2esc 0 = 3 42. 2sm 8 = ] — 2 cos 0 


Determine all solutions of each equation in radians (for x) or degrees (for 0) to the 
nearest tenth as appropriate. See Example 4. 


43. 3si x — sinx- 1 — 0 44. 2cos? x + cosx = | 
45. 4cos? x — 1 =0 46. 2cos x + 5cosx +2=0 
47. 5 sec? 0 = 6 sec 0 48. 3sin^ 0 — sin @ = 2 

2 ian 0 


. = = 50. sec 0 = 2 tan ð + 4 
3 — tar 6 
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AS The following equations cannot be solved by algebraic methods. Use a graphing calcu- 
lator to find all solutions over the interval (0,27). Express solutions to four decimal 
places. 


" 20] 
5]. x + sinx — x — cosx =0 52. X — cos x = 3? — | 


(Modeling) Solve each problem. 


53. Pressure on the kardrum See Example 6. No musical instrument can generate a 
true pure tone. A pure tone has a unique, constant frequency and amplitude that 
sounds rather dull and uninteresting. The pressures caused by pure tones on the ear- 
drum are sinusoidal. The change in pressure P in pounds per square foot on a person's 
eardrum from a pure tone at time ¢ in seconds can be modeled using the equation 


P =Asin(2xft + $). 


where f is the frequency in cycles per second, and œ is the phase angle. When P is 
positive, there is an increase in pressure and the eardrum is pushed inward; when P 
is negative, there is a decrease in pressure and the eardrum is pushed outward. 
(Source: Roederer, J., Introduction to the Physics and Psychophysics of Music, 
Second Edition, Springer- Verlag, 1975.) A graph of the tone middle C is shown in 


the figure. 
(a) Determine algebraically the values of t for Forx- t. 
which P = 0 over (0, .005]. P(t) = .004 sin|2:7 (261.63): + 7| 
(b) From the graph and your answer in part (a), -005 
determine the interval for which P = 0 over 
[0. .005]. 
(c) Would an eardrum hearing this tone be 0 .005 


vibrating outward or inward when P « 0? 


—-.005 


54. Accident Reconstruction The model 


16D? 
342D cos 0 + h cos? 09 = EXE 


ü 


is used to reconstruct accidents in which a vehicle vaults into the air after hitting an 
obstruction. V, is velocity in feet per second of the vehicle when it hits, D is distance 
(in feet) from the obstruction to the landing point, and A is the difference in height 
(in feet) between landing point and takeoff point. Angle @ is the takeoff angle, the 
angle between the horizontal and the path of the vehicle. Find 6 to the nearest degree 
if V; = 60, D = 80, and h = 2. 


S5. Electromotive Force In an electric circuit, let 
V = cos 271 
model the electromotive force in volts at t seconds. Find the smallest positive value 
of t where0 xz 1 x j for each value of V. 
(a) V —0 (b) V—.5 (c) V — 25 


S6. Voltage Induced by a Coil of Wire A coil of wire rotating in a magnetic field 
induces a voltage modeled by 


d TE TT 
e — 20 (7 — =) 
A 2 


where f is time in seconds. Find the smallest positive time to produce each voltage. 


(a) 0 (b) 10V3 
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6.3) Trigonometric Equations II 


T 


Equations with Half-Angles 


87. Movement of a Particle A particle moves along a straight line. The distance of the 
particle from the origin at time f is modeled by 


s(t} = sint + 2 cost. 


Find a value of z that satisfies each equation. 
; 2+ V3 7 TEENE 
a) s(t) = 5 (b) s(t) = 2 
58. Explain what is wrong with the following solution for all x over the interval [0, 2 77) 
of the equation sin’ x — sin x = 0. 
sin x — sin x = 0 
sinx —- | =O Divide Dy sin X. 


sin x = | Add | 


BIE 


The solution set is {F}. 





» Equations with Multiple Angles 


In this section, we discuss trigonometric equations that involve functions of 
half-angles and multiple angles. Solving these equations often requires adjusting 
solution intervals to fit given domains. 


Equations with Half-Angles 


EXAMPLE 1 Solving an Equation Using a Half-Angle Identity 


I. 
Solve 2 sin T E 


d 


(a) over the interval [0, 277), and (b) give all solutions. 
Solution 
(a) Write the interval [0, 27) as the inequality 


OQ= x7 < 27. 


PI 
ji = 
uw 


The corresponding interval for 5 is 


(= — < m. Divide by 2. (Appendix A) 


t» | = 


To find all values of 5 over the interval [0, 7r) that satisfy the given equation, 
first solve for sin 5. 


b. ot 
2sin— = | 


Divide by 2 


3 
t | — 


eer) 
nz1.0487187h "7-0 


The x-intercepts are the solu- 
tions found in Example 1. 
Using Xscl = a makes it 


possible to support the exact 
solutions by counting the tick 
marks from 0 on the graph. 
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T l 
The two numbers over the interval [0, 7) with sine value 5 are 2 and M SO 


x T X ST 
— = — Or — = — 
2 6 2 6 
dd ul Multiply bv 2 
= Or X = —. Multiply dy z. 
3 3 


The solution set over the given interval is iz A. 


(b) Since this is a sine function with period 47, all solutions are given by the 
expressions 


T D7 . , 
ES + 4n7 and E" t 4n, where n is any integer. 


Now try Exercise 15. 





Equations with Multiple Angles 


EXAMPLE 2 Solving an Equation with a Double Angle - 


Solve cos 2x = cos x over the interval [0, 277). 


Solution First change cos 2x to a trigonometric function of x. Use the identity 
cos 2x = 2 cos? x — 1 so the equation involves only cos x. Then factor. 


COS 2x — cos x 


2 cos! x — 1 = cos x Substitute; double-angle identity 
(Section 5.5) 
2cosx— cosx— 1-0 Subtract cos x. 
(2cosx + l)(cos x — 1) =0 Factor. 
2cosx -1—0 Or cosx — 1 =O Zero-factor property 
(Appendix A) 
l 
COSI = ==> or cosx = | 
2 
Over the required interval, 
2T 4a 
x=— or x= or x= 0. 
3 3 
The solution set is 10,4 xdi 


Now try Exercise 17. 








CAUTION  Inthe solution of Example 2, cos 2x cannot be changed to cos x 


by dividing by 2 since 2 is not a factor of cos 2x, that is, cosa Æ cos x. The only 


way to change cos 2x to a trigonometric function of x is by using one of the iden- 


s for cos 2x. 
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EXAMPLE 3 Solving an Equation Using a Multiple-Angle Identity 
Solve 4 sin 0 cos 6 = V3 over the interval 10°, 360°). 
Solution The identity 2 sin 0 cos 0 = sin 26 is useful here. 


4 sin 0 cos 0 = V3 
2( sin cos 0) = V3 4-2-2 


2sin20 = V3 2«sin6cos 0 = sin 20 (Section 5.5) 


3 
sin 20 = ES Divide by 2 


From the given interval 0° = 0 < 360°, the interval for 20 is 0° = 20 < 720°. 
List all solutions over this interval. 


20 = 60°, 120°, 420°, 480° 
or @ = 30°, 60°, 210°, 240° Divide by 2 
The final two solutions for 2@ were found by adding 360° to 60° and 120°, re- 
spectively, giving the solution set {30°, 60°, 210°, 240°}. 


Now try Exercise 37. 


EXAMPLE 4 Solving an Equation with a Multiple Angle 


Solve tan 3x + sec 3x = 2 over the interval [0, 277). 


Y,=2 Y, =tan3X + sec 3X Solution Since the tangent and secant functions are related by the identity 
3 | + tan? 0 = sec” 0, one way to begin is to express everything in terms of secant. 


tan 3x + sec 3x = 2 





tan 3x = 2 — sec 3x Subtract sec 3x. 
tan 3x == 4 m 4 Sec 3x + sec? 3x square both sides: 
Intersection n 
Wsz.30HBHB55 ""z2 (A V) p Å= 2 
sec“ 3x | = 4 — 4 sec 3x + sec 3x Replace tan? 3x with sec? 3a 
Connected mode: radian mode : 
: (Section 5.1) 


The screen shows that one 





solution is approximately 4 sec 3x = 5 Simplify 
2.3089. An advantage of 
using a graphing calculator is ao 2 | | 
that extraneous values do not Sec OX = 4 Divide by 4 
appear. 
l : =y (Sedi ) 
— — sec 0 ; (Section 5.1 
cos3x 4 | 
4 
cos 3x = — Use reciprocals 
3 


Multiply each term of the inequality 0 = x < 27a by 3 to find the interval for 
3x: [0, 677). Using a calculator and the fact that cosine is positive in quadrants I 
and IV, 

3x = .6435, 5.6397, 6.9267, 11.9229, 13.2099, 18.2061 
.2145, 1.8799, 2.3089, 3.9743, 4.4033, 6.0687. Divide by 3 


yi 


X 





P=P,+Po+P3+P4+Ps 
.005 


—.005 


Figure 25 


P = P; + Pa + P3 + P4 +P; 





.01 


Haxiraum 
4=.00Z246233 Y-.0031B5? 
~.005 


Figure 26 
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Since both sides of the equation were squared, each proposed solution must be 
checked. Verify by substitution in the given equation that the solution set is 
{.2145, 2.3089, 4.4033}. 


Now try Exercise 33. 


A piano string can vibrate at more than one frequency when it is struck. It 
produces a complex wave that can mathematically be modeled by a sum of sev- 
eral pure tones. If a piano key with a frequency of f; is played, then the corre- 
sponding string will not only vibrate at f but it will also vibrate at the higher 
frequencies of 2f, 3f, 4f, ..., nfi. f; is called the fundamental frequency 
of the string, and higher frequencies are called the upper harmonics. The 
human ear will hear the sum of these frequencies as one complex tone. (Source: 
Roederer, J., Introduction to the Physics and Psychophysics of Music, Second 
Edition, Springer- Verlag, 1975.) 


EXAMPLE 5 Analyzing Pressures of Upper Harmonics 


^F Suppose that the A key above middle C is played. Its fundamental frequency is 


fi = 440 Hz, and its associated pressure is expressed as 
P, = .002 sin 8807rt. 
The string will also vibrate at 
fp = 880, f= 1320, f} = 1760, f = 2200, ... Hz. 


The corresponding pressures of these upper harmonics are 


.002 .002 
P, = Fp sin 17607rt, P, = * sin 2640 7t, 


.002 .002 
P, = UA sin 352071t, and P; = dm sin 44007rt. 


The graph of 
F—43 i ee ee Eti 
shown in Figure 25, is “saw-toothed.” 
(a) What is the maximum value of P? 
(b) At what values of x does this maximum occur over the interval [0, .01 |? 
Solution 


(a) A graphing calculator shows that the maximum value of P is approximately 
.00317. See Figure 26. 


(b) The maximum occurs at x ~ .000188, .00246, .00474, .00701, and .00928. 
Figure 26 shows how the second value is found; the others are found 
similarly. 


Now try Exercise 43. 
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6.3 Exercises 


Concept Check Answer each question. 


1. 


Suppose you are solving a trigonometric equation for solutions over the interval 
[0, 277). and your work leads to 2x = =" 5 Th šī . What are the corresponding values 
of x? 

Suppose you are solving a trigonometric equation for solutions over the interval 
[0. 27), and your work leads to jx = e "s. au What are the corresponding values 


of x? 


. Suppose you are solving a trigonometric equation for solutions over the interval 


[09. 360°). and your work leads to 30 = 180°, 630°, 720°, 930°. What are the corre- 
sponding values of 0? 


Suppose you are solving a trigonometric equation for solutions over the interval 
[0?. 360°), and your work leads to i0 = 45°, 60°, 75°, 90°. What are the corre- 
sponding values of 0? 





Explain what is wrong with the following solution. 
Solve tan 20 = 2 over the interval [0.2 77). 
tan 20 — 2 
tan2@ 2 
2 2 
tan 0 — | 
57 
0-— — or A= — 


ín 


The solution set is {7.77}. 
The equation cot $ — csc 5 — | = 0 has no solution over the interval [0.2 7). Using 
this information, what can be said about the graph of 


X x 
y = cot — — csc — — |] 
; 2 7 


over this interval? Confirm your answer by actually graphing the function over the 
interval. 


Solve each equation for exact solutions over the interval (0,27). See Examples 1—4. 


Ts 


10. 


13. 


16. 


19. 


22. 


V3 l 
COS 2X = — 8. cos 2x = —— 9. sin 3x = —1 
2 2 
sin 3x = 0 11. 3tan 3x = V3 12. cot 3x = V3 
NE. EN. 
V2 cos 2x = —] 14. 2V3 sin2x — V3 15. sin a V2 — sin = 
tan 4x = 0 17. sin x = sin 2x 18. cos 2x — cos x = 0 
2X v. a: x 
8 sec — = 4 20. sinn — — 2 = () Al. sin — = cos — 
2 2 2 2 
x X l 1 
sec = cos — 23. cos 2x + cosx = 0 24. sin x cos x = Zz 


Solve each equation in Exercises 25—32 for exact solutions over the interval (0°, 360°). 
In Exercises 33-40, give all exact solutions. See Examples 1-4. 


2D: 


0 
V2sin38— 1-0 26. —2 cos 20 = V3 27. cos = | 
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28. in =| 29. 2V3 sin = 3 30. 2V3 cos Ż =-3 
31. 2 sin 0 = 2 cos 20 32. cos 0 — 1 = cos 20 33. | — sin 0 = cos 20 
34. sin 20 = 2 cos’ 0 35. es = 2 sec 0 36. cos 0 — sin 

37. 2 — sin 20 = 4 sin 20 38. 4 cos 20 = 8 sin 8 cos 0 

39. 2 cos? 20 = 1 — cos 20 40. sin 0 — sin 206 = 0 


“= The following equations cannot be solved by algebraic methods. Use a graphing calcu- 
lator to find all solutions over the interval [0, 227). Express solutions to four decimal 
places. 


41. 2sin2x — à - 1—0 42. 300s + Vx 2=- x +2 


ce (Modeling) Solve each problem. See Example 5. 


43. Pressure of a Plucked String If a string with a fundamental frequency of 110 Hz 
is plucked in the middle, it will vibrate at the odd harmonics of 110, 330, 550, .. . Hz 
but not at the even harmonics of 220, 440, 660, . . . Hz. The resulting pressure P 
caused by the string can be modeled by the equation 


003 .003 003 
P = 003 sin 22071 + "er sin 66071 + S sin L100at + EE sin 15407rt. 


(Source: Benade, A., Fundamentals of Musical Acoustics, Dover Publications, 1990; 
Roederer, J., Introduction to the Physics and Psychophysics of Music, Second 
Edition, Springer-Verlag, 1975.) 


(a) Graph P in the window [0, .03] by [—.005, .005]. 

(b) Use the graph to describe the shape of the sound wave that is produced. 

(c) See Section 6.2, Exercise 53. At lower frequencies, the inner ear will hear a tone 
only when the eardrum is moving outward. Determine the times over the 
interval [0, .03] when this will occur. 


“= 44. Hearing Beats in Music Musicians sometimes tune instruments by playing the 

same tone on two different instruments and listening for a phenomenon known as 
beats. Beats occur when two tones vary in frequency by only a few hertz. When the 
two instruments are in tune, the beats disappear. The ear hears beats because the 
pressure slowly rises and falls as a result of this slight variation in the frequency. 
This phenomenon can be seen using a graphing calculator. (Source: Pierce, J., The 
Science of Musical Sound, Scientific American Books, 1992.) 


(a) Consider two tones with frequencies of 220 and 223 Hz and pressures 
P, = .005 sin 44077 and P, = .005 sin 446774, respectively. Graph the pressure 
P = P, + P, felt by an eardrum over the 1-sec interval [.15, 1.15]. How many 
beats are there in | sec? 

(b) Repeat part (a) with frequencies of 220 and 216 Hz. 

(c) Determine a simple way to find the number of beats per second if the frequency 
of each tone is given. 


CH 45, Hearing Difference Tones Small speakers like those found in older radios and 
telephones often cannot vibrate slower than 200 Hz—yet 35 keys on a piano have 
frequencies below 200 Hz. When a musical instrument creates a tone of 110 Hz, it 
also creates tones at 220, 330, 440, 550. 660, . .. Hz. A small speaker cannot repro- 
duce the 110-Hz vibration but it can reproduce the higher frequencies, which are 


262 CHAPTER6 Inverse Circular Functions and Trigonometric Equations 


called the upper harmonics. The low tones can still be heard because the speaker pro- 
duces difference tones of the upper harmonics. The difference between consecutive 
frequencies is [10 Hz, and this difference tone will be heard by a listener. We can 
model this phenomenon using a graphing calculator. (Source: Benade. A., 
Fundamentals of Musical Acoustics, Dover Publications. 1990.) 


(a) In the window [0, .03] by [— 1. 1]. graph the upper harmonies represented by the 
pressure 


| | | 
P= E sin[227(220)r] + = sin[2 7330y] + T sin[27(440)r]. 


(b) Estimate all t-coordinates where P is maximum. 
(c) What does a person hear in addition to the frequencies of 220, 330, and 440 Hz? 
(d) Graph the pressure produced by a speaker that can vibrate at 110 Hz and above. 


46. Daylight Hours in New Orleans The seasonal variation in length of daylight can 
be modeled by a sine function. For example. the daily number of hours of daylight 
in New Orleans is given by 

35 


ua 
h——cT-—si 
3 3 


JST 
n : 
365 





where x is the number of days after March 21 (disregarding leap year). (Source: 
Bushaw, D., et al., A Sourcebook of Applications of School Mathematics. Copyright 
© 1980 by The Mathematical Association of America.) 


(a) On what date will there be about 14 hr of daylight? 
(b) What date has the least number of hours of daylight? 
(c) When will there be about 10 hr of daylight? 


(Modeling) Alternating Electric Current The study of alternating electric current 
requires the solutions of equations of the form 
i= laa sin 27ft, 


for time t in seconds, where i is instantaneous current in amperes, Ly is maximum CHF- 
rent in amperes, and f is the number of cycles per second. (Source: Hannon, R. H., Basic 
Technical Mathematics with Calculus, W. B. Saunders Company, 1978.) Find the small- 
est positive value of t, given the following data. 


47. i = 40. Ima = 100, f = 60 48. | = 50, L,4, = 100. f = 120 


Í 
49. i = Laas f = 60 50. ij = FL max: f= 60 
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| Solving for x in Terms of y Using Inverse Functions = Solving Inverse Trigonometric Equations 





Until now, the equations in this chapter have involved trigonometric functions of 
angles or real numbers. Now we examine equations involving inverse trigono- 
metric functions. 





Figure 27 
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Solving for x in Terms of y Using Inverse Functions 


EXAMPLE 1 Solving an Equation for a Variable Using Inverse Notation 
Solve y = 3 cos 2x for x. 


Solution We want cos 2x alone on one side of the equation so we can solve for 
2x, and then for x. 


y = 3 cos 2x 
ee - 
3 = COS 2x Divide by 3. (Appendix A) 
2x = arccos = Definition of arccosine (Section 6.1) 


l 
x = -y arccos T Multiply by 3. 


Now try Exercise 7. 


Solving Inverse Trigonometric Equations 


EXAMPLE 2 Solving an Equation Involving an Inverse Trigonometric Function 


Solve 2 arcsin x = 7r. 
Solution First solve for arcsin x, and then for x. 


2 arcsin x = 7 


: TT 
arcsin x — E Divide by 2. 


» TT "fe > . 
x= wh E Definition of arcsine (Section 6.1) 


x=1 (Section 3.3) 


Verify that the solution satisfies the given equation. The solution set is {1}. 


Now try Exercise 23. 


EXAMPLE 3 Solving an Equation Involving Inverse Trigonometric Functions 


] 


Solve cos ! x = sin ri 


Solution Letsin ' i = u. Then sin u = 5 and for u in quadrant I, we have 
cos xu 
COS 4 — X. Alternative form (Section 6.1) 


Sketch a triangle and label it using the facts that u is in quadrant I and sin u = i 


See Figure 27. Since x — cos u, x — = and the solution set is {ai Check. 


Now try Exercise 29. 
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EXAMPLE 4 Solving an Inverse Trigonometric Equation Using an Identity 


qr 


Solve arcsin x — arccos x — P 


Solution Isolate one inverse function on one side of the equation. 


. TT 
arcsin X — arccos x = A 


. TT 
arcsin x = arccos x + — Add arccos x. (1) 
6 
T | | 
sin| arccos x + — |] =x Definition of arcsine 
6 
Let u = arccos x, so 0 = u = qr by definition. 
qT 
anf uw + —] =x Substitute. (2) 
l Ti TT O T 
sinl u + — | = sin u cos — + cos u sin — 
6 6 6 


Sine sum identity (Section 5.4) 
Substitute this result into equation (2) to get 
, T . T 
sin u cos — + cosusin— — x. (3) 
6 6 
From equation (1) and by the definition of the arcsine function, 
: ——— == arccos X = 


T 
<= —— 
2 


— — = arccos x = 


i) 
«|a oa 


Subtract 4. (Appendix A) 


Since 0 = arccos x = m, we must have 0 = arccos x = 3. Thus, x > 0, and we 
can sketch the triangle in Figure 28. From this triangle we find that sin 4 — 
V1 — x^. Now substitute into equation (3) using sin u = V1 — x°, sing = 7 





, v3 
Figure 28 COS $ = 7, and cos u = x. 
007 
sin 4 COS — + cosusin — = x (3) 
6 
LAUS I 
(V1 — 2) -x:—-x 
2 


( = x )v3 + x = 2x Multiply by 2 
(v3) |]—x-—x Subtract A 
apes x) = y Square both sides 
e 3x = x Distributive property 
3 = 4x Add 3a 
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3 Solve for A (Appendix A): choose 
Pa — the positive square root because 
4 \ () 
y3 
2 


= Quotient rule; V7 = <= 


To check, replace x with y3 in the original equation: 
V3 V3 T T TT 
— acco = —— — —— —. 
2 2 3 6 6 





arcsin 
: . [V3 
as required. The solution set is {sh 


Now try Exercise 31. 


.4 Exercises 





Concept Check Answer each question. 
1. Which one of the following equations has solution 0? 
A. arctan | =x B. arccos 0 = «x C. arcsin 0 = x 
2. Which one of the following equations has solution 7? 


V2 V2 3 
A. arcsin T B. arccos| — EM is C. arctan ES EX 


a amm 


; . B . ; . 3 
3. Which one of the following equations has solution 77? 


V2 V2 
A. arctan! = x B. arcsin EN = y C. arccos 77 = y 


4. Which one of the following equations has solution — 7? 


a 


V3 ] | | 
A. LL = 2 B. arccos 5 — X C. arcsin EDI = Y 


Solve each equation for x. See Example I. 


5. y = 5c0s x 6. 4y = sinx 7. 2y = cot 3x 
8. 6y = e sec x 9, v = 3tan 2x 10. v — 3sin e 

X ss 
11. y = 6cos 4 12. y — —sin p 13. y = —2 cos 5x 
14. y = 3cot 5x 15. v = cos(x + 3) 16. v = tan(2x — 1) 
17. vy = sinx — 2 18. y= cotx + ] 19. y —2sinx — 4 


20. v —4 + 3cos x 
—|21. Refer to Exercise 17. A student attempting to solve this equation wrote as the first 


step y = sin(x — 2), inserting parentheses as shown. Explain why this is incorrect. 
= , -- E ; l 
22. Explain why the equation sin! x = cos ! 2 cannot have a solution. (No work is 


required.) 


Hl 


| 
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Solve each equation for exact solutions. See Examples 2 and 3. 





4 y 
23. — cos | == m 24. 4r + Atan ! y — m 
3 4 
p= T T 
25. 2 arccos| ~ = Ln 26. arccos| y — = | = —- 
3 3 6 
, 3 5 
27. arcsin x = arctan P 28. arctan x = arccos 13 
-1 e © -1 i d 
29. cos v sin n 30. cot x = tan 3 


Solve each equation for exact solutions. See Example 4. 


31. 
33. 
35. 


37. 


t 39. 


“= 40. 


T - an i - 2T 
sud x-qad^]s—— 32. sin! x + tan ! V3 = — 

i 3 
arccos x t 2 arcsin E E 34. arccos x + 2 arcsin un E 


T . TT 
arcsin 2x + arccos x = ra 36. arcsin 2x + arcsin x = A 


cos y + tan! x = 38. sin! x + tan x = 0 


t2[3 


Provide graphical support for the solution in Example 4 by showing that the graph 
of v = arcsin x — arccos x — z has x-intercept M = 8660254. 


Provide graphical support for the solution in Example 4 by showing that the 
x-coordinate of the point of intersection of the graphs of Y; = arcsin X — arccos X 


and Y; = Z is S = .8660254. 


~= The following equations cannot be solved by algebraic methods. Use a graphing calcu- 
lator to find all solutions over the interval [0,6]. Express solutions to four decimal 
places. 


41. 


(arctan x)’ — x +2=0 42. m sin (20) — 3 = — Vx 


(Modeling) Solve each problem. 


43. 


ELA-— 4 


(b) Graph Y, = P and Y. =P, + P, on the same coordinate axes over the 


lone Heard by a Listener When two sources located at different positions pro- 
duce the same pure tone, the human ear will often hear one sound that 1s equal to the 
sum of the individual tones. Since the sources are at different locations, they will 
have different phase angles d. If two speakers located at different positions produce 
pure tones P, = A, sin(2aft + $) and P. = Assin(2zft + œ}, where -F = $i. 
$; = 1. then the resulting tone heard by a listener can be written as 
P = A sin(27ft + d). where 


A = VIA, cos ġ, + A cos Y. + (A, sin $, + Az sin œ) 
A, sin @, + Asin 2) 


and = arctan 
$ n di + A» COS > 


(Source: Fletcher, N. and T. Rossing, The Physics of Musical Instruments, Second 
Edition, Springer-Verlag, 1998.) 


(a) Calculate A and œ if A, = .0012, $, = .052, A. = .004, and d$» = .61. Also 
find an expression for P = A sin(Qaft + o) if f = 220. 


interval [0,.01]. Are the two graphs the same? 


—;— 
N 
FRA 44 
| á 
LL 
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Tone Heard by a Listener Repeat Exercise 43, using A, = .0025, 6, =f, 
A> D .001, o»; = ae and f= 300. 


45. Depth of Field When a large-view camera is used to take a picture of an object that 


46. 


is not parallel to the film. the lens board should be tilted so that the planes contain- 
ing the subject, the lens board, and the film intersect in a line. This gives the best 
"depth of field." See the figure. (Source: Bushaw, D.. et al., A Sourcebook of Appli- 
cations of School Mathematics. Copyright O 1980 by The Mathematical Association 
of America.) 





(a) Write two equations, one relating œ, x, and z, and the other relating f. x. v, and z. 
(b) Eliminate z from the equations in part (a) to get one equation relating o, B, x, 
and y. 

(c) Solve the equation from part (b) for o. 

(d) Solve the equation from part (b) for f. 

Programming Language for Inverse Functions | [n Visual Basic, a widely used 
programming language for PCs, the only inverse trigonometric function available is 
arctangent. The other inverse trigonometric functions can be expressed in terms of 
arctangent as follows. 


(a) Let u = arcsin x. Solve the equation for x in terms of u. 
(b) Use the result of part (a) to label the three sides of the triangle in the figure in 
terms of x. 


tt 


(c) Use the triangle from part (b) to write an equation for tan uw in terms of x. 
(d) Solve the equation from part (c) for u. 


47. Alternating Electric Current In the study of alternating electric current, instanta- 


neous voltage is modeled by 

e = E nax sin 27ft. 
where f is the number of cycles per second, Ema is the maximum voltage, and f is 
time in seconds. 


(a) Solve the equation for t. 
(b) Find the smallest positive value of t if Ema = 12, e = 5, and f= 100. Use a 
calculator. 
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48. 


49. 


^ 50. 


Viewing Angle of an Observer While visiting a museum, Marsha Langlois views 
a painting that is 3 ft high and hangs 6 ft above the ground. See the figure. Assume 
her eyes are 5 ft above the ground, and let x be the distance from the spot where she 
is standing to the wall displaying the painting. 





(a) Show that 6, the viewing angle subtended by the painting, is given by 


4 l 
0 = a (4) = a (*). 
X X 


(b) Find the value of x for each value of 6. 
aT T 
i) 0--—— i) 0— — 
(i) 6 (ii) " 


(c) Find the value of 0 for each value of x. 
(i) x —4 (ii) x = 3 


Movement of an Arm In the Section 4.1 Exercises we found the equation 
| . 4mt 
y eS. 
3 3 


where f is time (in seconds) and y is the angle formed by a rhythmically moving arm. 
(a) Solve the equation for t. 
(b) At what time(s) does the arm form an angle of .3 radian? 


The function y = sec ' x is not found on graphing calculators. However, with some 
models it can be graphed as 


y= 7 — ((x»0)—(x« »( — tan '(V/(2 — D)). 
(This formula appears as Y, in the screen here.) Use Ploti Plot2 Plots 

the formula to obtain the graph of y = sec ' x in the |Y¥1Bom72)-CCK ow) 
window [| —4, 4] by [0, T]. ( -1 )) 





CHAPTER 6 Summary 269 


6.1 one-to-one function 
inverse function 
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| NEW SYMBOLS E 


f^ inverse of function f cot !x (arccotx) inverse cotangent of x 

sin x(arcsinx) inverse sine of x sec !x(arcsecx) inverse secant of x 

cos !x (arccos x) inverse cosine of x esc !x (arcesc x) inverse cosecant of x 
tan !x(arctanx) inverse tangent of x 
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CONCEPTS EXAMPLES 





| 6.1 Inverse Circular Functions 





| Evaluate y = cos ‘0. 
-| Write y = cos 'O as cos y = 0. Then y = 5, because 


| cos 5 = 0 and $ is in the range of cos ! x. 








y —' C08" x I and II 
y-tan'x I and IV 
y-—cot'x I and II 
jy ares [omy I and II 
y = csc x | (~, —1] U [1,%) [-£3]» #0 I and IV 


Evaluate sin(tan !(—2)). 


Md 


Let u — tan" '(—i). Then tan u — -$. Since tan ! x is nega- 


tive in quadrant IV, sketch a triangle as shown. 





We want sin(tan (—3)) = sin u. From the triangle, 


. 3 
sin u = —5. 





See page 242 for graphs of the other inverse circular 
(trigonometric) functions. 


270 CHAPTER 6 


CONCEPTS 


6.2 Trigonometric Equations | 
| 6.5 Trigonometric Equations Il 


Solving a Trigonometric Equation 


1. Decide whether the equation is linear or quadratic in 
form, so you can determine the solution method. 

| 2. If only one trigonometric function is present, first solve 

the equation for that function. 

3. If more than one trigonometric function is present, re- 
arrange the equation so that one side equals 0. Then try to 
factor and set each factor equal to 0 to solve. 

4. If the equation is quadratic in form, but not factorable, 
use the quadratic formula. Check that solutions are in the 
desired interval. 

| 5. Try using identities to change the form of the equation. It 

may be helpful to square both sides of the equation first. 

If this 1s done, check for extraneous solutions. 


| 6.4 Equations Involving Inverse Trigonometric 
Functions 


Inverse Circular Functions and Trigonometric Equations 


EXAMPLES 


Solve tan 0 + V3 = 2V3 over the interval [0°, 360°). 
Use a linear method. 


tan 0 + V3 = 2V3 
tan 0 = V3 
0 = 60° 


Another solution over [0°, 360°) is 
0 = 60° + 180° = 240°. 
The solution set is {60°, 240°}. 


Solve 2 cos? x = 1 over the interval [0, 247) using a double- 
angle identity. 
2cos^x-—1 
2coj?x—1-20 


cos 2x = 0 Cosine double-angle identity 


LA 3n 5a It o 2r. SO 
2° 2° 2° 0 = 2r « 4r. 
T 3r Sa Tr 
X——,—,—,— 
4 4 4 4 
The solution set is (2,32. 3g Ta) 





We solve equations of the form y — f(x) where f(x) is a 
trigonometric function using inverse trigonometric 
functions. 


Techniques introduced in this section also show how to 
solve equations that involve inverse functions. 


Solve y = 2 sin 3x for x. 


y = 2 sin 3x 
D as end —- 
= sin 3x Divide by 2. 


D. 2 "E 
3x — arcsin e Rewrite using arcsin. 


L OE y 
x = — arcsin — 
3 2 


Solve 4 tan ! x = sr. 


tan`! x= Divide by 4. 


ay 


T -— 
x — tan a = ] Definition of inverse tangent 


The solution set is {1}. 


CHAPTER 6 Review Exercises 271 


Chapter 6 Review Exercises 


Concept Check Tell whether each statement is true or false. If false, tell why. 
1. The ranges of the inverse sine and inverse cosine functions are the same. 


2. The ranges of the inverse tangent and inverse cotangent functions are the same. 
. 1l l ! 7 ed LI 
3. Itis true that sin 7 = —5, and therefore arcsin( —5) = ^. 


4. For all x. tan(tan ' x) = x. 


Give the exact real number value of v. Do not use a calculator. 


V2 l 
5. y= sin! E^ 6. y= wes (-4.) 7. y= tan (- V3) 


pe i 





V2 V3 

8. y = arcsin(— l) 9. v = Je 10. y = arctan ES 
2V3 

11. v = sec (—2) 12. v — arccsc 13. v = arccot(— 1) 


Give the degree measure of 0. Do not use a calculator. 


V3 
14. 0 = arccos > 15. 0 — resin“ 16. 0 = tan '0 


— io 


Use a calculator to give the degree measure of 0. 


17. 0 = arctan 1.7804675 18. 0 = sin '(—.66045320) 19. 0 = cos !.80396577 
20. 0 = cot ! 4.5046388 Al. 0 = arcsec 3.4723155 22. 0— csc '7.4890096 


Evaluate the following without using a calculator. 
| A V3 3r 
23. cos(arccos(— 1)) 24. sinl arcsin M 25. arccos Eos. 
T 
26. arcsec(sec 7) 27. an (uan z) 28. cos ‘(cos 0) 


3 
29. sin arccos 3) 30. cos(arctan 3) 31. cos(csc '(—2)) 


] 3 5 
32. «(a a (-1)) 33. an( arcsin s + arccos i 


Write each of the following as an algebraic (nontrigonometric) expression in u. 
H ua: | 

34. cos| arctan UTE 35. tan| arcsec — — — 
pe U 


Solve each equation for solutions over the interval (0.27). 


36. sinx = | 37. 2tanx — 1 5 0 38. 3 sinx — 5sinx + 20 
39. tan x = cot x 40. sec'2v = 4 41. tà2x — 1 ^ 0 
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Give all solutions for each equation. 


x X : 
42. sec y = COs > 43. cos 2x + cos x = 0 44. 4 sin x cos x = V3 


a 


Solve each equation for solutions over the interval |0?, 360°). If necessary, express solu- 
tions to the nearest tenth of a degree. 


45. si 0 + 3sin 0 - 2— 0 46. 2tan 0— tan Ø + | 
47. sin 20 = cos 26+ | 48. 2s8in20 = | 
49. 3cos'0 - 2cos0— 1 — 0 50. 5cot0— cot@-2=0 


Solve each equation in Exercises 51—57 for x. 


Y 


5]. 4y = 2 sin x 52. v = 3cos > 53. 2y = tan(3x + 2) 
4 x - M. 
54. 5y = Asinx — 3 55. ra arctan zi = T 56. arccos x — arcsin 3 
l 
57. arccos v + arctan | = <4 


58. Solve d = 550 + 450 cos( 21] for fin terms of d. 


(Modeling) Solve each problem. 


59. Viewing Angle of an Observer A 10-ft-wide chalk- | 55 -4— 10 — 
board is situated 5 ft from the left wall of a classroom. 
See the figure. A student sitting next to the wall x feet 
from the front of the classroom has a viewing angle of 
0 radians. 
(a) Show that the value of @ is given by the function 
defined by 


15 5 
f(x) = arctan| — | — arctan| — ]. 
X X 


== (b) Graph f(x) with a graphing calculator to estimate the value of x that maximizes 
the viewing angle. 
60. Snell’s Law Recall Snels law from 
Exercises 57 and 58 of Section 2.3: 





sin B, 


CI 
čs sin£ 

where c, 1s the speed of light in one medium, 
c» is the speed of light in a second medium, 
and 0; and 0. are the angles shown in the fig- 
ure. Suppose a light is shining up through 
water into the air as in the figure. As 6, increases, 0- approaches 90°, at which point 





no light will emerge from the water. Assume the ratio - in this case 1s .752. For what 
value of 0; does 6; = 90°? This value of 0, is called the critical angle for water. 


6l. Spells Law Refer to Exercise 60. What happens when 6, is greater than the 
critical angle? 


62. 


eH 63. 


^ 64. 
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British Nautical Mile "The British nau- i —-— 
, boset A nautical mile is 
tical mile is defined as the length of a the length on any 
minute of arc of a meridian. Since Earth of the meridians 
is flat at its poles, the nautical mile, in — Cutby a central 
feet, is given by angle of measure 
, 


I minute. 
L — 6077 — 31 cos 26, 





where 6 is the latitude in degrees. See the 
figure. (Source: Bushaw, D., et al., A Sourcebook of Applications of School Mathe- 
matics. Copyright € 1980 by The Mathematical Association of America.) 


(a) Find the latitude between 0° and 90° at which the nautical mile is 6074 ft. 
(b) At what latitude between 0? and 180? is the nautical mile 6108 ft? 


(c) In the United States, the nautical mile is defined everywhere as 6080.2 ft. At 
what latitude between 0? and 90° does this agree with the British nautical mile? 





The function y = csc ^! x is not found on graphing TR us Plotz 
l i i i SHECER OJCA 

calculators. However, with some models it can be setea à PE 
graphed as -15»2) 

kim 

EL 

SYS 
(This meri appears as Y, in the screen here.) Use the formula to obtain the graph 


T 


of y = esc! x in the window [—4,4] by [-3. 7] 


=] 


(a) Use the graph of y = sin ! x to approximate sin! .4. 


(b) Use the inverse sine key of a graphing calculator to approximate sin ! .4. 


Chapter 6 Test 


. Graph y = sin! x, and indicate the coordinates of three points on the graph. Give 


the domain and range. 


2. Find the exact value of y for each equation. 
] V3 
(a) y = arceos| —— (b) y = sin ‘| ——— 
F) 2 
(c) y = tan 0 (d) y = arcsec(—2) 
3. Find each exact value. 
| 2 l 
(a) cos arcsin 2) (b) (2 oog >) 


=) 4. 
=) s. 


6. 
Ef 
8. 


Explain why sin ! 3 cannot be defined. 

Explain why arcsin(sin 3m) 7 NE 

Write tan(arcsin u) as an algebraic (nontrigonometric) expression in u. 
Solve sin? 0 = cos? 0 + 1 for solutions over the interval [0°, 360°). 


Solve csc? 0 — 2cot 0 = 4 for solutions over the interval [0?,360?). Express 
approximate solutions to the nearest tenth of a degree. 
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9, Solve cos x = cos 2x for solutions over the interval [0, 277). 
10. Solve 2 V3 sin D — 3, giving all solutions in radians. 


11. Solve each equation for x. 


4 
(a) y = cos 3x (b) arcsin x = arctan 3 


12. (Modeling) Movement of a Runner’s Arm A runner's arm swings rhythmically 


according to the model 


= p 
y oo 3) p 


where y represents the angle between the actual position of the upper arm and the 
downward vertical position and ¢ represents time in seconds. At what times over the 


interval [0, 3) is the angle y equal to 0? 


Chapter 6 Quantitative Reasoning 


How can we determine the amount of oil in a submerged storage tank? 


The level of oil in a storage tank buried in the ground can be found in much the 
same way a dipstick is used to determine the oil level in an automobile crankcase. 
The person in the figure on the left has lowered a calibrated rod into an oil storage 
tank. When the rod is removed, the reading on the rod can be used with the dimen- 
sions of the storage tank to calculate the amount of oil in the tank. 

suppose the ends of the cylindrical storage tank in the figure are circles of 
radius 3 ft and the cylinder 1s 20 ft long. Determine the volume of oil in the tank if 
the rod shows a depth of 2 ft. (Hint: The volume will be 20 times the area of the 
shaded segment of the circle shown in the figure on the right.) 








| Applications of 
| Trigonometry and Vectors 


A aia photography first began in 1858 when French photographer 
Gaspard Tournachon took pictures of Paris from a hot-air balloon that had 
a makeshift darkroom. Since then, hot-air balloons have been replaced by 
airplanes, helicopters, and satellites, and aerial photography has been used 
in surveying, road design, weather forecast- 
ing, military surveillance, topographic 


maps, and even archaeology. The first | 7.1 Oblique Triangles and the Law 
| archaeological aerial photographs were of Sines 
' taken of Stonehenge in 1906. By searching The Ambiguous Case of the Law 
these photographs for unusual soil and OF Sits 
marks caused by structures lying below the 
ground, Stonehenge Avenue was discovered. The Law of Cosines 
Source: Brooks, R. and D. Johannes, Phyto- .4 Vectors, Operations, and the Dot 
archaeology, Dioscorides Press, 1990.) Pa 
PS : Product 
Being able to determine the measure- 


ments of the sides and angles in a triangle is Applications of Vectors 
essential to solving applications involving 
aerial photography, as seen in the Connections box in Section 7.1. 
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Oblique Triangles and The Law of Sines 


Congruency and Oblique Triangles = Derivation of the Law of Sines = Solving SAA and ASA Triangles 
(Case 1) = Area of a Triangle 


Until now, our work with triangles has been limited to right triangles. However, 
the concepts developed in Chapter 2 can be extended to a// triangles. Every tri- 
angle has three sides and three angles. If any three of the six measures of a 
triangle are known (provided at least one measure is the length of a side), then 
the other three measures can be found. This is called solving the triangle. 


Congruency and Oblique Triangles The following axioms from geome- 


try allow us to prove that two triangles are congruent (that is, their correspond- 
ing sides and angles are equal). 


Congruence Axioms > j 





Side-Angle-Side If two sides and the included angle of one triangle are 
(SAS) equal, respectively, to two sides and the included angle 
of a second triangle, then the triangles are congruent. 


Angle-Side-Angle If two angles and the included side of one triangle are 

(ASA) equal, respectively, to two angles and the included side 
of a second triangle, then the triangles are congruent. 

Side-Side-Side If three sides of one triangle are equal, respectively, to 

(SSS) three sides of a second triangle, then the triangles are 
congruent. 


Keep in mind that whenever SAS, ASA, or SSS is given, the triangle is 
unique. We continue to label triangles as we did earlier with right triangles: side 
a opposite angle A, side b opposite angle B, and side c opposite angle C. 

A triangle that is not a right triangle is called an oblique triangle. The mea- 
sures of the three sides and the three angles of a triangle can be found if at least 
one side and any other two measures are known. There are four possible cases. 


Data Required for Solving Oblique Triangles 


Case1 One side and two angles are known (SAA or ASA). 

Case2 Two sides and one angle not included between the two sides are 
known (SSA). This case may lead to more than one triangle. 

Case3 Two sides and the angle included between the two sides are known 
(SAS). 

Case4 Three sides are known (SSS). 


NOTE If we know three angles of a triangle, we cannot find unique side 
lengths since AAA assures us only of similarity, not congruence. For example, 
there are infinitely many triangles ABC with A = 35°, B = 65°, and C = 80°. 


Acute triangle ABC 
(a) 


a 


"aos 
M 


y 


D = C 


A b 
Obtuse triangle ABC 
(b) 


Figure 1 
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Case 1, discussed in this section, and Case 2, discussed in Section 7.2, 


require the law of sines. Cases 3 and 4, discussed in Section 7.3, require the law 
of cosines. 


Derivation of the Law of Sines To derive the law of sines, we start with 
an oblique triangle, such as the acute triangle in Figure 1(a) or the obtuse tri- 
angle in Figure 1(b). This discussion applies to both triangles. First, construct 
the perpendicular from B to side AC (or its extension). Let A be the length of this 


perpendicular. Then c is the hypotenuse of right triangle ADB, and a is the hy- 
potenuse of right triangle BDC. 


In triangle ADB, sin Á = or h=csinA. 
(Section 2.1) 


sin C — 


alrio|> 


In triangle BDC, or h=asinC. 


Since h = c sin A and h = a sin C, 


a sin C = c sin Å 


a UR 








— ———. Divide each side by sin A sin C. 
sinA siii 


In a similar way, by constructing perpendicular lines from the other vertices, 
it can be shown that l 


a b b C 


== and D es 
sin A sin B sinB sinc 














This discussion proves the following theorem. 


Law of Sines 
In any triangle ABC, with sides a, b, and c, 
Exam b a C b e 
snA sinB’ sin C’ 


This can be written in compact form as 





sin A 











sing  sinC 


a b c 


—— 


sin Á 


SS ee Oe 


That is, according to the law of sines, the lengths of the sides in a triangle are 
proportional to the sines of the measures of the angles opposite them. 
When solving for an angle, we use an alternative form of the law of sines, 


snA sing sinC 





NOTE When using the law of sines, a good strategy is to select an equation 


so that the unknown variable is in the numerator and all other variables are 
known. 
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Solving SAA and ASA Triangles (Case 1) If two angles and one side of a 
triangle are known (Case 1, SAA or ASA), then the law of sines can be used to 
solve the triangle. 


EXAMPLE 1 Using the Law of Sines to Solve a Triangle (SAA) 
Solve triangle ABC if A = 32.0°, B = 81.8°, and a = 42.9 cm. 








C Solution Start by drawing a triangle, roughly to scale, and labeling the given 
parts as in Figure 2. Since the values of A, B, and a are known, use the form of 
b > the law of sines that involves these variables, and then solve for b. 
42.9 cm 
b 
A A - T-— 
A n B dm A ane aw of sines 
Figure 2 42.9 b 


a o Substitute the given values. 


sin 32.0° sin 81.8° 
. 42.9 sin 81.8° — dd m d n 
^ dn320 37 0° ultiply by sin 81.8"; rewrite. 


b = 80.1 cm Approximate with a calculator. 
To find C, use the fact that the sum of the angles of any triangle is 180°. 


A+B+C= 180° (Section 1.2) 
C= 180° -A-B 
C = 180° — 32.0? — 81.8? = 66.2? 
Use the law of sines to find c. (Why does the Pythagorean theorem not apply?) 








a C 
sinA E sin C 
429 — C 
sin 320? sin 66.2° 
42.9 sin 66.2? 
sin 32.0? 
c = 74.] cm 


Now try Exercise 7. 


CAUTION When solving oblique triangles such as the one in Example 1, be 
sure to label a sketch carefully to help set up the correct equation. 


EXAMPLE 2 Using the Law of Sines in an Application (ASA) 


Jerry Keefe wishes to measure the distance across the Big Muddy River. See 
Figure 3. He determines that C = 112.907, A = 31.10°, and b = 347.6 ft. Find 
the distance a across the river. 


Solution To use the law of sines, one side and the angle opposite it must be 
known. Since b is the only side whose length is given, angle B must be found be- 
fore the law of sines can be used. 
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B= 180°- A- C 








B = 180° — 31.10° — 112.90° = 36.00° 
Now use the form of the law of sines involving A, B, and b to find a. 
a b pm 
. dii Law of sines 
snA sng 
a 347.6 


—. UAE xu 7 — ar AME Substitute. 
sin 31.107 sin 36.00 


— 347.6 sin 31.10? 
sin 36.00* 
a = 305.5 ft Use a calculator. 


Multiply by sin 31.10*. 


Now try Exercise 25. 


The next example involves the concept of bearing, first discussed in 
Chapter 2. 


EXAMPLE 3 Using the Law of Sines in an Application (ASA) 


Two ranger stations are on an east-west line 110 mi apart. A forest fire 1s located 
on a bearing of N 42? E from the western station at À and a bearing of N 15? E 
from the eastern station at B. How far is the fire from the western station? 


Solution Figure 4 shows the two stations at points A and B and the fire at 
point C. 





x y. 
A A 110 mi BR 


Figure 4 


Angle BAC = 90? — 42° = 48°, the obtuse angle at B equals 90° + 15° = 105^, 
and the third angle, C, equals 180° — 105° — 48° = 27°. We use the law of 
sines to find side b. 











b e n 
E Law of sines 
sinB  sinC 
b 110 — 
— Substitute 


sin 105° — sin 27° 
110 sin 105° 
sin 27° 
b = 234 mi 


Multiply by sin 105 


Now try Exercise 27. 


280 CHAPTER7 Applications of Trigonometry and Vectors 


Acute triangle ABC 
(a) 





Obtuse triangle ABC 
(b) 


Figure 5 


B 42 ft A 


Figure 6 


Area of a Triangle The method used to derive the law of sines can also be 
used to derive a formula to find the area of a triangle. A familiar formula for the 
area of a triangle is 4 = + bh, where & represents area, b base, and h height. 
This formula cannot always be used easily since in practice, h is often unknown. 
To find another formula, refer to acute triangle ABC in Figure 5(a) or obtuse tri- 
angle ABC in Figure 5(b). 

A perpendicular has been drawn from B to the base of the triangle (or the 
extension of the base). This perpendicular forms two right triangles. Using tri- 
angle ABD, 


h 
nA = — Or h = c sin A. 
C 
Substituting into the formula 4 = + bh, 
1 1 
A = 7 blc sin A) or A = 7 be sin A. 


Any other pair of sides and the angle between them could have been used. 


Area of a Triangle (SAS) 


In any triangle ABC, the area 4 is given by the following formulas: 


1 1 1 ; 
$= 35 sinA, 4 = Pod sin C, and A= Ph sin B. j 






m T —À MM M PáÀ— MÀ RM MÀ pu mmn. " Noms SD mY 
ox MU Muse SO LI) HR SS R EAS Qt qe ROqM Ely ccmpo—m ns 





E SEL MEME 


That is, the area is half the product of the lengths of two sides and the sine of the 
angle included between them. 


NOTE If the included angle measures 90°, its sine is 1, and the formula 
" n 
becomes the familiar 4 = 5 bh. 


EXAMPLE 4 Finding the Area of a Triangle (SAS) 
Find the area of triangle ABC in Figure 6. 
Solution We are given B = 55°, a = 34 ft, and c = 42 ft, so 


l 1 
A= Pas sin B — 5 04) (42) sin 55? = 585 ft’. 
Now try Exercise 43. 


EXAMPLE 5 Finding the Area of a Triangle (ASA) 
Find the area of triangle ABC if A = 24° 40’, b = 27.3 cm, and C = 52° 40’. 


Solution Before the area formula can be used, we must find either a or c. Since 
the sum of the measures of the angles of any triangle is 180°, 


B = 180° — 24? 40’ — 52? 40' = 102? 40’. 





Figure 7 
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We can use the law of sines to find a. 








sin 24°40’ | sin 102° 40’ 
277.3 sin 24? 40' 
~ — sin 102° 40' 
a = 11.7 cm 


Now, we find the area. 


1 ] 
A= PRU sin C = 5017) (27.3) sin 52? 40' ~= 127 cm? 


Now try Exercise 49. 


NOTE Whenever possible, use given values in solving triangles or finding 
areas rather than values obtained in intermediate steps to avoid possible round- 
ing errors. 


CONNECTIONS As suggested in the chapter introduction, aerial 
photographs can be used to provide coordinates of ordered pairs to deter- 
mine distances on the ground. Suppose we assign coordinates as shown in 
Figure 7. If an object's photographic coordinates are (x, y), then its ground 
coordinates (X, Y) in feet can be computed using the following formulas. 


- (a — h)x > (a — h)y cos 0 
fsec 0 — y sin 0" fsec 0 — y sin 8 


Here, f is focal length of the camera in inches, a is altitude in feet of the air- 
plane, and h is elevation in feet of the object. Suppose that a house has 
photographic coordinates (xy, yy) = (.9,3.5) with elevation 150 ft, while a 
nearby forest fire has photographic coordinates (xz, yp) = (2.1, —2.4) and is 
at elevation 690 ft. If the photograph was taken at 7400 ft by a camera with 
focal length 6 in. and tilt angle 0 — 4.1?, we can use these formulas to find 
the distance on the ground in feet between the house and the forest fire. 
(Source: Moffitt, F. and E. Mikhail, Photogrammetry, Third Edition, Harper 
& Row, 1980.) 


For Discussion or Writing 
1. Use the formulas to find the ground coordinates of the house and the fire. 


2. Use the distance formula given in Appendix B to find the required dis- 
tance on the ground to the nearest tenth of a foot. 
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1 Exercises 





1. Concept Check Consider the oblique triangle ABC. Which one of the following 
proportions is not valid? 


in Å b 4 

a sin a 
A. — —— B. — zudem 

b | simnB sinÁA sin’ " r 

sin Á b sinA smë 
C. = —— D. = 

a sin B a b A C 
b 


2. Concept Check Which two of the following situations do not provide sufficient 
information for solving a triangle by the law of sines? 




















A. You are given two angles and the side included between them. 
B. You are given two angles and a side opposite one of them. 

C. You are given two sides and the angle included between them. 
D. You are given three sides. 


Find the length of each side a. Do not use a calculator. 


3. "e 4. 


C 
J din tm 
a A B 


A 60 75 B 
42 


Determine the remaining sides and angles of each triangle ABC. See Example I. 


>; 





A 


6. C 
B A 


76.0 ft 





B € 


9. A = 6841*. B = 54.23°, a = 12.75 ft 
10. C = 74.08°, B = 69.38, c = 45.38 m 
11. A = 87.2°, b = 759 yd, C = 74.3 
12. B = 38? 40', a = 19.7 cm, C = 91° 40’ 
13. B = 20°50’. C = 103° 10’, AC = 132 ft 


14. 
15. 
16. 
17. 
18. 
19. 
20. 


521. 


22. 


B23. 


24. 
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A = 35.3°, B = 52.8, AC = 675 ft 

A = 39.70*, C = 30.35°, b = 39.74 m 

C = 71.83°, B = 42.57°, a = 2.614 cm 

B = 42.88°, C = 102.40°, b = 3974 ft 

A = 18.75°, B = 51.53°, c = 2798 yd 

A = 39° 54’, a = 268.7 m, B = 42° 32’ 

C = 79° 18’, c = 39.81 mm, A = 32° 57’ 

Explain why the law of sines cannot be used to solve a triangle if we are given the 
lengths of the three sides of the triangle. 


Concept Check In Example 1, we asked the question, “Why does the Pythagorean 
theorem not apply?” Answer this question. 


Terry Harris, a perceptive trigonometry student, makes the statement, “If we know 
any two angles and one side of a triangle, then the triangle is uniquely determined.” 
Is this a valid statement? Explain, referring to the congruence axioms given in this 
section. 


Concept Check If a is twice as long as b, is A necessarily twice as large as B? 


Solve each problem. See Examples 2 and 3. 


25. 


26. 


27. 


28. 


Distance Across a River To find the distance AB across a river, a distance 
BC = 354 m is laid off on one side of the river. It is found that B = 112° 10’ and 
C = 15° 20’. Find AB. See the figure. 





Distance Across a Canyon To determine the 
distance RS across a deep canyon, Rhonda lays 
off a distance TR = 582 yd. She then finds that 
T = 32° 50’ and R = 102° 20’. Find RS. 





Distance a Ship Travels A ship is sailing due north. At a certain point the bearing 
of a lighthouse 12.5 km distant is N 38.8° E. Later on, the captain notices that the 
bearing of the lighthouse has become S 44.2? E. How far did the ship travel between 
the two observations of the lighthouse? 

Distance Between Radio Direction Finders Radio direction finders are placed at 
points A and B, which are 3.46 mi apart on an east-west line, with A west of B. From 
A the bearing of a certain radio transmitter is 47.7°, and from B the bearing is 302.5*. 
Find the distance of the transmitter from A. 
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29. 


30. 


$1) Angle Formed by Radii of Gears Three gears are 


32. 


33. 


34. 


Measurement of a Folding Chair A folding chair is to 
have a seat 12.0 in. deep with angles as shown in the figure. 
How far down from the seat should the crossing legs be 
joined? (Find x in the figure.) 





Distance Across a River Mark notices that the bearing of a tree on the opposite 
bank of a river flowing north is 115.45". Lisa is on the same bank as Mark, but 
428.3 m away. She notices that the bearing of the tree is 45.47". The two banks are 
parallel. What is the distance across the river? 


arranged as shown in the figure. Find angle 0. 





Distance Between Atoms Three atoms with atomic radii of 
2.0, 3.0, and 4.5 are arranged as in the figure. Find the dis- 
tance between the centers of atoms A and C. 





Distance Between a Ship and a Lighthouse The bearing of a lighthouse from a 
ship was found to be N 37? E. After the ship sailed 2.5 mi due south, the new bear- 
ing was N 25° E. Find the distance between the ship and the lighthouse at each 
location. 


Height of a Balloon A balloonist is directly above a straight road 1.5 mi long that 
joins two villages. She finds that the town closer to her is at an angle of depression 
of 35^, and the farther town is at an angle of depression of 31*. How high above the 
ground is the balloon? 






Not to scale 


354 


36. 


37. 


38. 
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Distance to the Moon Since the moon 1s a Moon 
relatively close celestial object, its distance 3 
can be measured directly by taking two differ- P : 
ent photographs at precisely the same time ^; 
from two different locations. The moon will " dd P Not to scale 
have a different angle of elevation at each ba i 

f j, Donaueschingen 


location. On April 29, 1976, at 11:35 A.M., the R- -A 
lunar angles of elevation during a partial solar a 1 
eclipse at Bochum in upper Germany and at 
Donaueschingen in lower Germany were 
measured as 52.6997? and 52.7430", respectively. The two cities are 398 km apart. 
Calculate the distance to the moon from Bochum on this day, and compare it with 
the actual value of 406,000 km. Disregard the curvature of Earth in this calculation. 
(Source: Scholosser, W., T. Schmidt-Kaler, and E. Milone, Challenges of 
Astronomy, Springer-Verlag, 1991.) 


Ground Distances Measured by Aerial 
Photography The distance covered by 
an aerial photograph is determined by both 
the focal length of the camera and the tilt 
of the camera from the perpendicular to 
the ground. Although the tilt is usually 
small, both archaeological and Canadian 
photographs often use larger tilts. A cam- 
era lens with a I2-in. focal length will 
have an angular coverage of 60°. If an aerial photograph is taken with this camera 
tilted 0 = 35° at an altitude of 5000 ft, calculate the ground distance d in feet that 
will be shown in this photograph. (Source: Brooks, R. and D. Johannes, Phyto- 
archaeology, Dioscorides Press, 1990; Moffitt, F. and E. Mikhail, Photogrammetry, 
Third Edition, Harper & Row, 1980.) 





Ground Distances Measured by Aerial Nds 
Photography Refer to Exercise 36. A camera 

lens with a 6-in. focal length has an angular cov- 
erage of 86°. Suppose an aerial photograph is 
taken vertically with no tilt at an altitude of 3500 ft 
over ground with an increasing slope of 5°, as 
shown in the figure. Calculate the ground distance 
CB that would appear in the resulting photograph. 
(Source: Moffitt, F. and E. Mikhail, Photo- 
grammetry, Third Edition, Harper & Row, 1980.) 





Ground Distances Measured by Aerial Photography Repeat Exercise 37 if the 
camera lens has an 8.25-in. focal length with an angular coverage of 72°. 


Find the area of each triangle using the formula A = ibh, and then verify that the for- 
mula A = Sab sin C gives the same result. 


39. 


B 40. 
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puy 


41. 42. 





Find the area of each triangle ABC. See Examples 4 and 5. 


43. A = 42.525, b = 13.6 m, c = 10.1 m 

44. C= 72.227, b = 43.8 ft. a = 35.1 ft 

45. B = 124.52, a = 30.4 cm, c = 28.4 cm 

46. C = 142.7°, a = 21.9 km, b = 24.6 km 

47. A = 56.80°, b = 32.67 in., c = 52.89 in. 
48. A = 34.97°, b = 35.29 m, c = 28.67 m 

49, A = 30.507, b = 13.00 cm, C = 112.60° 
50. A = 59.80°, b = 15.00 m, C = 53.10° 


Solve each problem. 


Sl. Area of a Metal Plate A painter is going to apply a special coating to a triangular 
metal plate on a new building. Two sides measure 16.1 m and 15.2 m. She knows 
that the angle between these sides is 125°. What is the area of the surface she plans 
to cover with the coating? 


52. Area of a Triangular Lot A real estate agent wants to find the area of a triangular 
lot. A surveyor takes measurements and finds that two sides are 52.1 m and 21.3 m, 
and the angle between them is 42.27. What is the area of the triangular lot? 

S3. Triangle Inscribed in a Circle For a triangle inscribed 
in a circle of radius r, each law of sines ratio zÉz, 37. B 

and az has value 2r. The circle in the figure has diame- 

ter 1. What are the values of a, b, and c? (Note: This result 

provides an alternative way to define the sine function for 1 

angles between 0° and 180°. It was used nearly 2000 yr 

ago by the mathematician Ptolemy to construct one of the 6: 

earliest trigonometric tables.) 





54. Theorem of Ptolemy The following theorem is also 
attributed to Ptolemy: In a quadrilateral inscribed in a cir- 
cle, the product of the diagonals is equal to the sum of the 
products of the opposite sides. (Source: Eves, H., An 
Introduction to the History of Mathematics, Sixth Edition, 
Saunders College Publishing, 1990.) The circle in the figure 
has diameter 1. Explain why the lengths of the line seg- 
ments are as shown, and then apply Ptolemy's theorem to 
derive the formula for the sine of the sum of two angles. 





SS. Several of the exercises on right triangle applications 


D 
involved a figure similar to the one shown here, in 
which angles œ and B and the length of line segment AB 
are known, and the length of side CD is to be deter- x 
mined. Use the law of sines to obtain x in terms of o, 
B. and d. = 
A B C 


d 
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| |The Ambiguous Case of the Law of Sines 


| Description of the Ambiguous Case « Solving SSA Triangles (Case 2) = 
of Triangles 





Analyzing Data for Possible Number 


Description of the Ambiguous Case We used the law of sines to solve 
triangles involving Case 1, SAA or ASA, in Section 7.1. If we are given the 


á ' lengths of two sides and the angle opposite one of them (Case 2, SSA), then 
b Zero, one, or two such triangles may exist. (There is no SSA axiom.) 
Suppose we know the measure of acute angle A of triangle ABC, the length 
A of side a, and the length of side b, as shown in the margin. Now we must draw 
Ë iisang Uaid the side of length a opposite angle A. The table shows possible outcomes. This 
if a triangle exists. situation (SSA) is called the ambiguous case of the law of sines. 


If angle A is acute, there are four possible outcomes. 





sin B > 1, 
a«h«b 


sin B — 1, 
a=h<b 


0 « sin B « 1, 
ab 


0 « sin B, « 1, 
h<a<b 


0 « sin B « 1, 
ab 
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We can apply the law of sines to the values of a, b, and A and use some ba- 
Sic properties of geometry and trigonometry to determine which situation ap- 
plies. The following basic facts should be kept in mind. 


1. For any angle 0 of a triangle, O < sin 6 = 1. If sin 0 = 1, then 6 = 90° and 
the triangle is a right triangle. 


2. sin 6 = sin(180° — 6) (Supplementary angles have the same sine value.) 


3. The smallest angle is opposite the shortest side, the largest angle is oppo- 
site the longest side, and the middle-valued angle is opposite the intermedi- 
ate side (assuming the triangle has sides that are all of different lengths). 


Solving SSA Triangles (Case 2) 


EXAMPLE 1 Solving the Ambiguous Case (No Such Triangle) 
Solve triangle ABC if B = 55° 40', b = 8.94 m, and a = 25.1 m. 


Solution Since we are given B, b, and a, we can use the law of sines to find A. 


sin À | sinB 








Law of sines (alternative form) (Section 7.1) 





a b 
BA = oe Substitute the given values. 
25.1 8.94 
sinA = a ae ea Multiply by 25.1. 
8.94 
sin A = 2.3184379 Use a calculator. 


Since sin A cannot be greater than 1, there can be no such angle A and thus, no 
triangle with the given information. An attempt to sketch such a triangle leads to 
Figure 8 the situation shown in Figure 8. 





Now try Exercise 17. 


NOTE Inthe ambiguous case, we are given two sides and an angle opposite 
one of the sides (SSA). For example, suppose b, c, and angle C are given. This 
situation represents the ambiguous case because angle C is opposite side c. 


EXAMPLE 2 Solving the Ambiguous Case (Two Triangles) 
Solve triangle ABC if A = 55.3°, a = 22.8 ft, and b = 24.9 ft. 





Solution To begin, use the law of sines to find angle B. 


sin A | sinB 











a b 
sin55.3°  sinB 
22.8 24.9 
24.9 sin 55.3° 
ot i a 2 


22.8 
sin B ~ .8978678 






b = 24.9 


Figure 9 
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There are two angles B between 0? and 180° that satisfy this condition. Since 
sin B ~ .8978678, to the nearest tenth one value of B is 


B, = 63.9°. Use the inverse sine function. (Section 6.1) 


Supplementary angles have the same sine value, so another possible value of 
Bis 
B, = 180° — 63.9 = 116.1°. (Section 1.1) 


To see if B, = 116.1° is a valid possibility, add 116.1? to the measure of A, 
55.3?. Since 116.1? + 55.3? = 171.4°, and this sum is less than 180°, it is a 
valid angle measure for this triangle. 

Now separately solve triangles AB,C, and AB,C, shown in Figure 9. Begin 
with AB,C). Find C, first. 


C, = 180° -A-B, (Section 1.2) 
C, = 180° — 55.3* — 63.9° 
Ci, = 60.5 


Now, use the law of sines to find cj. 


a B 








sinA sin C; 
22.8 C 
sin 55.3° sin 60.8 
22.8 sin 60.8° 
sin 55.3° 


c, = 24.2 ft 


C 


To solve triangle AB;C,, first find C. 


C, = 180° — A — B, 
C; = 180° — 55.3° — 116.1° 
C, = 8.6° 


By the law of sines, 


a C5 


sinA sin Cs 











22.8 C^ 
sin 55.3* ~ sin 8.6° 
22.8 sin 8.6° 
?U sin 55.3° 
C5 = 4.15 ft. 


Now try Exercise 25. 


The ambiguous case results in zero, one, or two triangles. The following 
euidelines can be used to determine how many triangles there are. 
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Number of Triangles Satisfying the Ambiguous Case (SSA) 
Let sides a and b and angle A be given in triangle ABC. (The law of sines 
can be used to calculate the value of sin B.) 


1. If applying the law of sines results in an equation having sin B > 1, then 
no triangle satisfies the given conditions. 


2. If sin B = 1, then one triangle satisfies the given conditions and B = 90°. 


3. If 0 < sin B < 1, then either one or two triangles satisfy the given 
conditions. 


(a) If sin B = k, then let B, = sin™’ k and use B, for B in the first triangle. 


(b) Let B; = 180° — B,. If A B; < 180°, then a second triangle ex- 
ists. In this case, use B; for B in the second triangle. 


EXAMPLE 3 Solving the Ambiguous Case (One Triangle) 
Solve triangle ABC, given A = 43.5°, a = 10.7 in., and c = 7.2 in. 
Solution To find angle C, use an alternative form of the law of sines. 


sinC  sinÁ 


— 
— 








C a 
sin C — sin 43.5° 
7.2 10.7 
7.2 sin 43.5° 
in C = ————— —- = 46319186 
= 10.7 
C = 27.6 Use the inverse sine function. 


There is another angle C that has sine value .46319186; it is C = 180° — 
27.6° = 152.4. However, notice in the given information that c < a, meaning 
that in the triangle, angle C must have measure less than angle A. Notice also 


72 in. vis "n that when we add this obtuse value to the given angle A — 43.5?, we obtain 
152.4? + 43.5? = 195.9", 
A C 


: which is greater than 180°. So either of these approaches shows that there can be 
Figure 10 only one triangle. See Figure 10. Then 


B = 180? — 27.6° — 43.5? = 108.9°, 


and we can find side b with the law of sines. 


ceo 








b ^ 5d 
sing  sinÁ 
b 10.7 


— 
— 


sin 108.9° sin 43.5? 
.. 10.7 sin 108.9° 
— sin 43.5? 
b = 14.7 in. 


Now try Exercise 21. 
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Analyzing Data for Possible Number of Triangles 


EXAMPLE 4 Analyzing Data Involving an Obtuse Angle 


Without using the law of sines, explain why A = 104°, a = 26.8 m, and 
b = 31.3 m cannot be valid for a triangle ABC. 


Solution Since A is an obtuse angle, it is the largest angle and so the largest 
side of the triangle must be a. However, we are given b > a; thus, B > A, which 
is impossible if A is obtuse. Therefore, no such triangle ABC exists. 


Now try Exercise 33. 


Exercises 





l. Concept Check Which one of the following sets of data does not determine a 
unique triangle? 


A. A = 40°, B = 60°, C = 80° B. a = 5,b = 12,c = 13 
C. a=3,b=7,C = 50° D. a =2,b=2,c=2 
2. Concept Check Which one of the following sets of data determines a unique 
triangle? 
A. A = 50°, B = 50°, C = 80° B. a = 3. b = 5., ¢ = 20 
C. A = 40°, B = 20°, C = 30° D. a = 7. b = 24, ¢ = 25 


Concept Check in each figure, a line of length h is to be drawn from the given point to 
the positive x-axis in order to form a triangle. For what value(s) of h can you draw the 
following? 


(a) two triangles (b) exactlv one triangle (c) no triangle 
3. x 4, y 
(-3. 4) i 
5 
X — X 
0 





Determine the number of triangles ABC possible with the given parts. See Examples 1—4. 


5. a = 50, b = 26, A = 95° 6. b = 60. a = 82, B = 100° 
7. a = 31, b = 26, B = 48° 8. a = 35, b = 30, A = 40° 
9. a = 50, b = 61, A = 58° 10. B = 54°, c = 28, b = 23 


Find each angle B. Do not use a calculator. 


Ih C 12. C 
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Find the unknown angles in triangle ABC for each triangle that exists. See Examples 1—3. 


13. A = 29.7°, b = 41.5 ft, a = 27.2 ft 

14. B = 48.2°, a = 890 cm, b = 697 cm 

15. C = 41° 20’, b = 25.9 m, c = 38.4 m 

16. B = 48° 50’, a = 3850 in., b = 4730 in. 
17. B = 74.3°, a = 859 m, b = 783m 

18. C = 82.2°, a = 10.9 km, c = 7.62 km 
19. A = 142.13°, b = 5.432 ft, a = 7.297 ft 
20. B = 113.72°, a = 189.6 yd, b = 243.8 yd 


Solve each triangle ABC that exists. See Examples 1-3. 


21. A = 42.5°, a = 15.6 ft, b = 8.14 ft 22. C = 52.35, a = 32.5 yd, c = 59.8 yd 
23. B = 72.22, b = 78.3 m, c = 145m 24. C = 68.57, c = 258 cm, b = 386 cm 
25. A = 38° 40', a = 9.72 km, b = 11.8 km 
26. C = 29° 50', a = 8.61 m, c = 521 m 
27. A = 96.80°, b = 3.589 ft, a = 5.818 ft 
28. C = 88.70°, b = 56.87 yd, c = 112.4 yd 
29. B = 39.68, a = 29.81 m, b = 23.76 m 
30. A = 51.207, c = 7986 cm, a = 7208 cm 
31. Apply the law of sines to the following: a — V5, c = 2V5, A = 30°. What is the 
value of sin C? What is the measure of C? Based on its angle measures, what kind 
of triangle is triangle ABC? 
|=) 32. Explain the condition that must exist to determine that there is no triangle satisfying 
the given values of a, b, and B, once the value of sin B is found. 
|=} 33. Without using the law of sines, explain why no triangle ABC exists satisfying 
A = 103° 20', a = 14.6 ft, b = 20.4 ft. 
B 34. Apply the law of sines to the data given in Example 4. Describe in your own words 
what happens when you try to find the measure of angle B using a calculator. 
35. Property Survey A surveyor reported the following data about a piece of proper- 
ty: “The property is triangular in shape, with dimensions as shown in the figure." 
Use the law of sines to see whether such a piece of property could exist. 


21.9 yd 





38° 50° 


Can such a triangle exist? 


36. Property Survey The surveyor tries again: “A 
second triangular piece of property has dimensions — ^^ 
as shown." This time it turns out that the surveyor 
did not consider every possible case. Use the law of 
sines to show why. 






26.5 yd 





28° 10" 


Use the law of sines to prove that each statement is true for any triangle ABC, with cor- 
responding sides a, b, and c. 
a tb  sinA + sinB 38 a—b  sinÁ — sinB 

b sin B "a+b sinA + sinB 





Sf. 
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The Law of Cosines 





Derivation of the Law of Cosines = Solving SAS and SSS Triangles (Cases 3 and 4) = Heron's Formula for the 
Area of a Triangle 


As mentioned in Section 7.1, if we are given two sides and the included angle 
(Case 3) or three sides (Case 4) of a triangle, then a unique triangle is deter- 
mined. These are the SAS and SSS cases, respectively. Both cases require using 
the law of cosines. Remember the following property of triangles when applying 
the law of cosines to solve a triangle. 


Triangle Side Length Restriction 


In any triangle, the sum of the lengths of any two sides must be greater than — 
the length of the remaining side. f 





For example, it would be impossible to construct a triangle with sides of lengths 3, 
4, and 10. See Figure 11. 





cC-19 


No triangle is formed. 
Figure 11 
Derivation of the Law of Cosines To derive the law of cosines, let ABC 


be any oblique triangle. Choose a coordinate system so that vertex B is at the 
origin and side BC is along the positive x-axis. See Figure 12. 





Figure 12 


Let (x, y) be the coordinates of vertex A of the triangle. Verify that for angle 
B, whether obtuse or acute, 


; X 
sin B — = and cos B = —. (Section 2.2) 
C C 


(Here x is negative when B is obtuse.) From these results 
y=csinB and x=ccosB, 


so the coordinates of point A become (c cos B,c sin B). 


294 CHAPTER? Applications of Trigonometry and Vectors 


Point C in Figure 12 has coordinates (a,0), and AC has length b. Since 
point A has coordinates (c cos B, c sin B), by the distance formula, 


b= Vie cos B — ay. + (c sin B — 0y. (Appendix B) 
b? = (c cos B — ay + (c sin BY Square both sides. 
= c?cos? B — 2accos B + à? + c° sin? B Multiply: 
(x—y-x-2xy-c4 
a? + c'(cos? B + sin? B) — 2ac cos B Properties of real numbers 


| 


=a’+c*(1) — 2ac cos B Fundamental identity (Section 5.1) 
b^ = a? + c? — 2ac cos B. 
This result is one form of the law of cosines. In our work, we could just as easily 


have placed A or C at the origin. This would have given the same result, but with 
the variables rearranged. 


Law of Cosines 





In any triangle ABC, with sides a, b, and c, 
a? = b? + c? — 2bc cos A, 
b? = a? + c? — 2ac cos B, 
c? =a’ + b? — 2ab cos C. i 


That is, according to the law of cosines, the square of a side of a triangle is equal 
to the sum of the squares of the other two sides, minus twice the product of those 
two sides and the cosine of the angle included between them. 


NOTE Ifwelet C = 90° in the third form of the law of cosines, then cos C = 


cos 90° = 0, and the formula becomes c? = a? + ^, the Pythagorean theorem 
(Appendix B). The Pythagorean theorem is a special case of the law of cosines. 


Solving SAS and SSS Triangles (Cases 3 and 4) 


EXAMPLE 1 Using the Law of Cosines in an Application (SAS) 





A surveyor wishes to find the distance between two inaccessible points A and B 
on opposite sides of a lake. While standing at point C, she finds that 
AC = 259 m, BC = 423 m, and angle ACB measures 132° 40'. Find the dis- 
tance AB. See Figure 13. 


Solution The law of cosines can be used here since we know the lengths of two 
sides of the triangle and the measure of the included angle. 


AB? = 259? + 423? — 2(259) (423) cos 132° 40' 
AB? = 394,510.6 Use a calculator. 
AB = 628 Take the square root of each side. (Appendix A) 





The distance between the points is approximately 628 m. 


Figure 13 


Now try Exercise 39. 





c= 15. m 


Figure 14 
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EXAMPLE 2 Using the Law of Cosines to Solve a Triangle (SAS) 


Solve triangle ABC if A — 42.3^, b — 12.9 m, and c — 15.4 m. See Figure 14. 


Solution We start by finding a with the law of cosines. 
a’ = b? + c? — 2bccosA 
a’ = 12.9? + 15.4? — 2(12.9) (15.4) cos 42.3? 
a’ = 109.7 
a = 10.47 m 


Of the two remaining angles B and C, B must be the smaller since it is opposite 
the shorter of the two sides b and c. Therefore, B cannot be obtuse. 


snA sinB 








Law of sines (Section 7.1) 


a b 
sin 42.3° sin B 
1047 — 129 
sin B — ISI Multiply by 10.47; rewrite. 
10.47 
B = 56.0? Use the inverse sine function. (Section 6.1) 


The easiest way to find C is to subtract the measures of A and B from 180°. 
C = 180? — 42.3? — 56.0? = 81.7? (Section 1.2) 


Now try Exercise 19. 


CAUTION Had we used the law of sines to find C rather than B in Example 


2, we would not have known whether C equals 81.7? or its supplement, 98.3°. 
EXAMPLE 3 Using the Law of Cosines to Solve a Triangle (SSS) 
Solve triangle ABC if a — 9.47 ft, b — 15.9 ft, and c — 21.1 ft. 


Solution We can use the law of cosines to solve for any angle of the triangle. 
We solve for C, the largest angle. We will know that C is obtuse if cos C « O. 


c? = q^ ^b -—2abcosC | Law of cosines 
a ab PE E c? 


cos C — aa * Solve for cos C. 
cos C = deo we Substitute. 
2(9.47) (15.9) 
cos C = —.34109402 Use a calculator. 
C = 109.9? Use the inverse cosine function. 
(Section 6.1) 


We can use either the law of sines or the law of cosines to find B ~ 45.1°. 
(Verify this.) Since A = 180? — B — C, we obtain A = 25.0". 


Now try Exercise 23. 
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Trusses are frequently used to support roofs on buildings, as illustrated 
in Figure 15(a). The simplest type of roof truss is a triangle, as shown in 
Figure 15(b). One basic task when constructing a roof truss is to cut the ends of 
the rafters so that the roof has the correct slope. (Source: Riley, W., L. Sturges, 
and D. Morris, Statics and Mechanics of Materials, John Wiley and Sons, 1995.) 





EXAMPLE 4 Designing a Roof Truss (SSS) 


o Find angle B for the truss shown in Figure 15(b). 
e 6 ft Solution b? = @ + c? — 2accosB Law of cosines 
B C cos B — Sa dit Solve for cos B. 
11 ft ; 2ac 
(bi it? + 9? — 6 
Figure 15 c = ae Leta = 11,b = 6, andc = 9. 
cos B = .8384 Use a calculator. 
B = 33° Use the inverse cosine function. 





Now try Exercise 45. 


Four possible cases can occur when solving an oblique triangle, as summa- 
rized in the following table. In all four cases, it is assumed that the given infor- 
mation actually produces a triangle. 


MN LÀ aus ee 






Step 1 Find the remaining angle using the angle sum 


Case 1: One side and two angles 


are known. formula (A + B + C = 180°). 
(SAA or ASA) Step 2 Find the remaining sides using the law of 
sines. 
Case 2: Two sides and one angle This is the ambiguous case; there may be no triangle, 
(not included between one triangle, or two triangles. 
the two sides) are known. ! 
(SSA) Step 1 Find an angle using the law of sines. 


Step 2 Find the remaining angle using the angle sum 
formula. 


Step 3 Find the remaining side using the law of sines. 
If two triangles exist, repeat Steps 2 and 3. 


Case 3: Two sides and the included Step 1 Find the third side using the law of cosines. 


angle are known. Step 2 Find the smaller of the two remaining angles 
(SAS) using the law of sines. 
Step 3 Find the remaining angle using the angle sum 
formula. 
Case 4: Three sides are known. Step 1 Find the largest angle using the law of cosines. 
(SSS) Step 2 Find either remaining angle using the law of 
sines. 


Step 3 Find the remaining angle using the angle sum 
formula. 





Heron of Alexandria 


7.5 The Law of Cosines 297 


Heron's Formula for the Area of a Triangle The law of cosines can be 
used to derive a formula for the area of a triangle given the lengths of the three 
sides. This formula is known as Heron's formula, named after the Greek 
mathematician Heron of Alexandria, who lived around A.D. 75. It is found in his 
work Metrica. Heron's formula can be used for the case SSS. 


Heron's Area Formula (SSS) 


If a triangle has sides of lengths a, b, and c, with semiperimeter 
1 
s= 3 +b +c), 


then the area of the triangle is 


AÁ = Vs(s — a)(s — b)(s — c). 


That is, according to Heron's formula, the area of a triangle is the square 
root of the product of four factors: (1) the semiperimeter, (2) the semiperimeter 
minus the first side, (3) the semiperimeter minus the second side, and (4) the 
semiperimeter minus the third side. 


EXAMPLE 5 Using Heron's Formula to Find an Area (SSS) 


The distance “as the crow flies" from Los Angeles to New York is 2451 mi, from 


New York to Montreal 1s 331 mi, and from Montreal to Los Angeles is 2427 mi. 
What is the area of the triangular region having these three cities as vertices? 
(Ignore the curvature of Earth.) 


Solution In Figure 16 we let a = 2451, b = 331, and c = 2427. 


Montreal 
c = 2427 mi b = 331 mi 


New 


Los Angeles a= 2451 mi York 
Not to scale 


Figure 16 


The semiperimeter s is 
1 
s= 5 (2451 + 331 + 2427) = 2604.5. 


Using Heron's formula, the area s% is 


sd = Vs(s — a)(s — b)(s — c) 


A = N/2604.5(2604.5 — 2451) (2604.5 — 331) (2604.5 — 2427) 
A = 401,700 mi’. 


Now try Exercise 73. 
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CONNECTIONS we have introduced two new formulas for the area 
of a triangle in this chapter. You should now be able to find the area 4 of a 
triangle using one of three formulas: 


(a) 4 = $bh 

(b) 4 = jab sin C (or 4 = $ac sin B or sd = T bc sin A) 

(c) 4 = Vs(s — a)(s — bs — o). 

Another area formula can be used when the coordinates of the vertices of a 


triangle are given. If the vertices are the ordered pairs (x, y,), (x2 yj), and 
(X3, y). then 


] 
gq = 2 (x1y2 — yX + X2y3 — yoXa t Xayi — ysX1) : 


For Discussion or Writing 

Consider triangle PQR with vertices P(2, 5), Q(—1,3), and R(4,0). (Hint: 

Draw a sketch first.) 

1. Find the area of the triangle using the new formula just introduced. 

2. Find the area of the triangle using (c) above. Use the distance formula to | 
find the lengths of the three sides. 


3. Find the area of the triangle using (b) above. First use the law of cosines 
to find the measure of an angle. 


13 Exercises 


Concept Check Assume triangle ABC has standard labeling and complete the 
following. 
(a) Determine whether SAA, ASA, SSA, SAS, or SSS is given. 


(b) Decide whether the law of sines or the law of cosines should be used to begin solving 
the triangle. 


1. a, b, and C 2. A, C, andc 3. a,b, and A 
4. a, b, and c 5. A, B, andc 6. a, c, and A 
7. a, B, and C 8. b, c, andA 


Find the length of the remaining side of each triangle. Do not use a calculator. 
9. 10. 
/ 
g 4N2 


Find the value of 0 in each triangle. Do not use a calculator. 


11. 12. 
7 
3 
5 
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Solve each triangle. Approximate values to the nearest tenth. 


13. N 14. c 
4 
5 
A 6 B 
A 3 B 
15. E 16. ‘2 
10 
4 
10 12 
A 8 B 
A 10 B 
17. C 18. C 
7 5 
90 
A 9 B 
Å 100 B 


Solve each triangle. See Examples 2 and 3. 

19. A = 41.4°, b = 2.78 yd, c = 3.92 yd 

20. C = 28.3°, b = 5.71 in., a = 4.21 in. 
21) C = 45.6°, b = 8.94 m, a = 7.23 m 

22. A = 67.3°, b = 37.9 km, c = 40.8 km 
23. a = 9.3 cm, b = 5.7 cm, c = 8.2 cm 

24. a = 28 ft, b = 47 ft, c = 58 ft 

25. a = 42.9 m, b = 37.6 m, c = 62.7 m 

26. a = 189 yd, b = 214 yd, c = 325 yd 

27. AB = 1240 ft, AC = 876 ft, BC = 965 ft 
28. AB = 298 m, AC = 421 m, BC = 324 m 
29. A = 80° 40’, b = 143 cm, c = 89.6 cm 
30. C = 72° 40', a = 327 ft, b = 251 ft 

31. B = 74.80°, a = 8.919 in., c = 6.427 in. 
32. C = 59.70°, a = 3.725 mi, b = 4.698 mi 
33. A = 112.8°, b = 6.28 m, ¢ = 12.2 m 

34. B = 168.2°, a = 15.1 cm, c = 19.2 cm 
35. a = 3.0 ft, b = 5.0 ft, c = 6.0 ft 

36. a = 4.0 ft, b = 5.0 ft, c = 8.0 ft 


37. Refer to Figure 11. If you attempt to find any angle of a triangle with the values 
a = 3, b = 4, and c = 10 with the law of cosines, what happens? 
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=)38. 


“The shortest distance between two points is a straight line." Explain how this 
relates to the geometric property that states that the sum of the lengths of any two 
sides of a triangle must be greater than the length of the remaining side. 


Solve each problem. See Examples 1-4. 


39 


40 


* 





Distance Across a Lake Points A and B are on opposite sides of Lake Yankee. 
From a third point, C, the angle between the lines of sight to A and B is 46.3°. If AC 
is 350 m long and BC is 286 m long, find AB. 


Diagonals of a Parallelogram The sides of a parallelogram are 4.0 cm and 6.0 cm. 
One angle is 58° while another is 122°. Find the lengths of the diagonals of the 
parallelogram. 


4l. Flight Distance Airports A and B are 450 km apart, on an east-west line. Tom flies 


42 


43. 


44 


* 


45. 


46. 


in a northeast direction from A to airport C. From C he flies 359 km on a bearing of 
128° 40' to B. How far is C from A? 


Distance Between Two Ships Two ships leave a harbor together, traveling on 
courses that have an angle of 135° 40' between them. If they each travel 402 mi, how 
far apart are they? 


Distance Between a Ship and a Rock A ship is sailing east. At one point, the bear- 
ing of a submerged rock is 45° 20'. After the ship has sailed 15.2 mi, the bearing of 
the rock has become 308° 40’. Find the distance of the ship from the rock at the lat- 
ter point. 


Distance Between a Ship and a Submarine From an airplane flying over the 
ocean, the angle of depression to a submarine lying under the surface is 24° 10’. At 
the same moment, the angle of depression from the airplane to a battleship is 17° 30’. 
(See the figure.) The distance from the airplane to the battleship is 5120 ft. Find the 
distance between the battleship and the submarine. (Assume the airplane, submarine, 
and battleship are in a vertical plane.) 







24? 10 





ea ta EAR 


i 


Battlesh 





Submarine 


Truss Construction A triangular truss is shown 
in the figure. Find angle 8. 





Distance Between Points on a Crane A crane 
with a counterweight is shown in the figure. Find 
the horizontal distance between points A and B. 
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47. Distance Between a Beam and Cables A weight is 
supported by cables attached to both ends of a bal- 
ance beam, as shown in the figure. What angles are 
formed between the beam and the cables? 





48. Length of a Tunnel To measure the distance 
through a mountain for a proposed tunnel, 
a point C is chosen that can be reached from 
each end of the tunnel. (See the figure.) If 
AC — 3800 m, BC — 2900 m, and angle 
C = 110^, find the length of the tunnel. 






A c Tunnel ot B 
b e 
3800 m "e of 2900 m 
ae t 
C 


49. Distance on a Baseball Diamond A baseball diamond is a square, 90.0 ft on a 
side, with home plate and the three bases as vertices. The pitcher's rubber is 60.5 ft 
from home plate. Find the distance from the pitcher's rubber to each of the bases. 





Home 
plate 


50. Distance Between Ends of the Vietnam Memorial The Vietnam Veterans’ 
Memorial in Washington, D.C., is V-shaped with equal sides of length 246.75 ft. 
The angle between these sides measures 125° 12’. Find the distance between the 
ends of the two sides. (Source: Pamphlet obtained at Vietnam Veterans’ Memorial.) 





246.75 ft 246.15 ft 


51. Distance Between a Ship and a Point Starting at point A, a ship sails 18.5 km on 
a bearing of 189°, then turns and sails 47.8 km on a bearing of 317°. Find the dis- 
tance of the ship from point A. 


52. Distance Between Two Factories Two factories blow their whistles at exactly 
5:00. A man hears the two blasts at 3 sec and 6 sec after 5:00, respectively. The angle 
between his lines of sight to the two factories is 42.2°. If sound travels 344 m per 
sec, how far apart are the factories? 
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53. Bearing of One Town to Another Two towns 21 mi apart 
are separated by a dense forest. (See the figure.) To travel 
from town A to town B, a person must go 17 mi on a bear- 
ing of 325°, then turn and continue for 9 mi to reach town B. 
Find the bearing of B from A. 





54. Distance of a Plane An airplane flies 180 mi from point X at a bearing of 125°, 
and then turns and flies at a bearing of 230° for 100 mi. How far is the plane from 
point X? 


55. Measurement Using Triangulation Surveyors are often confronted with obsta- 
cles. such as trees, when measuring the boundary of a lot. One technique used to 
obtain an accurate measurement is the so-called triangulation method. In this tech- 
nique, a triangle is constructed around the obstacle and one angle and two sides of 
the triangle are measured. Use this technique to find the length of the property line 
(the straight line between the two markers) in the figure. (Source: Kavanagh, B., 
Surveving Principles and Applications, Sixth Edition, Prentice-Hall, 2003.) 





14. ELM Ad x 
Marker E Marker 


Not to scale 


56. Paih of a Ship A ship sailing due east in the North Atlantic has been warned to 
change course to avoid icebergs. The captain turns and sails on a bearing of 62^, then 
changes course again to a bearing of 115" until the ship reaches its original course. 
(See the figure.) How much farther did the ship have to travel to avoid the icebergs? 





SET d Icebergs 


m 50 mi ————+| 


S7. Angle in a Parallelogram A parallelogram has sides of length 25.9 cm and 
32.5 cm. The longer diagonal has length 57.8 cm. Find the angle opposite the longer 
diagonal. 
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58. Distance Between an Airplane and a Mountain A person ina plane flying straight 
north observes a mountain at a bearing of 24.1°. At that time, the plane is 7.92 km 
from the mountain. A short time later, the bearing to the mountain becomes 32.7". 
How far is the airplane from the mountain when the second bearing is taken? 


59. Layout for a Playhouse The layout for a child's playhouse has the dimensions 
given in the figure. Find x. 





60. Distance Between Two Towns To find the distance 
between two small towns, an electronic distance measur- 
ing (EDM) instrument is placed on a hill from which both 
towns are visible. The distance to each town from the 
EDM and the angle between the two lines of sight are 
measured. (See the figure.) Find the distance between the towns. 





Find the measure of each angle 0 to two decimal places. 


62. » 





| l 
Find the exact area of each triangle using the formula A = 5 bh, and then verify that 
Heron's formula gives the same result. 


63. 64. 


| 14 
14 
EE 


pos 


Find the area of each triangle ABC. See Example 5. 


65. a= 12 m.b = l6m,c = 25m 

66. a = 22 in., b = 45 in., c = 3l in. 

67. a = 154 cm, b = 179 cm, c = 183 cm 
68. a = 25.4 yd. b = 38.2 yd, c = 19.8 yd 
69. a = 76.3 ft. b = 109 ft, c = 98.8 ft 

70. a = 15.89 in., b = 21.74 in., c = 10.92 in. 
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Volcano Movement To help predict eruptions from the 
volcano Mauna Loa on the island of Hawaii, scientists 
keep track of the volcano’s movement by using a “super 
triangle" with vertices on the three volcanoes shown on 
the map at the right. (For example, in one vear, Mauna 
Loa moved 6 in., a result of increasing internal pres- 
sure.) Refer to the map to work Exercises 71 and 72. 


71. AB = 22.47928 mi, AC = 28.14276 mi, 
A = 58.56989*; find BC 


72. AB = 22.47928 mi, BC = 25.24983 mi, 
A = 58.56989°: find B 





Solve each problem. See Example 5. 


73. Area of the Bermuda Triangle Find the area of the Bermuda Triangle if the sides 
of the triangle have approximate lengths 850 mi. 925 mi, and 1300 mi. 


74. Required Amount of Paint A painter needs to cover a triangular region 75 m by 
68 m by 85 m. A can of paint covers 75 nv of area. How many cans (to the next high- 
er number of cans) will be needed? 

75. Perfect Triangles A perfect triangle is a triangle whose sides have whole number 
lengths and whose area is numerically equal to its perimeter. Show that the triangle 
with sides of length 9, 10. and 17 1s perfect. 

76. Heron Triangles A Heron triangle is a triangle having integer sides and area. 
Show thai each of the following is a Heron triangle. 

(a) a = 11,6 = 13, c = 20 (b) a = 13,5 = 14,c = 15 
(c) a — 7. b = 15,¢ = 20 


77. Consider triangle ABC shown here. 


(a) Use the law of sines to find candidates for the value of B 
angle C. 

(b) Rework part (a) using the law of cosines. 

(c) Why is the law of cosines a better method in this case? 


a 
GC 
i b C 
78. Show that the measure of angle A is twice the measure f 
of angle B. (Hint: Use the law of cosines to find cos A and 
cos B, and then show that cos A = 2 cos? B — 1.) à 6 
i B 
S 


79. Let point D on side AB of triangle ABC be such that CD bisects angle C. Show that 
AD R 
DB a: 


80. In addition to the law of sines and the law of cosines, there is a law of tangents. In 
any triangle ABC. 
A By dre 


tan 
tans(A +B) atb 


rof—ltropo 


Verify this law for the triangle ABC with a = 2, b = 2V3, A = 30°, and B = 60°. 
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Horizontal 
Figure 17 
P 
Q O 
Vector OP Vector PO 
Figure 18 
A+B B 





(b) 


Figure 20 


.4 | Vectors, Operations, and the Dot Product 


Angle Between Vectors 
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Algebraic Interpretation of Vectors = Operations with Vectors = Dot Product and the 


Basic Terminology Many quantities involve magnitudes, such as 45 Ib or 
60 mph. These quantities are called scalars and can be represented by real num- 
bers. Other quantities, called vector quantities, involve both magnitude and direc- 
tion. Typical vector quantities are velocity, acceleration, and force. For example, 
traveling 50 mph east represents a vector quantity. 

A vector quantity is often represented with a directed line segment (a seg- 
ment that uses an arrowhead to indicate direction), called a vector. The length of 
the vector represents the magnitude of the vector quantity. The direction of the 
vector, indicated by the arrowhead, represents the direction of the quantity. For 
example, the vector in Figure 17 represents a force of 10 lb applied at an angle 
of 30° from the horizontal. 

The symbol for a vector 1s often printed in boldface type. When writing vec- 
tors by hand, it is customary to use an arrow over the letter or letters. Thus OP and 
OP both represent the vector OP. Vectors may be named with either one lower- 
case or uppercase letter, or two uppercase letters. When two letters are used, the 
first indicates the initial point and the second indicates the terminal point of 
the vector. Knowing these points gives the direction of the vector. For example, 
vectors OP and PO in Figure !8 are not the same vector. They have the same 
magnitude, but opposite directions. The magnitude of vector OP is written |OP|. 

Two vectors are equal if and only if they have the same direction and the 
same magnitude. In Figure 19, vectors À and B are equal, as are vectors C and 
D. As Figure 19 shows, equal vectors need not coincide, but they must be paral- 
lel. Vectors A and E are unequal because they do not have the same direction, 
while A z^ F because they have different magnitudes. 


YN 


Figure 19 


Now try Exercise 1. 


To find the sum of two vectors À and B, we place the initial point of 
vector B at the terminal point of vector A, as shown in Figure 20(a). The vector 
with the same initial point as A and the same terminal point as B is the sum 
A + B. The sum of two vectors is also a vector. 

Another way to find the sum of two vectors is to use the parallelogram 
rule. Place vectors A and B so that their initial points coincide, as in 
Figure 20(b). Then, complete a parallelogram that has A and B as two sides. The 
diagonal of the parallelogram with the same initial point as A and B is the sum 
A + B found by the definition. Compare Figures 20(a) and (b). Parallelograms 
can be used to show that vector B + A is the same as vector A + B, or that 
A + B = B + A. so vector addition is commutative. The vector sum A + B is 
called the resultant of vectors A and B. 
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Vectors v and —v 
are opposites. 


Figure 21 


Looking Ahead to Calculus 

In addition to two-dimensional vectors 
in a plane, calculus courses introduce 
three-dimensional vectors in space. 
The magnitude of the two-dimensional 
vector (a. b) is given by Va? + b*. If 
we extend this to the three-dimensional 
vector (a, b, c). the expression becomes 


Va + b + c. Similar extensions are 


made for other concepts. 


For every vector v there is a vector —v that has the same magnitude as v but 
opposite direction. Vector —v is called the opposite of v. (See Figure 21.) The 
sum of v and —v has magnitude O and is called the zero vector. As with real 
numbers, to subtract vector B from vector A, find the vector sum A + (—B). 
(See Figure 22.) 





Figure 22 Figure 23 


The scalar product of a real number (or scalar) k and a vector u is the vec- 
tor k + u, which has magnitude |k| times the magnitude of u. As suggested by 
Figure 23, the vector k - u has the same direction as u if k > 0, and opposite 
direction if k < Q. 


Now try Exercises 5, 7, 9, and 11. 


Algebraic Interpretation of Vectors We now , 
consider vectors in a rectangular coordinate system. 
A vector with its initial point at the origin is called a 
position vector. A position vector u with its end- 
point at the point (a, b) is written (a, b), so 


u = (a,b). 


(a, b) 


This means that every vector in the real plane corre- 
sponds to an ordered pair of real numbers. Thus, 
geometrically a vector is a directed line segment; al- Figure 24 
gebraically, it is an ordered pair. The numbers a and b are the horizontal com- 
ponent and vertical component, respectively, of vector u. Figure 24 shows the 
vector u — (a, b). The positive angle between the x-axis and a position vector 
is the direction angle for the vector. In Figure 24, @ is the direction angle for 
vector u. 

From Figure 24, we can see that the magnitude and direction of a vector are 
related to its horizontal and vertical components. 





Magnitude and Direction Angle of a Vector (a, b) 


The magnitude (length) of vector u — (a, b) is given by 
lu| = Va? + b. 


The direction angle 0 satisfies tan 0 = 2 where a 7 0. 
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EXAMPLE 1 Finding Magnitude and Direction Angle 





Find the magnitude and direction angle for u — (3, —2). 


Algebraic Solution 
The magnitude is |u| = V3? + (—2)? = V13. To 


find the direction angle 6, start with tan 0 = P = 
<= -&. Vector u has a positive horizontal compo- 
nent and a negative vertical component, placing the 
position vector in quadrant IV. A calculator gives 
tan '(—$) = —33.7°. Adding 360? yields the direc- 
tion angle 0 = 326.3". See Figure 25. 





Graphing Calculator Solution 


A calculator returns the magnitude and direction 
angle, given the horizontal and vertical components. 
An approximation for V13 is given, and the direction 
angle has a measure with smallest possible absolute 
value. We must add 360? to the value of 0 to obtain 
the positive direction angle. See Figure 26. 





Figure 26 


For more information, see your owner's manual or 
the graphing calculator manual that accompanies this 





Figure 25 text. 
Now try Exercise 33. 
Horizontal and Vertical Components à 
urere ilt oU etl EL ol NM a, 





Figure 27 


a-|u|cos0 and 


The horizontal and vertical components, respectively, of a vector u having i 
magnitude | u | and direction angle 0 are given by / 


b = |u| sin 6. 


That is, u = (a,b) = (|u| cos 6,|u| sin 6). 


EXAMPLE 2 Finding Horizontal and Vertical Components 


Vector w in Figure 27 has magnitude 25.0 and direction angle 41.7?. Find the 
horizontal and vertical components. 


Algebraic Solution 
Use the two formulas in the box, with | w| = 25.0 and 
0 = 41.7°. 
a = 25.0 cos 41.7° b = 25.0 sin 41.7° 
a * 18.7 b = 16.6 
Therefore, w — (18.7,16.6). The horizontal com- 


ponent is 18.7, and the vertical component is 16.6 
(rounded to the nearest tenth). 


Graphing Calculator Solution 
See Figure 28. The results support the algebraic solution. 


18.7 
P*RucC25.80.41. 72 
16.6 





Figure 28 


_ Now try Exercise 37. 
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Figure 29 





Figure 30 


(a+c,b+ 4d) 





Figure 31 


EXAMPLE 3 Writing Vectors in the Form (a,b) 
Write each vector in Figure 29 in the form (a, b). 
Solution 
G ak ly we 5 5V3 
u = (5 cos 60°, 5 sin 60°) = (s . To . 11 == bs) 
v = (2 cos 180°, 2 sin 180°) = Q(—1),2(0)) = (—2,0) 
w = (6 cos 280°, 6 sin 280°) = (1.0419, —5.9088) Use a calculator. 


Now try Exercise 43. 


The following properties of parallelograms are helpful when studying vectors. 
1. A parallelogram is a quadrilateral whose opposite sides are parallel. 


2. The opposite sides and opposite angles of a parallelogram are equal, and 
adjacent angles of a parallelogram are supplementary. 


3. The diagonals of a parallelogram bisect each other, but do not necessarily 
bisect the angles of the parallelogram. 


EXAMPLE 4 Finding the Magnitude of a Resultant 


Two forces of 15 and 22 newtons act on a point in the plane. (A newton is a unit 
of force that equals .225 Ib.) If the angle between the forces is 100°, find the 
magnitude of the resultant force. 


Solution As shown in Figure 30, a parallelogram that has the forces as adja- 
cent sides can be formed. The angles of the parallelogram adjacent to angle P 
measure 80°, since adjacent angles of a parallelogram are supplementary. Op- 
posite sides of the parallelogram are equal in length. The resultant force divides 
the parallelogram into two triangles. Use the law of cosines with either triangle. 


|v |? = 15? + 22 — 2(15)(22) cos 80° Law of cosines (Section 7.3) 
=~ 225 + 484 — 115 

Iv? = 594 

| v| =~ 24 Take square roots. (Appendix A) 


To the nearest unit, the magnitude of the resultant force is 24 newtons. 


Now try Exercise 49. 


Operations with Vectors In Figure 31, m= (a,b), n = (c,d), and 
p = (a t c, b + d). Using geometry, we can show that the endpoints of the 
three vectors and the origin form a parallelogram. Since a diagonal of this paral- 
lelogram gives the resultant of m and n, we have p = m + nor 


(a + c, b + d) = (a,b) + (c,d). 


Similarly, we could verify the following vector operations. 
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Vector Operations 
For any real numbers a, b, c, d, and k, 
(a, b) + (c,d) = (a + c, b + d) 
k - (a, b) = (ka, kb). 
If a = (a4,a;), then —a = (—a,, —a;). 
(a, b) an (c, d) - (a, b) + =o d)) = (a E c, b - d) 





Figure 32 
p EXAMPLE 5 Performing Vector Operations ) 
Let u = (—2, 1) and v = (4,3). (See Figure 32.) Find the following: (a) u + v, 
(b) —2u, (c) 4u — 3v. 
Algebraic Solution Graphing Calculator Solution 
(a) u + v = (72,1) + (4,3) Vector arithmetic can be performed with a graphing 
= (—2 + 4,1 + 3) calculator, as shown in Figure 33. 
= (2,4) 
(b) —2u = -2- (—2,1) 
= (e22 D) , 
= (4, -2) 4C-2, 12-304. 33 


£-20 -53 


(c) du — 3v —54- (-2,1) — 3 - (4,3) 
— (—8,4) — (12,9) 
= be 1,4 =g Figure 33 
= (-20, -5) 





Now try Exercises 59, 61, and 63. 





A unit vector is a vector that has magnitude |. Two very useful unit vectors 
are defined as follows and shown in Figure 34(a). 


i = (1,0) j = (0, 1) 


D 





(a) (b) 
Figure 34 
With the unit vectors i and j, we can express any other vector (a, b) in the 


form ai + bj, as shown in Figure 34(b), where (3,4) = 3i + 4j. The vector 
operations previously given can be restated, using ai + bj notation. 
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i, j Form for Vectors 
If v = (a, b), then v = ai + bj. 


Dot Product and the Angle Between Vectors The dot product of two 
vectors is a real number, not a vector. It is also known as the inner product. Dot 
products are used to determine the angle between two vectors, derive geometric 
theorems, and solve physics problems. 


Dot Product 


The dot product of the two vectors u = (a, b) and v = (c, d) is denoted i 
u : v, reac “u dot v," and given by 


u:*v-— ac + bd. 


That is, the dot product of two vectors is the sum of the product of their first 
components and the product of their second components. 


EXAMPLE 6 Finding Dot Products 

Find each dot product. 

(a) (2,3) - (4, - 1) (b) (6,4) - (72,3) 
Solution - 
(a) Q,3) - (4, 1) = 2(4) + 3(-1) =5 

(b) (6,4) - (—2,3) = 6(—2) + 4(3) =0 


Now try Exercise 71. 


The following properties of dot products are easily verified. 


Properties of the Dot Product 


For all vectors u, v, and w and. real numbers k, 


(a) u*-v—7v-u (D u:(v-*w)-2u:vctu:w 
(co) (u-v):-w-2cu:w-cv:w (d) (ku): v = k(u > v) = u> (kv) 
(e) 0-u=0 (f us u= |uf. 


For example, to prove the first part of (d), we let u = (a, b) and v = (c,d). 
Then, 


(ku) - v = (k(a,b)) - (c, d) = (ka, kb) - (c,d) 
— kac + kbd = k(ac + bd) 
= k((a, b) - (c,d)) = k(u * v). 


The proofs of the remaining properties are similar. 
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The dot product of two vectors can be positive, 0, or negative. A geometric 
interpretation of the dot product explains when each of these cases occurs. This 
interpretation involves the angle between the two vectors. Consider the vectors 
u = (a, b) and v = (c,d), as shown in Figure 35. The angle 0 between u and v 
is defined to be the angle having the two vectors as its sides for which 
0° x 0 x 180°. The following theorem relates the dot product to the angle be- 
tween the vectors. Its proof is outlined in Exercise 32 in Section 7.5. 





Figure 35 


Geometric Interpretation of Dot Product 


If 0 is the angle between the two nonzero vectors u and v, where 
0? x 8 x 180°, then 
u*v 


u:v-]u||v|cos0 or, equivalently, cos 0 = à 
|u[|v| 





EXAMPLE 7 Finding the Angle Between Two Vectors 
Find the angle 0 between the two vectors u = (3,4) and v = (2, 1). 
Solution By the geometric interpretation, 


u-v (,4)- (2,1) 





cos 0 = EXE ON TET URS o5 

lullv| 1G,211Q.1)| 

.... 3Q) + 4(1) 
v9 - 16 V4 c 1 

10 

= —— = 894427191. 

5V5 
Therefore, 0 = cos !.894427191 = 26.57°. (Section 6.1) 


Now try Exercise 77. 


For angles 0 between 0° and 180°, cos 6 is positive, 0, or negative when @ is 
less than, equal to, or greater than 90°, respectively. Therefore, the dot product is 
positive, 0, or negative according to this table. 






Positive 


Negative 





NOTE Ifa. b= O0 for two nonzero vectors a and b, then cos 0 = 0 and 
Figure 36 0 = 90°. Thus, a and b are perpendicular or orthogonal vectors. See Figure 36. 


Now try Exercises 87 and 89. 
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74 Exercises | 


Concept Check Exercises 1—4 refer to the 
vectors m—t at the right. ^ m » 


1. Name all pairs of vectors that appear to be 
equal. 
2. Name all pairs of vectors that are oppo- f 
sites. p q r S t 
3. Name all pairs of vectors where the first is 
a scalar multiple of the other, with the 
scalar positive. 


4. Name all pairs of vectors where the first is a scalar multiple of the other, with the 
scalar negative. 


Concept Check Refer to vectors a—h below. Make a copy or a sketch of each vector, 
and then draw a sketch to represent each vector in Exercises 5—16. For example, find 


a + eby placing a and e so that their initial points coincide. Then use the parallelogram 
rule to find the resultant, as shown in the figure on the right. 


fera N 


iW 





"m uu 6. -g 7. 3a 8. 2h 
9, a+b 10. h^ g I. a -Ñ 12. d- e 
A 13. a+ (b+ c) 14. (a- b) * c 15. c - d 16.d—-c 
17. From the results of Exercises 13 and 14, does it appear that vector addition is 
associative? 
18. From the results of Exercises 15 and 16, does it appear that vector addition is 
commutative? 


In Exercises 19—24, use the figure to find each vector: (a) a+ b (b) a — b (c) —a. 
Use (x, y) notation as in Example 3. 


19. y 
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Given vectors a and b, find: (a) 2a (b) 2a + 3b (c) b — 3a. 
25. a —2ib-—i-cj 26. a= —i+ 2j,b=i-j 
27. a = (- 1,2, b = (3,0) 28. a = (—2, —1), b = (-3,2) 


For each pair of vectors u and w with angle 0 between them, sketch the resultant. 


29. |u| = 12,|w| = 20, 6 = 27° 30. |u| = 8,|w| = 12, 6 = 20° 
31. |u| = 20, |w| = 30, 6 = 30° 32. |u| = 50,|w| = 70, 0 = 40° 








Find the magnitude and direction angle for u. See Example 1. 


33. (15, — 8) 34. (—7,24) 35. (-4,4V3) 36. (8V2, -8V/2) 


For each of the following, vector v has the given magnitude and direction. Find the 
magnitudes of the horizontal and vertical components of v, if a is the angle of inclination 
of v from the horizontal. See Example 2. 








37. a = 20°, |v| = 50 38. a = 50°, |v| = 26 
39. a = 35° 50’, |v| = 47.8 40. a = 27° 30'. |v| = 15.4 
41. a = 128.5°, |v| = 198 42. a = 146.3°, |v| = 238 





Write each vector in the form (a. b). See Example 3. 


43. Y 
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Two forces act at a point in the plane. The angle between the two forces is given. Find 
the magnitude of the resultant force. See Example 4. 

49. forces of 250 and 450 newtons, forming an angle of 85° 

50. forces of 19 and 32 newtons, forming an angle of 118° 

51. forces of 116 and 139 Ib, forming an angle of 140° 50' 

52. forces of 37.8 and 53.7 Ib. forming an angle of 68.5° 


Use the parallelogram rule to find the magnitude of the resultant force for the two forces 
shown in each figure. Round answers to the nearest tenth. 


53. 





55. 





15 Ib 


110° k 2000 Ib 
25 Ib | 


57. Concept Check If u = (a.b) and v = (c.d), what is u + v? 


fa} : nd : E" o : 
B 58. Explain how addition of vectors is similar to addition of complex numbers. 


Given u = (—2,5) and v = (4,3), find the following. See Example 5. 


59. ut v 60. u — v 61. —4u 62. —5v 
63. 3u — 6v 64. —2u + 4v 65.u- v — 3u 66. 2u + v — 6v 


Write each vector in the form ai + bj. See Figure 34(b). 


67. (—5,8) 68. (6, —3) 69. (2,0) 70. (0, —4) 


Find the dot product for each pair of vectors. See Example 6. 


7L. (6.—15,02.5) 72.03.9071. 95) 73. (2, —3), (6,5) 
74. (1,2), (3, — 1) 75. 4i. 5i — 9j 76. 2i + 4j, —j 


Find the angle between each pair of vectors. See Example 7. 


7. Q,1, (73,10) 78. 0,7). (1, 1) 79. (1,2), (—6,3) 
80. (4.0). (2,2) 81. 3i + 4j. j 82. —5i + 12j. 3i + 2j 


Letu = (—2.1), v = (3.4). and w = (—5.12). Evaluate each expression. 


83. (3u): v 84. u: (v — w) 85. u- v—u-w 86. u - (3v) 


Determine whether each pair of vectors is orthogonal. See Figure 36. 


87. (1.2), (—6,3) 88. (3.4), (6.8) 
89. (1,0). (V/2,0) 90. (1. D. (1. —1) 
91. V5i — 2j. —5i + 2V 5j 92. —4i + 3j. 8i — 6j 
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Use trigonometry alc J 
. 


E" find the magniti de and dire rection angle o u " l n E? 
Use the law of cosines and the law of sines in your Y E 
Work. B rs je 10° 

94. Find the horizontal and vertical components of u, using _9= sain 3 
your calculator. 

95. Find the horizontal and vertical components of v, using w 
your calculator., Not to scale 


96. Find the horizontal and vertical components of u + v 
by adding the results you obtained in Exercises 94 and 95. 


97. Use your calculator to find the magnitude and direction angle of the vector u + v. 


98. Compare your answers in Exercises 93 and 97. What do you notice? Which method 
of solution do you prefer? 


| A APE ications of Vectors 


The Equilibrant * Incline Applications Navigation Applications 





The Equilibrant The previous section covered methods for finding the resul- 
tant of two vectors. Sometimes it is necessary to find a vector that will counter- 
balance the resultant. This opposite vector is called the equilibrant; that is, the 
equilibrant of vector u is the vector —u. 





Find the magnitude of the pramena SF was of 48 newtons and 60 newtons 
acting on a point A, if the angle between the forces is 50°. Then find the angle 
between the equilibrant and the 48-newton force. 


Solution 





Figure 37 


In Figure 37, the equilibrant is —v. The magnitude of v, and hence of —v, is 
found by using triangle ABC and the law of cosines. 


|v P = 48? + 60? — 2(48) (60) cos 130° Law of cosines (Section 7.3) 
Iv = 9606.5 
|v| = 98 newtons Two significant digits (Section 2,4) 
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Figure 38 





Figure 39 


L 6.0 


The required angle, labeled a in Figure 37, can be found by subtracting 
angle CAB from 180?. Use the law of sines to find angle CAB. 


98 60 
sin 130° — sin CAB 
sin CAB ~ .46900680 
CAB = 28° Use the inverse sine function. (Section 6.1) 


Finally, a = 180° — 28° = 152°. 








Law of sines (Section 7.1) 


Now try Exercise 1. 
Incline Applications We can use vectors to solve incline problems. 


EXAMPLE 2 Finding a Required Force 


Find the force required to keep a 50-lb wagon from sliding down a ramp in- 
clined at 20° to the horizontal. (Assume there is no friction.) 


Solution In Figure 38, the vertical 50-lb force BA represents the force of grav- 
ity. It is the sum of vectors BC and —AC. The vector BC represents the force 
with which the weight pushes against the ramp. Vector BF represents the force 
that would pull the weight up the ramp. Since vectors BF and AC are equal, 
| AC| gives the magnitude of the required force. 

Vectors BF and AC are parallel, so angle EBD equals angle A. Since angle 
BDE and angle C are right angles, triangles CBA and DEB have two correspond- 
ing angles equal and so are similar triangles. Therefore, angle ABC equals angle 
E, which is 20°. From right triangle ABC, 


|AC| 
50 
|AC| = 50 sin 20° ~ 17. 


sin 20° = (Section 2.1) 


Approximately a 17-lb force will keep the wagon from sliding down the ramp. 


Now try Exercise 9. 


EXAMPLE 3 Finding an Incline Angle 


A force of 16.0 Ib is required to hold a 40.0 Ib lawn mower on an incline. What 
angle does the incline make with the horizontal? 


Solution Figure 39 illustrates the situation. Consider nght triangle ABC. Angle 
B equals angle 0, the magnitude of vector BA represents the weight of the 
mower, and vector AC equals vector BE, which represents the force required to 
hold the mower on the incline. From the figure, 

16 

sin B = — = 4 
40 
B = 23.5782°. Use the inverse sine function. 


Therefore, the hill makes an angle of about 23.6° with the horizontal. 


Now try Exercise 11. 





Figure 40 


Course and groundspeed 


5 (actual direction of plane) 






Wind direction 
and speed 
J \ 


Bearing 
and airspeed 





Figure 41 





Figure 42 
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Navigation Applications Problems involving bearing (defined in Sec- 
tion 2.5) can also be worked with vectors. 


EXAMPLE 4 Applying Vectors to a Navigation Problem 


A ship leaves port on a bearing of 28.0° and travels 8.20 mi. The ship then turns 
due east and travels 4.30 mi. How far is the ship from port? What is its bearing 
from port? 


Solution In Figure 40, vectors PA and AE represent the ship’s path. The mag- 
nitude and bearing of the resultant PE can be found as follows. Triangle PNA is 
a right triangle, so angle NAP = 90° — 28.0° = 62.0°. Then angle PAE = 
180° — 62.0? = 118.0°. Use the law of cosines to find | PE|, the magnitude of 
vector PE. 


|PE|? = 8.20? + 4.30? — 2(8.20) (4.30) cos 118.0? 
|PE F =~ 118.84 
|PE| ~ 10.9 Square root property (Appendix A) 


The ship is about 10.9 mi from port. 
To find the bearing of the ship from port, first find angle APE. Use the law 
of sines. 


sin APE _ sin 118.0° 





4.30 10.9 
4.30 sin 118.0° 
in APE = ——— — —— 
= 10.9 
APE = 20.4? Use the inverse sine function. 


Now add 20.4° to 28.0° to find that the bearing is 48.4°. 


Now try Exercise 15. 


In air navigation, the airspeed of a plane is its speed relative to the air, 
while the groundspeed is its speed relative to the ground. Because of wind, 
these two speeds are usually different. The groundspeed of the plane is repre- 
sented by the vector sum of the airspeed and windspeed vectors. See Figure 41. 


EXAMPLE 5 Applying Vectors to a Navigation Problem 


A plane with an airspeed of 192 mph is headed on a bearing of 121°. A north 


wind is blowing (from north to south) at 15.9 mph. Find the groundspeed and 
the actual bearing of the plane. 


Solution In Figure 42, the groundspeed is represented by |x|. We must find 
angle a to determine the bearing, which will be 121° + o. From Figure 42, 
angle BCO equals angle AOC, which equals 121°. Find |x| by the law of cosines. 

|x|? = 192? + 15.9? — 2(192) (15.9) cos 121° 

|x|? = 40,261 

|x| = 200.7 or about 201 mph 


318 CHAPTER Applications of Trigonometry and Vectors 


Now find a by using the law of sines. Use the value of |x | before rounding. 


sino sin 121? 





159 . 2007 
sin æ = .0679 
a = 3.89? 


To the nearest degree, a is 4°. The groundspeed is about 201 mph on a bearing 
of 121° + 4° = 125°. 


7.5 Exercises 


Now try Exercise 25. 





Solve each problem. See Examples 1—5. 


l. 


> Magnitudes of Forces A force of 176 lb makes an 


. Magnitudes of Forces A force of 28.7 Ib 


Direction and Magnitude of an Equilibrant Two tugboats are pulling a disabled 
speedboat into port with forces of 1240 Ib and 1480 lb. The angle between these 
forces is 28.2°. Find the direction and magnitude of the equilibrant. 


. Direction and Magnitude of an Equilibrant Two rescue vessels are pulling 


a broken-down motorboat toward a boathouse with forces of 840 Ib and 960 |b. 
The angle between these forces is 24.5°. Find the direction and magnitude of the 
equtlibrant. 


. Angle Between Forces Two forces of 692 newtons and 423 newtons act at a point. 


The resultant force is 786 newtons. Find the angle between the forces. 


. Angle Between Forces Two forces of 128 Ib and 253 lb act at a point. The equili- 


brant force is 320 Ib. Find the angle between the forces. 


angle of 78? 50' with a second force. The resultant of 
the two forces makes an angle of 41° 10’ with the first 
force. Find the magnitudes of the second force and of force 
the resultant. 






41° 10’ 





176 lb 


TS uc. 
"reu First force 


makes an angle of 42° 10’ with a second force. 
The resultant of the two forces makes an angle 
of 32? 40' with the first force. Find the magni- 
tudes of the second force and of the resultant. 





Second 


32° 40’ 





42° 10’ 


28.7 lb 
First force 


. Angle of a Hill Slope A force of 25 Ib is required to hold an-80-Ib crate on a hill. 


What angle does the hill make with the horizontal? 


. Force Needed to Keep a Car Parked Find the force required to keep a 3000-Ib car 


parked on a hill that makes an angle of 15° with the horizontal. 


9. Force Needed for a Monolith To build the pyra- 


10. Weight of a Box Two people are carrying a box. One 


11 


12. 


13. 


14. 


15. 


16. 
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mids in Egypt, it is believed that giant causeways 
were constructed to transport the building materi- 
als to the site. One such causeway is said to have 
been 3000 ft long, with a slope of about 2.3°. How 
much force would be required to hold a 60-ton 
monolith on this causeway? 





3000 ft 





person exerts a force of 150 Ib at an angle of 62.4° with 
the horizontal. The other person exerts a force of 114 lb 
at an angle of 54.9°. Find the weight of the box. 





Incline Angle A force of 18 Ib is required to hold a 60-Ib stump grinder on an 
incline. What angle does the incline make with the horizontal? 


Incline Angle A force of 30 lb is required to hold an 80-lb pressure washer on an 
incline. What angle does the incline make with the horizontal? 


Weight of a Crate and Tension of a Rope A crate is supported by two ropes. One 
rope makes an angle of 46° 20’ with the horizontal and has a tension of 89.6 lb on 
it. The other rope is horizontal. Find the weight of the crate and the tension in the 
horizontal rope. 


Angles Between Forces Three forces acting at a point are in equilibrium. The 
forces are 980 Ib, 760 Ib, and 1220 Ib. Find the angles between the directions of the 
forces. (Hint: Arrange the forces to form the sides of a triangle.) 


Distance and Bearing of a Ship A ship leaves port on a bearing of 34.0? and trav- 
els 10.4 mi. The ship then turns due east and travels 4.6 mi. How far is the ship from 
port, and what is its bearing from port? 


Distance and Bearing of a Luxury Liner A luxury liner leaves port on a bearing 
of 110.0? and travels 8.8 mi. It then turns due west and travels 2.4 mi. How far is the 
liner from port, and what is its bearing from port? 
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17. 


18. 


19. 


20. 


21. 


22. 


Distance of a Ship from Its Starting Point Starting at point A, a ship sails 18.5 km 
on a bearing of 189°, then turns and sails 47.8 km on a bearing of 317°. Find the dis- 
tance of the ship from point A. 


Distance of a Ship from Its Starting Point Starting at point X, a ship sails 15.5 km 
on a bearing of 200°, then turns and sails 2.4 km on a bearing of 320°. Find the dis- 
tance of the ship from point X. 


Distance and Direction of a Motorboat A motorboat sets out in the direction 
N 80? E. The speed of the boat in still water is 20.0 mph. If the current is flowing 
directly south, and the actual direction of the motorboat is due east, find the speed of 
the current and the actual speed of the motorboat. 


Path Traveled by a Plane The aircraft carrier 
Tallahassee is traveling at sea on a steady course with a 
bearing of 30? at 32 mph. Patrol planes on the carrier 
have enough fuel for 2.6 hr of flight when traveling at a 
speed of 520 mph. One of the pilots takes off on a bear- 
ing of 338? and then turns and heads in a straight line, so 
as to be able to catch the carrier and land on the deck at 
the exact instant that his fuel runs out. If the pilot left at 
2 P.M., at what time did he turn to head for the carrier? 





338° 


Bearing and Groundspeed of a Plane An airline route from San Francisco to 
Honolulu is on a bearing of 233.0°. A jet flying at 450 mph on that bearing runs into 
a wind blowing at 39.0 mph from a direction of 114.0°. Find the resulting bearing 
and groundspeed of the plane. 


Movement of a Motorboat Suppose you would like to 
cross a 132-ft-wide river in a motorboat. Assume that the 
motorboat can travel at 7 mph relative to the water and 
that the current is flowing west at the rate of 3 mph. The 
bearing 0 is chosen so that the motorboat will land at a 
point exactly across from the starting point. 


(a) At what speed will the motorboat be traveling relative 
to the banks? 

(b) How long will it take for the motorboat to make the 
crossing? 

(c) What is the measure of angle 6? 





23. Airspeed and Groundspeed A pilot wants to fly on a bearing of 74.9°. By flying 


24. 


25 


26. 


due east, he finds that a 42-mph wind, blowing from the south, puts him on course. 
Find the airspeed and the groundspeed. 


Bearing of a Plane A plane flies 650 mph on a bearing of 175.3°. A 25-mph wind, 
from a direction of 266.6?, blows against the plane. Find the resulting bearing of 
the plane. 


Bearing and Groundspeed of a Plane A pilot is flying at 190 mph. He wants his 
flight path to be on a bearing of 64? 30'. A wind is blowing from the south at 
35.0 mph. Find the bearing he should fly, and find the plane's groundspeed. 


Bearing and Groundspeed of a Plane A pilot is flying at 168 mph. She wants her 
flight path to be on a bearing of 57° 40’. A wind is blowing from the south at 
27.1 mph. Find the bearing the pilot should fly, and find the plane's groundspeed. 


27. 


28. 


29. 


30. 


31. 


32. 
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Bearing and Airspeed of a Plane What bearing and airspeed are required for a 
plane to fly 400 mi due north in 2.5 hr if the wind 1s blowing from a direction of 328° 
at 11 mph? 


Groundspeed and Bearing of a Plane A plane is headed due south with an air- 
speed of 192 mph. A wind from a direction of 78° is blowing at 23 mph. Find the 
groundspeed and resulting bearing of the plane. 


Groundspeed and Bearing of a Plane An airplane is headed on a bearing of 174° 
at an airspeed of 240 km per hr. A 30 km per hr wind is blowing from a direction of 
245°. Find the groundspeed and resulting bearing of the plane. 


Velocity of a Star The space velocity v of a star 
relative to the sun can be expressed as the resultant 
vector of two perpendicular vectors—the radial 
velocity v, and the tangential velocity v,, where 
v = v, + v,. If a star is located near the sun and its 
space velocity is large, then its motion across the sky 
will also be large. Barnard's Star is a relatively close 
star with a distance of 35 trillion mi from the sun. It 
moves across the sky through an angle of 10.34" per 
year, which is the largest motion of any known star. 
Its radial velocity is v, — 67 mi per sec toward the 
sun. (Source: Zeilik, M., S. Gregory, and E. Smith. 
Introductory Astronomy and Astrophysics, Second Edition, Saunders College 
Publishing. 1998; Acker. A. and C. Jaschek, Astronomical Methods and 
Calculations, John Wiley & Sons, 1986.) 


(a) Approximate the tangential velocity v, of Barnard's Star. (Hint: Use the arc 
length formula s = r8.) 
(b) Compute the magnitude of v. 


Barnard's Star 





Not to scale 


(Modeling) Measuring Rainfall Suppose that vector R models ri 
the amount of rainfall in inches and the direction it falls, and vec- F / /" 
tor À models the area in square inches and orientation of the open- A y 
ing of a rain gauge, as illustrated in the figure. The total volume V d ' > 

of water collected in the rain gauge is given by V = |R - A |. This ; | 
formula calculates the volume of water collected even if the wind 
is blowing the rain in a slanted direction or the rain gauge is not 
exactly vertical. Let R = i — 2j and A = .5i + j. 





(a) Find |R | and | A |. Interpret your results. 

(b) Calculate V and interpret this result. i 

(c) For the rain gauge to collect the maximum amount of water, what Tok be true 
about vectors R and A? 


NURDAN 





The Dot Product In the figure below. a = (ana). b = (bi. Þa}, and a — b= 
(a, — bi aa — by). Apply the law of cosines to the triangle and derive the equation 
a: b= |allb|cos 0 
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KEY TERMS 
7.1 Side-Angle-Side 7.2 ambiguous case resultant unit vector 
(SAS) 7.4 scalar opposite (of a vector) dot product 
Angle-Side-Angle vector quantity zero vector angle between two 
(ASA) vector scalar product vectors 
Side-Side-Side (SSS) magnitude position vector orthogonal vectors 
oblique triangle initial point horizontal component | 7.5 equilibrant 
Side-Angle-Angle terminal point vertical component — - airspeed 


(SAA) parallelogram rule i direction angle groundspeed 









NEW SYMBOLS 


| OP orOP vector OP (a,b) position vector 
IOP] magnitude of vector OP i,j unit vectors 


| QUICK REVIEW 
|, CONCEPTS EXAMPLES 
7.1 Oblique Triangles and the Law of Sines 




















Law of Sines In triangle ABC, find c if A = 44°, C = 62°, and 
In any triangle ABC, with sides a, b, and c, a = 12.00 units. Then find its area. 
a _ D a c " b « | E Æ 
snA sing’? sinA  sinC sinB  sinC' sinA  sinC 
12890 .— c 
| sin 44° sin 62? 
| 12.00 sin 62? 
| =r Laura 
sin 44° "€ 
Area of a Triangle 
In any triangle ABC, the area is half the product of the 
lengths of two sides and the sine of the angle between them. | For triangle ABC above, 


1 1 1 1 
Á = —bcsinA, 4=—absinC, A= PL sin B A= 5 ae sin B 


2 2 


1 
= (12.00) (15.25) sin 74° B = 180° —44 — 62° 


== 87.96 sq units. 





CONCEPTS 
7.2 The Ambiguous Case of the Law of Sines 


Ambiguous Case 

If we are given the lengths of two sides and the angle oppo- 
site one of them, for example, A, a, and b in triangle ABC, 
then it is possible that zero, one, or two such triangles exist. 
If A is acute, A is the altitude from C, and 


1. a « h « b, then there is no triangle. 

2. a = h < b, then there is one triangle (a right triangle). 
3. a = b, then there is one triangle. 

4. h < a < b, then there are two triangles. 


If A is obtuse and 


1. a = b, then there is no triangle. 
2. a > b, then there is one triangle. 


See the table on page 287 that illustrates the possible 
outcomes. 


7.3 The Law of Cosines 


Law of Cosines 
In any triangle ABC, with sides a, b, and c, 


a? = b? + c? — 2bc cos ÁA 
b? -a + c? — 2ac cos B 


c? = a? + b* — 2ab cos C. 


Heron's Area Formula 
If a triangle has sides of lengths a, b, and c, with 
semiperimeter 


1 
r= [ate tc), 


then the area of the triangle is 


A = Vs(s — a)(s — b) (s — c). 
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Solve triangle ABC, given A — 44.5?, a — 11.0 in., and 
c= 7.0 in. 





Find angle C. 
sin C lu sin 44.5? 
7.0 11.0 
sin C = .4460 
C = 26.5? 


Another angle with this sine value is 
180? — 26.5? = 153.5°. 
However, 153.5? + 44.5? > 180°, so there is only one 
triangle. 
B = 180° — 44.5° — 26.5° 
B — 109? 
Using the law of sines again, 


b = 14.8 in. 


| In triangle ABC, find C if a — 11 units, b — 13 units, and 
| c — 20 units. Then find its area. 
c = @ + b — 2ab cos C 
20 = 11? + 13? — 2(11) (13) cos C 
400 = 121 + 169 — 286 cos C 
400 — 121 — 169 





— cos C 
—286 
400 — 121 — 169 
= Xa ee S nd 
bo ( = 286 
C = 112.6° 


The semiperimeter s is 


s- I + 13 + 20) = 22, 


SO 


A = V22(22 — 11) Q2 — 13) 22 — 20) = 66 sq units. 
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CONCEPTS 
7.4 Vectors, Operations, and the Dot Product 





P 
Resultant Vertical 
component 
O Horizontal 5 
component 


Magnitude and Direction Angle of a Vector 
The magnitude (length) of vector u = (a, b) is given by 


|u| = Va? + E. 
The direction angle 0 satisfies tan 0 = 4 where a ¥ Q. 
Vector Operations 
For any real numbers a, b, c, d, and k, 

(a, b) + (c, d) = (a + e, b + d) 
k + (a, b) = (ka, kb). 
If a = (a, a), then —a = (—a,, —a;). 
(a, »- (e, d) = (a, b) + (—<{e, d)) = (a —eb-d) 

If u = (x, y) has direction angle 6, then 


= = : —— == = — 


= (|u| cos 6, |u | sin 6). 


i, j Form for Vectors 
If v = (a,b), then v = ai + bj, where i = (1,0) and 
1 45.5. 


| Dot Product 


The dot product of the two vectors u — (a,b) and v — (c,d), | 


| denoted u : v, is given by 
u:*v-—ac + bd. 


If 8 is the angle between u and v, where 0? = 0 = 180°, then 


u-v=|ul|vjcos@ or  cos0-— 


u'y 
laf fy} 











EXAMPLES 





| Since tan 0 — R= Jg A = 7a it follows that 0 = 30°. 


(4,6) + (8,3) = (—4, 9) 
5(—2, 1) = (-10, 5) 
—(—9,6) = (9, —6) 

(4,6) — (—8,3) = (12,3) 


| For u defined above, 


u = (4 cos 30°, 4 sin 30°) 


= (2V3,2) 


SS EIE 


| and u = 2V3i + 2j. 


(2,1) - (5, -2) = 2°35 + 1(-2=—8 


Find the angle 0 between u = (3, 1) and v = (2, —3). 


(3,1) : 2, =3) 
6+ I 
V10 - V13 


cos Q = —— 


V 130 


3 
0 = cos"! as 74.7? 
V 130 


cos 0 — 


cos § = 
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Chapter 7 Review Exercises 





E 


Use the law of sines to find the indicated part of each triangle ABC. 


1. C = 74.22, c = 96. 3m. B = 39.5°: find b 

2. A = 129.77. a = 127 ft. b = 69.8 ft find B 

3. C = 51.3°, c = 68.3 m, b = 58.2 m: find B 

4. a = 165 m, A = 100.22. B = 25.0°: find’) 

5. B = 39° 50', b = 268 m, a = 340m: find A 

6. C = 79? 20', c = 97.4 mm, a = 75.3 mm: find A 
7 


. If we are given a, A, and C in a triangle ABC. does the possibility of the ambiguous 
case exist? If not, explain why. 


8. Can triangle ABC exist if a — 4.7. b — 2.3, and c — 7.0? If not, explain why. 
Answer this question without using trigonometry. 


9. Given a = 10 and B = 30°, determine the values of b for which A has 
(a) exactly one value (b) two possible values (c) no value. 


10. Explain why there can be no triangle ABC satisfying A = 140°. a = 5, and b = 7. 


Use the law of cosines to find the indicated part of each triangle ABC. 


11. a = 86.14 in.. b = 253.2 in., c = 241.9 in: find A 
12. B = 120.7°, a = 127 ft. e = 69.8 ft: find b 

13. A = 51° 20', c = 68.3 m. b = 582m; finda 
14. a = 14.8 m, b = 19.7 mc = 31.8 m: find B 
15. A = 60°, b =Scm,c = 2f cm: finda 

16. a = 13 ft, b = 17 f,c = 8ft find A 

Solve each triangle ABC having the given information. 
17. A = 25.2°, a = 6.92 yd, b = 4.82 yd 

18. A = 61.7°,a = 789 m, b = 86.4 m 

19. a = 27.6 cm, P = 19.8 cm, C = 42° 30’ 

20. a = 94.6 yd, b = 123 yd. c = 109 yd 


Find the area of each triangle ABC with the given information. 
21. b = 840.6 m. c = 715.9 m, A = 149.3? 

22. a = 6.90 ft. b = 10.2 ft, C = 35° 10' 

23. a = 913 km, b = .816 km, c = .582 km 


24. a= 43m,b —32m.c— 3] m 


li 


Solve each problem. 


25. Distance Across a Canyon To measure the dis- A 
tance AB across a canyon for a power line. a sur- 
veyor measures angles B and C and the distance BC, 
as shown in the figure. What is the distance from A 
to B? 
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26. Length of a Brace A banner on an 8.0-ft pole is to be 


27. 


28. 


29. 


30. 


31. 


32 


33. 





mounted on a building at an angle of 115°, as shown in 
the figure. Find the length of the brace. 


Height of a Tree A tree leans at an angle of 8.0? from 
the vertical. From a point 7.0 m from the bottom of the 
tree, the angle of elevation to the top of the tree is 68^. 
How tall is the tree? 





Hanging Sculpture A hanging sculpture in an art gallery is to be hung with two 
wires of lengths 15.0 ft and 12.2 ft so that the angle between them is 70.3?. How far 
apart should the ends of the wire be placed on the ceiling? 


Height of a Tree A A hill makes an angle of 14.3? with the horizontal. From the base 
of the hill, the angle of elevation to the top of a tree on top of the hill is 27.2?. The 
distance along the hill from the base to the tree is 212 ft. Find the height of the tree. 


Pipeline Position A pipeline is to run between points A and B, which are separat- 
ed by a protected wetlands area. To avoid the wetlands, the pipe will run from point 
A to C and then to B. The distances involved are AB = 150 km, AC = 102 km, and 
BC = 135 km. What angle should be used at point C? 


Distance Between Two Boats Two boats leave a dock together. Each travels in a 
straight line. The angle between their courses measures 54? 10'. One boat travels 
36.2 km per hr, and the other travels 45.6 km per hr. How far apart will they be 
after 3 hr? 


Distance from a Ship to a Light- 
house A ship sailing parallel 
to shore sights a lighthouse at an 
angle of 30? from its direction of 
travel. After the ship travels 2.0 
mi farther, the angle has increased 
to 55°. At that time, how far is the 
ship from the lighthouse? 





Area of a Triangle Find the area of the triangle shown in the figure using Heron's 
area formula. 
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34. Area of a Quadrilateral A lot has the shape of 


YU — 
the quadrilateral in the figure. What is its area? vo IO 







65 ft EE d 
7 o 120 ft 


130 ft 


In Exercises 35 and 36, use the given vectors to sketch the following. 
35.a — b 
a 
36. a + 3c P si \ 
c 


37. Concept Check Decide whether each statement is true or false. 


(a) Opposite angles of a parallelogram are equal. 
(b) A diagonal of a parallelogram must bisect two angles of the parallelogram. 


Given two forces and the angle between them, find the magnitude of the resultant force. 


38. forces of 142 and 215 newtons, forming an angle of 112° 
39. 


100 Ib 


32. 
130 Ib 


Vector v has the given magnitude and direction angle. Find the magnitudes of the hori- 
zontal and vertical components of v. 
40. |v| = 50, 0 = 45° 41. |v| — 964, 0 — 154? 20' 


(Give exact values.) 


Find the magnitude and direction angle for u rounded to the nearest tenth. 


42. u = (21, —20) 43. u = (-9, 12) 
44. Let v = 2i — j and u = —3i + 2j. Express each in terms of i and J. 
(a) 2v+ u (b) 2v (c) v — 3u 


45. Let a = (3, —2) and b = (—1,3). Find a: b and the angle between a and b, round- 
ed to the nearest tenth of a degree. 


Find the vector of magnitude | having the same direction angle as the given vector. 


46. u — (—4,3) 47. u — (5,12) 


Solve each problem. 


48. Force Placed on a Barge One rope pulls a barge directly east with a force of 100 
newtons. Another rope pulls the barge to the northeast with a force of 200 newtons. 
Find the resultant force acting on the barge and the angle between the resultant and 
the first rope. 
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49. 


50. 


SL. 


52. 


53. 


The following identities involve all six parts of a triangle ABC 
and are thus useful for checking answers. 


54. 


53. 


Weight of a Sled and Passenger Paula and 
Steve are pulling their daughter Jessie on a 
sled. Steve pulls with a force of 18 Ib at an 
angle of 10°. Paula pulls with a force of 12 Ib F} 18 1b 
at an angle of 15°. Find the magnitude of the 

resultant force on Jessie and the sled. 


Angle of a Hill A 186-Ib force just keeps a 2800-Ib car from rolling down a hill. 
What angle does the hill make with the horizontal? 


Direction and Speed of a Plane A plane has an airspeed of 520 mph. The pilot 
wishes to fly on a bearing of 310°. A wind of 37 mph is blowing from a bearing of 
212°. What direction should the pilot fly, and what will be her actual speed? 


Speed and Direction of a Boat A boat travels 1S km per hr in still water. The boat 
is traveling across a large river, on a bearing of 130?. The current in the river, com- 
ing from the west, has a speed of 7 km per hr. Find the resulting speed of the boat 
and its resulting direction of travel. 






mar "UN s 
m Pe 
pa ‘gg r 








Control Points To obtain accurate aerial photographs, ground control must deter- 
mine the coordinates of control points located on the ground that can be identified in 
the photographs. Using these known control points, the orientation and scale of each 
photograph can be found. Then, unknown positions and distances can easily be 
determined. The figure shows three consecutive control points A, B, and C. 


ds 


Surveyor | 





A surveyor measures a baseline distance of 92.13 ft from B to an arbitrary point P. 
Angles BAP and BCP are found to be 2° 22' 47" and 5° 13’ 11”, respectively. Then, 
angles APB and CPB are determined to be 63° 4’ 25" and 74? 19’ 49", respectively. 
Determine the distance between control points A and B and between B and C. 
(Source: Moffitt, F. and E. Mikhail, Photogrammetry, Third Edition, Harper & Row, 
1980.) 


a tb cos3(A — B) 


RT Newton's formula 
C sin 5 C 


a—b_ sin3(A — B) 


i Mollweide’s formula 
C cos 5 C 





C az 


Apply Newton's formula to the given triangle to verify the accuracy of the 
information. 


Apply Mollweide's formula to the given triangle to verify the accuracy of the 
information. 
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Find the indicated part of each triangle ABC. 


1. A = 25.2°, a = 6.92 yd, b = 4.82 yd; find C 
2. C = 118°, b = 130 km, a = 75 km: finde 

3. 
4 
5 


a = 17.3 ft, b = 22.6 ft, c = 29.8 ft: find B 


. Find the area of triangle ABC in Exercise 2. 


. Given a = I0 and B = 150° in triangle ABC, determine the values of b for which A 


has 


(a) exactly one value (b) two possible values (c) no value. 


6. Find the area of the triangle having sides of lengths 22, 26, and 40. 


. Find the magnitude and the direction angle for the vector 


(-6, 8) 
e 8 


shown in the figure. 





. Use the given vectors to sketch a + b. P ud 
a 


iea FAA 


. For the vectors u = (— 1,3) and v = (2, —6). find each of the following. 


(a) u + v (b) —3v (c) u* v (d) |u| 


Solve each problem. 


10. 


11. 


12. 


Height of a Balloon The angles of elevation of a balloon from two points A and B 
on level ground are 24° 50’ and 47° 20°, respectively. As shown in the figure, points 
A, B, and C are in the same vertical plane and points A and B are 8.4 mi apart. 
Approximate the height of the balloon above the ground to the nearest tenth of 
a mile. 





24° 50' 
B 8.4 mi A 





Horizontal and Vertical Components Find the horizontal and vertical components 
of the vector with magnitude 569 that is inclined 127.5? trom the horizontal. Give 
your answer in the form (a, 5). 


Radio Direction Finders Radio direction finders are placed at points A and B, 
which are 3.46 mi apart on an east-west line, with A west of B. From A, the bearing 
of a certain illegal pirate radio transmitter is 48°, and from B the bearing is 302°. 
Find the distance between the transmitter and A to the nearest hundredth of a mile. 
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13. Wires Supporting a Flagpole A flagpole stands vertical- 
ly on a hillside that makes an angle of 20° with the hori- 
zontal. Two supporting wires are attached as shown in the 
figure. What are the lengths of the supporting wires? 





14. Walking Dogs on Leashes While Michael is 
walking his two dogs, Duke and Prince, they 
reach a corner and must wait fora WALK sign. 
Michael is holding the two leashes in the same 
hand, and the dogs are pulling on their leashes 
at the angles and forces shown in the figure. 
Find the magnitude of the force Michael must 
apply to restrain the dogs. 





Just how much does the U.S. flag “show its colors"? 

The flag of the United States includes the colors red, white, and blue. Which 
color is predominant? Clearly the answer is either red or white. (It can be 
shown that only 18.73% of the total area is blue.) (Source: Slicing Pizzas, 
Racing Turtles, and Further Adventures in Applied Mathematics, Banks, R., 
Princeton University Press, 1999.) 

1. Let R denote the radius of the circumscribing circle of a five-pointed star 
appearing on the American flag. The star can be decomposed into ten con- 
gruent triangles. In the figure, r is the radius of the circumscribing circle of 
the pentagon in the interior of the star. Show that the area of a star is 


- | sin Á e, le 


AN y sin(A + B) 
(Hint: sin C = sin[180? — (A + B)| = sin(A + B).) 


2. Angles A and B have values 18? and 36^, respectively. Express the area of 
a star in terms of its radius, R. 





3. To determine whether red or white is predominant, we must know the 
A measurements of the flag. Consider a flag of width 10 in., length 19 in., 
length of each upper stripe 11.4 in., and radius R of the circumscribing 
circle of each star .308 in. The thirteen stripes consist of six matching pairs 
of red and white stripes and one additional red, upper stripe. Therefore, we 
R must compare the area of a red, upper stripe with the total area of the 
50 white stars. 
C (a) Compute the area of the red, upper stripe. 
; (b) Compute the total area of the 50 white stars. 
(c) Which color occupies the greatest area on the flag? 


oy 





Complex Numbers, 
Polar Equations, and 
Parametric Equations 





LJ igh-resolution computer graphics and complex numbers make it possi- 
ble to produce beautiful shapes called fractals. Benoit B. Mandelbrot first 
. used the term fractal in 1975. At its basic 
level, a fractal is a unique, enchanting geo- 
metric figure with an endless self-similarity 
property. A fractal image repeats itself infi- 
nitely with ever-decreasing dimensions. If 8.2 Trigonometric (Polar) Form of 
you look at smaller and smaller portions of Complex Numbers 
a fractal image, you will continue to see the 8.3 The Product and Quotient Theorems 
whole — much like looking into two parallel 
mirrors that are facing each other. 8.4 De Moivre's Theorem; Powers and 
The above fractal, called Newton’s Roots of Complex Numbers 
basins of attraction for. the cube roots of 
unity is discussed in Exercise 50, Section 
8.4. (Source: Crownover, R., Introduction 8.6 Parametric Equations, Graphs, and 
to Fractals and Chaos, Jones and Bartlett, Applications 
1995; Lauwerier, H., Fractals, Princeton 
University Press, 1991. Reprinted with permission.) 


8.1 Complex Numbers 


8.5 Polar Equations and Graphs 





531 
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.8.1| Complex Numbers 





Basic Concepts of Complex Numbers = 


Looking Ahead to Calculus 


The letters j and k are also used to 
represent V —1 in calculus and some 


applications (electronics, for example). 


Complex Solutions of Equations = Operations on Complex Numbers 


Basic Concepts of Complex Numbers The set of real numbers does not 
include all numbers needed in mathematics. For example, there is no real num- 
ber solution of the equation 


Ri 


x => —]. 


since —1 has no real square root. Square roots of negative numbers were not in- 
corporated into an integrated number system until the 16th century. They were 
then used as solutions of equations and, later in the 18th century, in surveying. 
Today, such numbers are used extensively in science and engineering. 

To extend the real number system to include numbers such as V —1, the 
number ; is defined to have the following property. 


i? = —] 


Thus, i = V—1. The number í is called the imaginary unit. Numbers of the 

form a + bi, where a and b are real numbers, are called complex numbers. In 

the complex number a + bi, a is the real part and b is the imaginary part.* 
The relationships among the various sets of numbers are shown in Figure 1. 









Nonreal 
complex 
numbers 
a + bi, 
b#0 





Complex 
numbers 
à * bi, 

a and b real 




















Irrational 
numbers 





Real 
numbers 
a + bi, 

b= 0 








Rational 
numbers 


Non- 
integers 


Figure 1 


Two complex numbers a + bi and c + di are equal provided that their real 
parts are equal and their imaginary parts are equal; that is, 


ath=ct+di if and only if a=c and b=d. 


For a complex number a + bi, if b = 0, then a + bi = a, which is a real 
number. Thus, the set of real numbers is a subset of the set of complex numbers. 
If a = 0 and b ¥ 0, the complex number is said to be a pure imaginary num- 
ber. For example, 3i is a pure imaginary number. A number such as 7 + 2i is a 
nonreal complex number. A complex number written in the form a + bi (or 
a + ib)isin standard form. (The form a + ib 1s used to write expressions such 
as i V/5, since V/ 5i could be mistaken for V5i.) 


Now try Exercises 9, 11, and 13. 





*[n some texts, the term bi is defined to be the imaginary part. 
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Some graphing calculators, such as the TI-83 Plus, are capable of working 
with complex numbers, as seen in Figure 2. The top screen supports the defini- 
tion of i. The bottom screen shows how the calculator returns the real and imag- 
inary parts of 7 + 2i. m 


For a positive real number a, V —a is defined as follows. 


V=a 


—— - 3 -— — i 
The calculator is in complex number If a > O, then V =a = iVa. lu 


mode. — zu z E Se ws 





Figure 2 
EXAMPLE 1 Writing V—a as iVa 


Write as the product of a real number and i, using the definition. of V —a. 


(a) V —16 (b) V —-70 (c) V —48 

Solution 

(a) V/.—16 = iV16 = 4i (b) V—70 = iV70 

(c) V —48 = iV48 = iV16 - 3 = 4iV3 Product rule for radicals; 
v ab = Na * Nb 


Now try Exercises 17, 19, and 21. 


Complex Solutions of Equations 


EXAMPLE 2 Solving Quadratic Equations for Complex Solutions _ 
Solve each equation. | : 

(a) x? = —9 (b) x? + 24=0 

Solution 


(a) Take the square root on both sides, remembering that we must find both 
roots, indicated by the = sign. 


2 
= —9 
= -X*W —9 Square root property (Appendix A) 
=+iV9  v-a-iVa 
= gi v9-3 


e 


e Ss M 


The solution set is {+3i}. 
(b) x! + 24=0 
x? = —24 Subtract 24. 
x= XW —24 Square root property 
pec Vb T. G— SVE 
The solution set is {+2iV6}. 


Now try Exercises 25 and 27. 
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EXAMPLE 3 Solving a Quadratic Equation for Complex Solutions 
Solve 9x? + 5 = 6x. 


Solution Write the equation in standard form, 9x? — 6x + 5 = 0. Then use 
the quadratic formula. 





—b * N b? — 4ac 
= ——_ Quadratic formula (Appendix A) 
a 
-0 + VC 4) @ 
a — -—ÉS —9.b—-—6,c— 
2(9) c=5 
6+ V—144 
18 
D IA mut. 
= v — 144 = 12i 
18 
Glaze [ag E 
p= TSH = c a Factor; write in lowest terms. 


The solution set is fl 2 2i]. 


Now try Exercise 29. 


Operations on Complex Numbers Products or quotients with negative 
radicands are simplified by first rewriting VV —a as i Va for a positive number a. 
Then the properties of real numbers are applied, together with the fact that 
2 

i= =]. 


CAUTION When working with negative radicands, use the definition V —a = 
iVa before using any of the other rules for radicals. In particular, the rule 
Vc Vd = Vcd is valid only when c and d are not both negative. For example, 


V/(—4) (—9) = V36 = 6, 


while V —4 : V —9 = 2i(3i) = 6i? = —6, 
So V.—4 - N —9 x V(-4) (-9). 


EXAMPLE 4 Finding Products and Quotients Involving Negative Radicands 


Multiply or divide as indicated. Simplify each answer. 





(a) V—-7-NV—7 (5 V-6-NV-10 (o = (d) = 
Solution 
(a) V—7- V —1 — INI - iV (b) V—6- V—10 = iV 6 - iV10 
= PVT =i V60 
=-|-7 = —IVA-15 
SEN =-1-2V15 


m = —2V15 
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V—20 _ Í V 2 Ya 
c uotient rule for radicals; ~4 = W£ 
© ==> eo z = V10 Q a= Vi 


V-48  iV48  , |48 
© Via vA Na 





= iV2 
Now try Exercises 37, 39, 41, and 43. 


The operations of addition and subtraction of complex numbers are defined 
in a manner similar to those for binomials. 


Addition and Subtraction of Complex Numbers | 
For sarin numbers a + biandc + di, | 

(a+ bi) + (c + di) = (a + c) + (b + dji 
and (a + bi) — (c + di) = (a — c) + (b — dy. 


——— — —— = mum ——À -n WERL eee: - 
— =. — _—— — — = - MR 


That is, to add or subtract complex numbers, add or subtract the real parts and 
add or subtract the imaginary parts. 


EXAMPLE 5 Adding and Subtracting Complex Numbers 


Find each sum or difference. 


(a) (3 — 4i) + (-2 + 6i) (b) (—9 + 7i) (3 — 15i) 
(c) (—4 + 3i) — (6 — 71i) (d) (12 — 5i) — (8 — 3i) 
Solution 


(a) (3 — 4i) + (C2 + 6) = [3 + (C2] + [7-4 + 6]i 
Commutative, associative, distributive properties 
=] +2i 
(b) (—9 + 7i) + (3 — 15) = —6 — 8i 
(c) (4 + 3) — (6— 7) = (-4 — 69 + [8 — (-7)]i 
= —10 + 10i 
(d) (12 — 5i) — (8 — 3i) = 4 — 2i 


Now try Exercises 49 and 51. 


The product of two complex numbers is found by multiplying as if the num- 
bers were binomials and using the fact that i? = —1, as follows. 


(a + bi)(c + di) = ac + adi + bic + bidi FOIL (multiply. First, Outer, 
Inner, Last terms) 
= ac + adi + bci + bdi’ 
= qc + (ad + bc)i + bd(—1) Distributive property; i? = — 1 
= (ac — bd) + (ad + bc)i 
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Multiplication of Complex Numbers 
For complex numbers a + bi and c + di, 


(a + bi)(c + di) = (ac — bd) + (ad + bcy. 


This definition is not practical in routine calculations. To find a given prod- 
uct, it is easier just to multiply as with binomials. 


EXAMPLE 6 Multiplying Complex Numbers 


Find each product. 

(a) (2 — 3i) (3 + 4i) (b) (4 + 3i} 

(e) A+A =) (d) (6 + 5i) (6 — 5i) 
Solution 


(a) (2 — 3i)(3 + 4i) = 2(3) + Z(4i) — 3i(3) — 3i(4i) FOIL 
— 68i — 9i — 12r 


COtSi 2 C6-S1 2 = = —Y = 12(—1) P=] 
= 1g 314 





(b) (4 + 3i = 4? + 2(4) (3i) + (31)? Square of a binomial: 


This screen shows how the 


TI-83 Plus displays the results Sty Sr + Sys 3 
found in Example 6 (a), (b), and (d). = 16 + 24i + 9i? 

= 16 + 24i + 9(—- I) P 

= 7 + 24i 


w 2+ i)(-2-)=-4-2-2-7? ron 
= —4— 4i — (—1) Combine terms; /- = —1 


— —4—4it1 
= —3 — 4i Standard form 
(d) (6 + 5i) (6 — 5i) = 6^ — (SiY Product of the sum and difference of two 
ers, (4 yJix—y)-—x -— 
— 36 — 25(—1) P--—| 
= 36 + 25 


— 61 or 61+ i Standard form 


Now try Exercises 57, 61, 63, and 65. 


Powers of i can be simplified using the facts 


¿p= =] and V= r= {+1 = 1. 
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EXAMPLE 7 Simplifying Powers of / 


Simplify each power of i. 


(a) i? (b) i^ 
Solution 
(a) Since i? = —1 and i^ = 1, write the given power as a product involving i” 


or i^. For example, 


> = 


i-i=(-—l)-i=-i. 
To simplify iP, use i^ and ?? to rewrite i”, giving 
Saf fa f= P= = 


(D PP =i G i= (igi 


Now try Exercises 75 and 83. 


We can use the method of Example 7 to construct the following list of pow- 
ers of i. 


Powers of í 





i-i ps Poi 
?=-1 ií = -1 i = —1 
D--i i,-i N=-i 
Powers of i on the TI-83 Plus i*-z1 i21 i^ x 1, and so on. 


calculator 


Example 6(d) showed that (6 + 5i) (6 — 5i) = 61. The numbers 6 + 5i and 
6 — 5i differ only in the sign of their imaginary parts, and are called complex 
conjugates. The product of a complex number and its conjugate is always a real 
number. 


Property of Complex Conjugates 
For real numbers a and b, 


(a + bi)(a — bi) = a? + b’. 


The complex conjugate of the divisor is used to find the quotient of two 
complex numbers in standard form. Multiplying both the numerator and the de- 
nominator by the complex conjugate of the denominator gives the quotient, as 
shown in the next example. 
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EXAMPLE 8 Dividing Complex Numbers 





Find each quotient. 
















2 o3 | 3 
(a) —— (b) — 
3 l 
Solution 
ISETI TE 349 (G8 -2MB v Multiply by the complex conjugate of the 
C (a) ———— = — — sn denominator in both the numerator and the 
à 1^2-142i Duc (5 — DS +i) denominator. 
"rus P 2 ; : 
-*i I5 + 3i + 107 + 27° | 
= 95 7 Multiply 
— E 
[Scop qd 
= — PF-—-—1 
This screen supports the re- 26 
sults in Example 8. Notice | 
that the answer to part (a) E TS [37 at bi 2d bi 
must be interpreted 26 26 
ld. not iti. | 
= 5 F 5! Lowest terms; standard form 
To check this answer, show that 
l |. ! | uw 2 
=. T pu (5 — i)=3 + 2i. Quotient X Divisor = Dividend 
3 A=) , | ' 
(b) zr: i-i iis the conjugate of 1. 
/ a 
EXT 
adi? 
2 2 
Jl 





= —3i or 0— 3i Standard form 


Now try Exercises 89 and 95. 








81 1 Exercises 


Concept Check Determine whether each statement is true or false. If it is false, 
tell why. 

1. Every real number is a complex number. 

2. No real number is a pure imaginary number. 

3. Every pure tmaginary number is a complex number. 

4. A number can be both real and complex. 

5. There is no real number that is a complex number. 


6. A complex number might not be a pure imaginary number. 
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Identifv each number as real, complex. or pure imaginary. (More than one of these 
descriptions may apply.) 


7. —6 8. 0 9. 10j 10. —8i 11. 2i 
12. —5 — 2i 13. 7 14. V8 15. V—9 16. V—16 


Write each number as the product of a real number and i. See Example l. 


Vie N39 18. V —36 19; N^ —10 20. V —15 
21. v —288 22. V -500 235. —M IS 24. — V —80 


Solve each quadratic equation and express all nonreal complex solutions in terms of i. 
See Examples 2 and 3. 


25. x = —16 26. x: = —36 27. x; - 12-0 
28. x + 48 =0 29. 30 + 2 = —4x 30. 2x° + 3x = —2 
31. x — 6x + 14=0 32. c - 4x - 11 =0 33. 46 — x) = -7 
34. 3(3x° — 2x) = —7 35. x^ + 1 —x 36. x -2— 2x 


Multiply or divide as indicated. Simplifv each answer. See Example 4. 


31. Wels se 38. velle V-17 39. M95 NS 




















— 30) eU 
40. V-5-V-I5 41. 42. 
—10 v -1 
V —si = 
43. : 44. bla 45. bi 
V8 V27 —40 
P P vV-6:Nv-2 4g, X12 V6 
^ 20 l V3 l V8 
Find each sum or difference. Write the answer in standard form. See Example 5. 
49. (3 + 2i) + (4 — 3i) 30. (4. — 7). 3-12 5-51) 
SL. (^2 F 30) = (94 310 52. (—3-3- 50D = 4-4 3) 
53.(2—50) — (35 T4) = (2 T 1) 54. [24 — 1) 12 M) 4 1-435312 
55) —; — 2 — (6 — 4i) — (5 — 2i) 56. 3— (4— i) — Ai * (-2 + 5i) 


Find each product. Write the answer in standard form. See Example 6. 


57, 2 + D(3 — 2i) 58. (-2 + 3i) (4 — 21) 59. (2 + 4) (C1 + 3i) 

60. (1 + 3» (2 — 51) 61. (—3 + 2iy 62. (2 + iy 

63. (3 + D(-3 - i) 64. (-5 — D(5* i) 65. (2 + 3i) (2 — 3i) 

66. (6 — 4D (6 + 4i) 67. (V6 + i)(v6— i) — 68. (V2 — 4i) (V2 + 4i) 
69. i(3 — 4D (3 + 4i) 70. i(2 + 7i)(2 — 7i) 71. 3i(2 — iy 

72. —5i(4 — 3iY. 73. (2+ 0D(2 - D(4 + 3i) 74. (3— D(3 - D Q2 — 6i) 


Simplify each power of i. See Example 7. 


75. i 76. i? 23. 455 78. 0 
79. 1^ 80. i^ 81. ;^ 82. i" 

"TBI | 
83. i^ 84. ji 85. — 86. -5 
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HL. 


mB, 


87. Suppose that your friend, Ceci Fleming, tells you that she has discovered a method 
of simplifying a positive power of i. “Just divide the exponent by 4,” she says, “and 
then look at the remainder. Then refer to the table of powers of i in this section. The 
large power of i is equal to the power indicated by the remainder. And if the 


remainder is 0, the result is 7" = 1.” Explain why her method works. 
88. Explain why the following method of simplifying i '^ works. 
; 9 =j “40, j^ = j 4d6+48 — i- = —] 


Find each quotient. Write the answer in standard form. See Example 8. 














6-45 14+ 5i dung 
89. 90. ———— 91. 

WX UE TY 

E ] = 3 ao Ae 

92, 93. : gj e 

4+ 3; {+i 2-1 
95. BE 96. > 97, = 

i i —I 

i 2 5 
98. — 99, — 100. — 

— i 3i 9 


2 2 
101. Show that y F d is a square root of i. 
V3 | 
102. Show that E T PE is a cube root of i. 


(Modeling) Alternating Current Complex numbers are used to describe current, I, 
voltage, E, and impedance, Z (the opposition to current). These three quantities are re- 
lated by the equation E = IZ. Thus, if anv two of these quantities are known, the third 
can be found. In each problem, solve the equation E = IZ for the missing variable. 


103. /— 8 +6, Z=6+3i 104. /— lO t6, Z=8+5i 
105. ]— 7 + 5i, E=28 + 54i 106. E = 35 + 55i, Z=6 + 4i 


(Modeling) Impedance Impedance is a measure of the opposition to the flow of alter- 
nating electrical current found in common electrical outlets. It consists of two parts 
called resistance and reactance. Resistance occurs when a lightbulb is turned on, while 
reactance is produced when electricity passes through a coil of wire like that found 
in electric motors. Impedance Z in ohms (Q) can be expressed as a complex number, 
where the real part represents resistance and the imaginary part represents reactance. 

For example, if the resistive part is 3 ohms and the reactive part is 4 ohms, then the 
impedance could be described by the complex number Z = 3 + 4i. In the series circuit 
shown in the figure, the total impedance will be the sum of the individual impedances. 
(Source: Wilcox, G. and C. Hesselberth, Electricity for Engineering Technology, Allyn 
& Bacon. 1970.) 


107. The circuit contains two lightbulbs and two 
electric motors. Assuming that the lightbulbs 
are pure resistive and the motors are pure reac- 
tive, find the total impedance in this circuit and 
express it in the form Z = a + bi. 

108. The phase angle @ measures the phase differ- 
ence between the voltage and the current in an 
electrical circuit. 0 (in degrees) can be deter- 
mined by the equation tan 0 = 5 Find @ for 
this circuit. 








Imaginary axis 








Figure 5 
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The Complex Plane and Vector Representation Unlike real numbers, 
complex numbers cannot be ordered. One way to organize and illustrate them is 
by using a graph. To graph a complex number such as 2 — 3i, we modify the fa- 
miliar coordinate system by calling the horizontal axis the real axis and the ver- 
tical axis the imaginary axis. Then complex numbers can be graphed in this 
complex plane, as shown in Figure 3. Each complex number a + bi determines 
a unique position vector with initial point (0,0) and terminal point (a, b). This 
shows the close connection between vectors and complex numbers. 


NOTE This geometric representation is the reason that a + bi is called the 
rectangular form of a complex number. (Rectangular form is also called stan- 
dard form.) 


Recall that the sum of the two complex numbers 4 + i and 1 + 3i is 
(4+ i) + (1 + 3) 2 5-- 4i. (Section 8.1) 


Graphically, the sum of two complex numbers is represented by the vector that 
is the resultant of the vectors corresponding to the two numbers, as shown in 
Figure 4. 


EXAMPLE 1 Expressing the Sum of Complex Numbers Graphically 


Find the sum of 6 — 2i and —4 — 3i. Graph both complex numbers and their 
resultant. 


Solution The sum is found by adding the two numbers. 
(6 — 2i) + (4 — 3i) = 2 — Si 


The graphs are shown in Figure 5. 


Now try Exercises 3 and 13. 


Trigonometric (Polar) Form Figure 6 shows the complex number x + yi 
that corresponds to a vector OP with direction angle 0 and magnitude r. The fol- 
lowing relationships among x, y, r, and 0 can be verified from Figure 6. 


Relationships Among x, y, r, and 0 


SES 


Say to 
e 


un. 


x-rcosÓ y=rsin@ 


r= Vx? y tan ==, jpn 


_ Se BR ee a tc gt a NR E RAC TEAS R le qon UM eoe tt Medi PV RT est Md era? 
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Substituting x = rcos @ and y = rsin 0 from these relationships into 
x t yi gives 
x + yi = rcos 0 + (rsin 6)i 
= r(cos 0 + isin 0). Factor out r. 





Trigonometric (Polar) Form of a Complex Number 
The expression 
r(cos 0 + i sin 0) 


is called the trigonometric form (or polar form) of the complex number 
x + yi. The expression cos 0 + isin 0 is sometimes abbreviated cis 6. 


* * » 
Using this notation, 

Nu 

. a * * 2 x 

r(cos 0 + i sin 0) is written r cis 8. i 

$e 

REDDIDIT gU puo. amc cm es uS ee Hee UA ea Saas /———————— E 





The number r is the absolute value (or modulus) of x + yi, and 0 is the 
argument of x + yi. In this section we choose the value of 0 in the 
interval [0?, 360°). However, any angle coterminal with 6 also could serve as 


the argument. 





EXAMPLE 2 Converting from Trigonometric Form to Rectangular Form 





Express 2(cos 300° + i sin 300?) in rectangular form. 







Algebraic Solution Graphing Calculator Solution 
From Chapter 2, cos 300° = 5 and sin 300° = A Figure 7 confirms the algebraic solution. 
- C3885*isint 
d: 1 V3 
2(cos 300° + i sin 300°) = 2 he? » Pf o2858888i 
1. (32650888 





=] —-iV3. 


Notice that the real part is positive and the imaginary 
part is negative; this is consistent with 300° being a The imaginary part is an approxi- 
quadrant IV angle. mation for —V3. 


Figure 7 


Now try Exercise 27. 





Converting Between Trigonometric and Polar Forms To convert from 
rectangular form to trigonometric form, we use the following procedure. 


Converting from Rectangular Form to Trigonometric Form 


Step 1 Sketch a graph of the number x + yi in the complex plane. í 
Step 2 Find r by using the equation r = Vx? + y’. i 
Step 3 Find @ by using the equation.tan 0 = Sek p 0, choosing the quad- 

| rant indicated in Step 1. | 











R&Pr&-I63255125 


RKPOC-I6355,15 
2.617993878 


2.617993878 











S17 


Choices 5 and 6 in the top 
screen show how to convert 
from rectangular (x, y) form 
to trigonometric form. The 
calculator is in radian mode. 
The results agree with our al- 
gebraic results in Example 
3(a). 
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CAUTION Errors often occur in Step 3. Be sure to choose the correct quad- 
rant for 0 by referring to the graph sketched in Step 1. 


EXAMPLE 3 Converting from Rectangular Form to Trigonometric Form 
Write each complex number in trigonometric form. 

(a) -V3 +i (b) —3i 

Solution 


(a) We start by sketching the graph of —V3 + i in the complex plane, as 
shown in Figure 8. Since x — — V3 and yl, 


r=Ve+y=V(-V3P + F=V34+1=2, 
y 1 | v3 3 
d t Q ———-———————.——c 
an an = wa 


eva wA ow 


Rationalize the denominator. 


Since tan 0 = = , the reference angle for 0 in radians is $. From the 
graph, we see that 6 is in quadrant II, so 0 = m — % = Sa . Therefore, 


5 5 5 
-V3 + i= 2( cos $7 4 isin = Pais. 


(b) The sketch of —3i is shown in Figure 9. 


» 





Figure 9 


Since —3i = 0 — 3i, we have x = 0 and y = —3 and 
r= V0? + (-32 = V0+9=V9 =3. 


We cannot find 0 by using tan 0 = z, because x = 0. From the graph, a 
value for 0 is 270°. In trigonometric form, 


—3i = 3(cos 270° + i sin 270°) = 3 cis 270°. 


Now try Exercises 41 and 47. 


NOTE In Example 3, we gave answers in both forms: r(cos 0 + i sin 0) and 
r cis 0. These forms will be used interchangeably from now on. 
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Figure 10 





Source: Figure from Crownover, R., 
Introduction to Fractals and Chaos. 
Copyright © 1995. Boston: Jones and 
Bartlett Publishers. Reprinted with 
permission. 


Figure 11 


EXAMPLE 4 Converting Between Trigonometric and Rectangular Forms Using 
Calculator Approximations 


Write each complex number in its alternative form, using calculator approxima- 
tions as necessary. 


(a) 6(cos 115? + i sin 115?) (b) 5 — 4i 
Solution 


(a) Since 115? does not have a special angle as a reference angle, we cannot 
find exact values for cos 115? and sin 115?. Use a calculator set in degree 
mode to find cos 115? = —.4226182617 and sin 115° = .906307787. 
Therefore, in rectangular form, 


6(cos 115? + i sin 115?) = 6(—.4226182617 + .9063077871) 
e —2,5357 + 5.43781. 
(b) A sketch of 5 — 4i shows that 0 must be in quadrant IV. See Figure 10. Here 


r= V5? + (—4)? = V4 and tan 0 = —$. Use a calculator to find that 
one measure of 0 is —38.66°. In order to express 6 in the interval [0, 360°), 
we find 0 = 360? — 38.66? = 321.34°. Use these results to get 


5 — 4i = V 41 cis 321.34". 
Now try Exercises 53 and 57. 


An Application of Complex Numbers to Fractals We can apply com- 
plex numbers to the study of fractals. An example of a fractal is the Mandelbrot 
set shown in Figure 11. 


EXAMPLE 5 Deciding Whether a Complex Number Is in the Julia Set 





The fractal called the Julia set is shown in Figure 12. To determine if a complex 
number z =a + bi is in this Julia set, perform the following sequence of 
calculations. Repeatedly compute the values of z^— 1, (z — 1)- 1, 
[(2 — 1 — 1} — 1,.... If the absolute values of any of the resulting complex 
numbers exceed 2, then the complex number z is not in the Julia set. Otherwise z 
is part of this set and the point (a, b) should be shaded in the graph. 





Source: Figure from Crownover, R., Introduction to Fractals and Chaos. Copyright 
© 1995. Boston: Jones and Bartlett Publishers. Reprinted with permission. 


Figure 12 
Determine whether each number belongs to the Julia set. 


(a) z — 0 t 0i (bì) z=1 + li 
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Solution 
(a) Here z=0+0 =0, 
Gata 0 i i, 
(7-1 -1=(-1F -1=0, 
[z—1v»-1P-^120-1-2-1, 


and so on. We see that the calculations repeat as 0, —1, 0, — 1, and so on. 
The absolute values are either O or 1, which do not exceed 2, so O + Oi is in 
the Julia set and the point (0, 0) 1s part of the graph. 

(b We have z — 1 = (1 +i} —1=(1 + 27+ 7) — 1 = -1 4+ 2i. The ab- 
solute value is V(—1)? + 22 = V5. Since V5 is greater than 2, 1 + li is 
not in the Julia set and (1, 1) is not part of the graph. 


Now try Exercise 63. 


82 Ex ercises 


1. Concept Check The absolute value of a complex number represents the 
of the vector representing it in the complex plane. 


2. Concept Check What is the geometric interpretation of the argument of a complex 
number? 
Graph each complex number. See Example 1. 
3. —3 + 2i 4. 6 — Si 5. V2 + Vi 6. 2 — 2iV/3 
7. —4i 8. 3i 9. —8 19. 2 


Concept Check Give the rectangular form of the complex number represented in 
each graph. 


11. Imaginary 12. Imaginary 


Real Real 





Find the sum of each pair of complex numbers. See Example 1. 


I3, d — 35-1 4-21 14. 2 + 31,44 15.23 a 2 a 
16. 7 — 3i, 4 + 3i 17. e, 18. 6, —2i 
19.2.4051, «21 20.-4 — 2055 21. 7 + 6i, 3i 


Dee Ue3 cres] 


Write each complex number in rectangular form. See Example 2. 


23. 2(cos 45? + i sin 45?) 24. 4(cos 60° + i sin 60°) 


25. 10(cos 90? + i sin 90?) 26. 8(cos 270? + i sin 270?) 
27. 4(cos 240? + i sin 240°) 28. 2(cos 330? + i sin 330?) 
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205 3 cis 150? 30. 2 cis 30? 

31. 5 cis 300° 32. 6 cis 135° 

33. V2 cis 180° 34. V3 cis 315? 

35. 4(cos(—30°) + i sin(—30°)) 36. V2 (cos(—60°) + i sin(—60?)) 


Write each complex number in trigonometric form r(cos 0 + isin 0), with 0 in the inter- 
val |0?, 360°). See Example 3. 


37. 3 — 3i 38. —2 + 2i V3 39. —3 — 3i V3 
40. 1 + iV3 41. V3- i 42. 4V3 + 4i 
43. -5 — 5i 44. —V2 + iV2 45. 2+ 2i 

46. -V3 +i 47. 5i 48. —2i 

49. —4 50. 7 


Perform each conversion, using a calculator as necessary. See Example 4. 


Rectangular Form Trigonometric Form 
SL 2, 35:3] 
D ae a a cos 35° + i sin 35° 
zn O 3(cos 250° + i sin 250°) 
54. =A g 
55. 12i 
BULL a 3 cis 180? 
57. 3 P SI 
58. cis 110.5° 





Concept Check The complex number z, where z = x + vi, can be graphed in the plane 
as (x, v). Describe the graphs of all complex numbers z satisfving the conditions in 
Exercises 59—62. 


59. The absolute value of z is 1. 60. The real and imaginary parts of z are 
equal. 
61. The real part of zis 1. 62. The imaginary part of zis 1. 


Julia Set Refer to Example 5 to solve Exercises 63 and 64. 


63. Is z = — 2i in the Julia set? 
64. The graph of the Julia set in Figure 12 appears to be symmetric with respect to both 
the x-axis and y-axis. Complete the following to show that this is true. 
(a) Show that complex conjugates have the same absolute value. 
__ (b) Compute zy — landzř — 1, where z, = a + bi and z; =a — bi. 
= (c) Discuss why if (a. b) is in the Julia set then so is (a, ~b). 
(d) Conclude that the graph of the Julia set must be symmetric with respect to the 
X-axis. 
(e) Using a similar argument, show that the Julia set must also be symmetric with 
respect to the y-axis. 


In Exercises 65 and 66, suppose z = r(cos 0 + isin 6). 
65. Usc vectors to show that the conjugate of 


z = r[cos(360? — 0) + i sin(360? — 0)] 


Is r(cos 0 — i sin 8). 









With the calculator in com- 
plex and degree modes. the 
MATH menu can be used to 
find the angle and the magni- 
tude (absolute value) of the 
vector that corresponds to a 
given complex number, 
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66. Use vectors to show that ~z = r[cos(0 + m) + i sin(0 + 7)]. 


Concept Check In Exercises 67-69, identify the geometric condition (A, B, or C) 
that implies the situation. 
A. The corresponding vectors have opposite directions. 
B. The terminal points of the vectors corresponding to a + bi and c + di lie ona 
horizontal line. 
C. The corresponding vectors have the same direction. 


67. The difference between two nonreal complex numbers a + bi and c + di is a real 
number. 

68. The absolute value of the sum of two complex numbers a + bi and c + di is equal 
to the sum of their absolute values. 

69. The absolute value of the difference of two complex numbers a + bi and c + di is 
equal to the sum of their absolute values. 


70. Show that z and iz have the same absolute value. How are the graphs of these two 
numbers related? 


The Product and Quotient Theorems 


Products of Complex Numbers in Trigonometric Form * Quotients of Complex Numbers in Trigonometric Form 


Products of Complex Numbers in Trigonometric Form Using the 
FOIL method to multiply complex numbers in rectangular form, we find the 


product of | + iV3 and —2V3 + 2i as follows. 


(1 + iV3)| -2V3 + 2i) = —2V3 + 2i ~ 2i(3) + 2/3 (Section 8.1) 
= —2V3 + 2i — 6i — 2V3 
= =4V3 — 4i 


We can also find this same product by first converting the complex numbers 
| + i V3 and —2V3 + 2i to trigonometric form. Using the method explained 
in the preceding section, 


| + iV3 = 2(cos 60? + i sin 60°) (Section 8.2) 


and —2N/5 + 2i = A(cos 150? + i sin 150°). 


If we multiply the trigonometric forms, and if we use identities for the 
cosine and the sine of the sum of two angles, then the result is 


[2(cos 60? + i sin 60°)|[4(cos 150? + i sin 150?)] 
= 2 - 4(cos 60? * cos 150? + i sin 60° - cos 150° 
+ icos 60? - sin 150? + i” sin 60° - sin 150°) (Section 5.3) 
= &[(cos 60? - cos 150? — sin 60° - sin 150°) 
+ i(sin 60? - cos 150? + cos 60° - sin 150?)] 
= 8[cos(60? + 150°) + i sin(60? + 150?)] 
= 8(cos 210° + isin 210°). 
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The absolute value of the product, 8, is equal to the product of the absolute val- 
ues of the factors, 2 - 4, and the argument of the product, 210°, is equal to the 
sum of the arguments of the factors, 60° + 150°. 

As we would expect, the product obtained when multiplying by the first 
method is the rectangular form of the product obtained when multiplying by the 
second method. 


NS d 
8(cos 210° + isin 210°) = 8| —— — =i 
2 2 
= —4V3 — 4i 


We can generalize this work in the following product theorem. 


Product Theorem 


If z (cos 0, + isin 6,) and r,(cos @ + i sin 6,) are any two complex num- | 
bers, then | 


[ri(cos 0, + i sin 0] - [r;(cos 0, + i sin @,)] 
= rrjcos(0, + 0;) ot i sin(0, + 0,)]. 


In compact form, this is written 


(rı cis 0) (rj cis O) = PP cis( 0, + 0). 


That is, to multiply complex numbers in trigonometric form, multiply their 
absolute values and add their arguments. 


EXAMPLE 1 Using the Product Theorem 
Find the product of 3(cos 45° + i sin 45°) and 2(cos 135° + i sin 135°). 





Solution 
[3(cos 45° + i sin 45°)][2(cos 135° + i sin 135°)] 
= 3 - 2[cos(45° + 135°) + isin(45° + 135°)] Product theorem 
= 6(cos 180° + isin 180°) Multiply and add. 


= 6(-1 +i: 0) = 6(—1) = ^6 
Now try Exercise 5. 


Quotients of Complex Numbers in Trigonometric Form The rectan- 
gular form of the quotient of the complex numbers 1 + i V/3 and -2 V3 + 2i is 


| 3r iV3 P (1 is iV3)(-2V à = 2 Multiply by the conjugate of the 
DAS 4- 51 7 (—2V3 a 2i)| -JAI = 2i) denominator. (Section 8.1) 


—-2N3-2i- 60 27V3 fon 


12 — Aj? (x4 y= yV=x =H 
-8i | xa 
= > o ENSE, Simplify. 
16 2 
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Writing 1 + iV3, —2V/3 + 2i, and -ii in trigonometric form gives 
1 + iV3 = 2(cos 60? + i sin 60°), 
—2N/3 + 2i = 4(cos 150° + isin 150°), 
] ] 


and B^ = z Leos(—90") + isin(—90°)]. 


The absolute value of the quotient, Z, is the quotient of the two absolute values, 
5 = i. The argument of the quotient, —90°, is the difference of the two argu- 
ments, 60° — 150° = —90°. Generalizing from this example leads to the quo- 


tient theorem. 


Quotient Theorem 


If r,(cos 0, + i sin 0) and r.(cos 6; + isin 6) are any two complex num- 
bers, where r(cos 6, + i sin 6,) Æ 0, then 


rií(cos 0, + isinÓj) ri 
——————— — = —[cos(0, — 0) + i sin(0, — @,)]. 
(cot, ima wo ee Oe — ESI 
In compact form, this is written 
Ti cis 0, - 


Fg... 
2 = — ecis(0, — 0,). 
ry CIS 0, r, 


That is, to divide complex numbers in trigonometric form, divide their ab- 
solute values and subtract their arguments. 


EXAMPLE 2 Using the Quotient Theorem 
10 cis( —60?) 


Find th tient . Write th l ] à 
ind the quotien 5 cis 150° rite the result in rectangular form 
Solution 
10 cis(—60° 10 
meee = 5 cis(—60° — 150?) Quotient theorem 
= 2 cis(—210°) Divide and subtract. 
= 2[cos(—210°) + isin(—210?)| Rewrite. 
v3 [1 cos(—210°) = X? 
ru” ok sin(—210°) = 1 (Section 2.2) 
=-V3+i Rectangular form 


Now try Exercise 17. 


EXAMPLE 3 Using the Product and Quotient Theorems with a Calculator 
Use a calculator to find the following. Write the results in rectangular form. 
10.42(cos 2E + i sin 4) 


(a) (9.3 cis 125.2?) (2.7 cis 49.8?) (b) 
5.21(cos € + i sin F) 
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Solution 


(a) (9.3 cis 125.2?) (2.7 cis 49.8?) = 9.3(2.7) cis(125.2? + 49.8?) 


Product theorem 


= 25.11 cis 175° 

= 25.11(cos 175° + i sin 175°) 
25.11[—.99619470 + i(.08715574)] 
—25.0144 + 2.1885; 


10.42(cos T + isin 7) — 10.42 Bo ak ims a 
D) e eS n COS e eec Segui = 
5.21(cos + isin F) 5.21 4 5 4 5 


i 


(i 





Quotient theorem 


20 20 
e —,3]29 + 1.9754 


lla 2 42) 
= 7\ cos m A 1 sin ——- 


Now try Exercises 25 and 29. 


8.3 Exercises 


aem — 


Concept Check Fill in the blanks with the correct responses. 


1. When multiplying two complex numbers in trigonometric form, we —_______ their 
absolute values and _______ their arguments. 

2. When dividing two complex numbers in trigonometric form, we ________ their 
absolute values and ______ their arguments. 


Find each product and write it in rectangular form. See Exaniple I. 
3. [3(cos 60° + i sin 60°)][2(cos 90? + i sin 90?)] 
. [4(cos 30° + i sin 30?)][5(cos 120° + i sin 120?)| 
. [2(cos 45? + i sin 45?)][2(cos 225? + i sin 225°)| 
. [8(cos 300? + i sin 300?)][5(cos 120° + i sin 120?)] 
. [4(cos 60° + i sin 60?)][6(cos 330° + i sin 330?)] 
. [8(cos 210? + i sin 210?)][2(cos 330? + i sin 330?)] 
. (5 cis 90?) (3 cis 45?) 10. (6 cis 120°) [5 cis(—30?)] 
11. (V3 cis 45°) (V3 cis 225°) 12. (V2 cis 3009) (V2 cis 270°) 


eo 00 KN Un LR 


Find each quotient and write it in rectangular form. In Exercises 19— 24, first convert the 
numerator and the denominator to trigonometric form. See Example 2. 


13. 4(cos 120? + i sin 120?) 24(cos 150? + i sin 150?) 
2(cos 150? + i sin 150?) 2(cos 30° + i sin 30?) 
15. 10(cos 225? + i sin 225?) 16. 16(cos 300? + i sin 300°) 
5(cos 45° + i sin 45?) 8(cos 60° + i sin 60°) 
3 cis 305? [2 cis 293? 


17. - : 
9 cis 65° 6 cis 23° 
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8 2i - 
19. 20. ————— 21. - 
V3 +i -1- iv3 ET 
22. l i 23, 2V6 — 2iV2 24. m a 
2 — 2i v2 — iV6 2 — 2i 


^t Use a calculator to perform the indicated operations. Give answers in rectangular form, 
See Example 3. 
25. [2.5(cos 35? + i sin 35?)][3.0(cos 50° + i sin 50°)] 
26. [4.6(cos 12? + i sin 12°)][2.0(cos 13? + i sin 13°)] 


27. (12 cis 18.5?) (3 cis 12.5?) 28. (4 cis 19.25?) (7 cis 41.75?) 
29 45(cos 127? + i sin 127°) 30(cos 130° + isin 130°) 
" 22.5(cos 43° + i sin 43°) ' 10(cos 21° + isin 21°) 
5a |’ Tr | 
M. | 26i — 33. 1 2433 cis —— 

| cis d | 3 cis z] 





Relating Concepts C" B 
For individual or collaborative investigation 


(Exercises 33—39) 


Consider the complex numbers w = —1 + i and z= —1 — i. Work Exercises 33-39 
in order. 


33. Multiply w and z using their rectangular forms and the FOIL method from Sec- 
tion 8.1. Leave the product in rectangular form. 
34. Find the trigonometric forms of w and z. 


35. Multiply w and z using their trigonometric forms and the method described in this 
section. 


36. Use the result of Exercise 35 to find the rectangular form of wz. How does this com- 
pare to your result in Exercise 33? 
37. Find the quotient 7 using their rectangular forms and multiplying both the numera- 


tor and the denominator by the conjugate of the denominator. Leave the quotient in 
rectangular form. 


38. Use the trigonometric forms of w and z, found in Exercise 34, to divide w by z using 
the method described in this section. 


39. Use the result of Exercise 38 to find the rectangular form of >. How does this com- 
pare to your result in Exercise 37? 





=) 40. Notice that (r cis 0) = (r cis 6)(rcis 8) = r cis(0 + 8) = r^ cis 20. State in your 
own words how we can square a complex number in trigonometric form. (In the next 
section, we will develop this idea more fully.) 


=) 41. Without actually performing the operations, state why the following products are 
the same. 


[2(cos 45° + i sin 45°)] - [5(cos 90° + i sin 90°)] 


and {2[cos(—315°) + i sin(—315°)]} - {5[cos(—270°) + i sin(—270°)]} 


E 42. Show that 1 = * (cos 90 — isin 0), where z = r(cos 8 + isin 6). 
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(Modeling) Solve each problem. 

43. Electrical Current The alternating current in an electric inductor is / = 7 amperes, 
where E is voltage and Z = R + Xji is impedance. If E = 8(cos 20° + i sin 20°), 
R = 6, and X, = 3, find the current. Give the answer in rectangular form, with real 
and imaginary parts to the nearest hundredth. 

44. Flectrical Current The current / in a circuit with voltage E, resistance R, capaci- 
tive reactance X,, and inductive reactance X; is 

E 


Find / if E = [2(cos 25° + isin 25°), R = 3, X, = 4, and X, = 6. Give the answer 
in rectangular form, with real and imaginary parts to the nearest tenth. 


I 


(Modeling) Impedance | In the parallel electrical 
circuit shown in the figure, the impedance Z can be 
calculated using the equation 

| 
| DC 
— = 
Zi Z 


Z = 





where Z, and Z» are the impedances for the branches 
of the circuit. 
45. If Z = 50 + 25i and Z. = 60 + 20i, calculate Z. 


46. Determine the phase angle 8 for the value of Z 
found in Exercise 45. 








8.4| De Moivre's Theorem; Powers and Roots of Complex Numbers 


Powers of Complex Numbers (De Moivre's Theorem) * Roots of Complex Numbers 





Powers of Complex Numbers (De Moivre's Theorem) In the previous 
section, we studied the product theorem for complex numbers in trigonometric 
form. Because raising a number to a positive integer power is a repeated applica- 
tion of the product rule, it would seem likely that a theorem for finding powers 
of complex numbers exists. This is indeed the case. For example, the square of 
the complex number r(cos 0 + i sin 0) is 


[r(cos 0 + isin 0)] = [r(cos 0 + isin 0)]| r(cos 0 + i sin 6)] 
= r- r|cos(0 + 0) + isin(0 + 0)] 
= r (cos 20 + i sin 26). 
In the same way, 
Ir(cos 0 + i sin O)| = r (cos 30 + i sin 30). 


These results suggest the following theorem for positive integer values of n. 
Although the theorem is stated and can be proved for all n, we use it only for 
positive integer values of n and their reciprocals. 





Abraham De Moivre 
(1667-1754) 
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De Moivre's Theorem 


— ae — 


If r(cos 0 + isin 6) is a complex number, and if n is any real number, then 
[r(cos 8 + isin OF = r"(cos n0 + isin nô). | 
In compact form, this is written 


[r cis 0l" = r"(cis n0). i 


This theorem is named after the French expatriate friend of Isaac Newton, 
Abraham De Moivre, although he never explicitly stated it. 


EXAMPLE 1 Finding a Power of a Complex Number 
Find (1 + iV3 y and express the result in rectangular form. 
Solution First write 1 + i V3 in trigonometric form. 
1 + iV3 = 2(cos 60° + isin 60°) (Section 8.2) 
Now, apply De Moivre’s theorem. 
(1 + iV3J = [2(cos 60° + i sin 60°)]! 

= 2*{cos(8 - 60°) + isin(8 - 60°)] De Moivre's theorem 

256(cos 480° + isin 480°) 


= 256(cos 120° + i sin 120°) 480 and 120° are coterminal. 
(Section 1.1) 
| ws 3 
~256(-3 + 23 cos 120° = —5; sin 120° = +> 
2 2 (Section 2.2) 
= — 128 + 128i V3 Rectangular form 





Now try Exercise 7. 





Roots of Complex Numbers Every nonzero complex number has exactly 
n distinct complex nth roots. De Moivre’s theorem can be extended to find all 
nth roots of a complex number. 


 nthRoot — B j 





For a positive integer n, the complex number a + bi is an nth root of the 
complex number x 4 yi if | 


(a + bi) =x + yi. 


To find the three complex cube roots of 8(cos 135? + i sin 135°), for ex- 
ample, look for a complex number, say r(cos a + i sin o), that will satisfy 


[r(cos a + isin a)]? = 8(cos 135? + i sin 135°). 
By De Moivre’s theorem, this equation becomes 


r'(cos 3a + isin 3a) = 8(cos 135° + isin 135°). 
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Set r^ = 8 and cos 3a + isin 3a = cos 135? + i sin 135°, to satisfy this equa- 
tion. The first of these conditions implies that r — 2, and the second implies that 


cos 3e = cos 135° and sin 3a = sin 135°. 


For these equations to be satisfied, 3o must represent an angle that is coter- 
minal with 135?. Therefore, we must have 


3a = 135° + 360^ - k, kany integer 
I8 + Sap”: & 
a a 








or 3 , k any integer. 

Now, let k take on the integer values 0, 1, and 2. 
If k = Q, then q = las 
If k = 1, then a= — = É: = 165°. 
If k = 2, then a= Be = e = 285°. 


In the same way, a = 405° when k = 3. But note that 405° = 45° + 360° so 
sin 405° = sin 45° and cos 405° = cos 45°. Similarly, if k = 4, a = 525°, which 
has the same sine and cosine values as 165°. To continue with larger values of k 
would just be repeating solutions already found. Therefore, all of the cube roots 
(three of them) can be found by letting k = 0, 1, or 2. 

When k = 0, the root is 2(cos 45° + isin 45°). 

When k = 1, the root is 2(cos 165° + isin 165°). 

When k = 2, the root is 2(cos 285° + isin 285°). 
In summary, we see that 2(cos 45° + i sin 45°), 2(cos 165° + isin 165°), and 


2(cos 285° + i sin 285°) are the three cube roots of 8(cos 135° + i sin 135°). 
Generalizing our results, we state the following theorem. 


nth Root Theorem 





If n is any positive integer, r is a positive real number, and 6 is in degrees, 
then the nonzero complex number r(cos 0 + i sin 0) has exactly n distinct 
nth roots, given by 


V/r (cos a + i sin o) or WT cis a, 





where 
0 + 360°- Kk 0 360°-k 
aS: gr Oe y k70,1,2,..," —L 
n n n 


NOTE Inthe statement of the nth root theorem, if 0 is in radians, then 


0 + 2k 0 2ak 
a = ————— or —— — 


n n n 


CEPOL TETEPI 


di. 
C ezo-cid[é2222 
du 









This screen confirms the re- 
sult of Example 2. 


RePr¢ SERO Oa i 
RIPO -B GASEA 
124 






Degree mode 


This screen shows how a cal- 
culator finds r and 8 for the 
number in Example 3. 


P ES 
2 cis 120?.Z 





Figure 13 
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EXAMPLE 2 Finding Complex Roots 
Find the two square roots of 47. Write the roots in rectangular form. 


Solution First write 4/ in trigonometric form as 


T 207 
4i = 4l cos — + i sin — |. 
2 2 


Here r = 4 and 0 = 5. The square roots have absolute value V/4 — 2 and argu- 
ments as follows. 


277k T 
= — + mk 
2 4 





R 
| 
Wo ris 


Since there are two square roots, let k = O and 1. 


T : T 

If k = 0, then Qa = — + m: 0 = —. 
4 4 
T Sa 

If k = 1, then a = — + r TF, 
4 4 


Using these values for a, the square roots are 2 cis ī and 2 cis MO which can 
be written in rectangular form as V2 + iV2and — V2 — iV2. 


Now try Exercise 17(a). 


EXAMPLE 3 Finding Complex Roots 
Find all fourth roots of —8 + 8/V/3. Write the roots in rectangular form. 
Solution —8 + 8iV3 = 16 cis 120° Write in trigonometric form. 
Here r = 16 and 0 = 120°. The fourth roots of this number have absolute value 
V 16 = 2 and arguments as follows. 

120° 360°-k 
— + 

4 4 








= 30° + 90° - K 


Q 


Since there are four fourth roots, let k = 0, 1, 2, and 3. 


If k = 0, then a = 30° + 90° «0 = 30°. 
If k = 1, then a = 30° + 90° - | = 120°. 
If k = 2, then a = 30° + 90° - 2 = 210°. 
If k = 3, then a = 30° + 90° - 3 = 300°. 
Using these angles, the fourth roots are 
2 cis 30°, 2 cis 120°, 2 cis 210°, and 2 cis 300°. 
These four roots can be written in rectangular form as 
V3+i, —-L+iv3, | —-V3-i and  l-iV3. 


The graphs of these roots lie on a circle with center at the origin and 


radius 2. See Figure 13. The roots are equally spaced about the circle, 90* apart. 


Now try Exercises 23(a) and (b). 
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EXAMPLE 4 Solving an Equation by Finding Complex Roots 


Find all complex number solutions of x^ — 1 = 0. Graph them as vectors in the 
complex plane. 


Solution Write the equation as 
x—]20 or r=. 


While there is only one real number solution, |, there are five complex number 
solutions. To find these solutions, first write | in trigonometric form as 


1 = 1+ 0i = I(cos 0° + isin 0°). 
The absolute value of the fifth roots is W/1 = 1, and the arguments are given by 
O° + 72° =k, k = 0, 1, 2, 3, and 4. 

By using these arguments, the fifth roots are 

1(cos 0° + isin 0°), k=0 

I{cos 72° + isin 72°), t=] 

I(cos 144° + i sin 144°), | 

I(cos 216° + i sin 216°), 
and l(cos 288° + isin 288°), 4 —4 

The solution set of the equation can be written as {cis 0°, cis 72°, cis 144°, 

cis 216°, cis 288°}. The first of these roots equals 1; the others cannot easily be 
expressed in rectangular form but can be approximated with a calculator. The 


tips of the arrows representing the five fifth roots all lie on a unit circle and are 
equally spaced around it every 72°, as shown in Figure 14. 


Y 







77? : 759 
l(cos 72 +i Sin 72°) 


l(cos 144° +7 sin 144°) 


x 
l(cos 0? +7 sin 0?) 


l(cos 288° + į sin 288?) 
Figure 14 


Now try Exercise 35. 


84 4 Exercises 


Find each power. Write each answer in rectangular form. See Example I. 
1. [3(cos 30° + i sin 309) 2. [2(cos 135° + i sin 135?)] 
3. (cos 45? + i sin 45°} 4. [2(cos 120° + i sin 120?) 
5. [B cis 100°} 6. [3 cis 40°] 
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7. (V3 if 8. (2V2 - 2i V2 Ù 


9, (2 — 2i V3 Ý 10. e - r2] 
11. (-2 - 2i)° 12. (—1 + if 


In Exercises 13—24, (a) find all cube roots of each complex number. Leave answers in 
trigonometric form. (b) Graph each cube root as a vector in the complex plane. See 
Examples 2 and 3. 


13. cos 0° + i sin O? 14. cos 90? + i sin 90? 15. 8 cis 60° 
16. 27 cis 300? 17. —8i 18. 27i 

19. —64 20. 27 21. 1 +i V3 
22. 2 — 2i V3 23. —2N/3 + 2i 24. V3 — i 


Find and graph all specified roots of 1. 
25. second (square) 26. fourth 27. sixth 28. eighth 


Find and graph all specified roots of i. 
29. second (square) 30. fourth 


Find all complex number solutions of each equation. Leave answers in trigonometric 
form. See Example 4. 


31.2 -1=0 32. > +1=0 33. 2 +i=0 
34. 6 +1=0 35. 0—-8-0 36. © + 27=0 
37. * - 1-0 38. X + 16=0 39. !—i-0 
40. 6 —i=0 4t xo - (44+ 4'V3)=0 42. 4 - (8 + 8iV3) =0 


43. Solve the equation x’ — 1 = 0 by factoring the left side as the difference of two 
cubes and setting each factor equal to 0. Apply the quadratic formula as needed. 
Then compare your solutions to those of Exercise 31. 


44. Solve the equation x + 27 = 0 by factoring the left side as the sum of two cubes 
and setting each factor equal to 0. Apply the quadratic formula as needed. Then com- 
pare your solutions to those of Exercise 36. 





For individual or collaborative investigation 
(Exercises 45—48) 


In Chapter 5 we derived identities, or formulas, for cos 20 and sin 20. These identities 
can also be derived using De Moivre's theorem. Work Exercises 45—48 in order, to see 
how this is done. 

45. De Moivre's theorem states that (cos 0 + i sin 8)? = 


46. Expand the left side of the equation in Exercise 45 as a binomial and collect terms 
to write the left side in the form a + bi. 


47. Use the result of Exercise 46 to obtain the double-angle formula for cosine. 
48. Repeat Exercise 47, but find the double-angle formula for sine. 
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Solve each problem. 


49. Mandelbrot Set The fractal called the Mandel- 


50. 


RY 51. 


4¥min="-1.2— 





brot set is shown in the figure. To determine if a 
complex number z = a + bi is in this set, perform 
the following sequence of calculations. Repeatedly 
compute 


2 24 E Uu sz, 
[(2 + 2z2?+zP+z.... 


In a manner analogous to the Julia set, the complex l 

number z does not belong to the Mandelbrot set if nri a esi ua 
any of the resulting absolute values exceed 2. Copyright © 1995. Boston: Jones and 
Otherwise z is in the set and the point (a, b) should Bartlett Publishers. Reprinted with 
be shaded in the graph. Determine whether or not Permission. 

the following numbers belong to the Mandelbrot set. (Source: Lauwerier, H., 
Fractals, Princeton University Press, 1991.) 

(a) z — 0 4 Oi (b z21-—1L (c) z= —.5i 

Basins of Attraction The fractal 
shown in the figure is the solution to 
Cayley’s problem of determining the 
basins of attraction for the cube roots 
of unity. The three cube roots of unity 
are 





] v3. 

w =], me: 34^ 
and a 7 
i P þe 





This fractal can be generated by repeatedly evaluating the function defined by 
2T 
f(z) = “aa where z is a complex number. One begins by picking z; = a + bi 
"d 


and then successively computing zz = f(zi), z3 = f(z3), z4 = f(z3),.... If the 
resulting values of f(z) approach wi, color the pixel at (a, b) red. If it approaches wz, 
color it blue, and if it approaches w;, color it yellow. If this process continues for a 
large number of different z,, the fractal in the figure will appear. Determine the 
appropriate color of the pixel for each value of zı. (Source: Crownover, R., 
Introduction to Fractals and Chaos, Jones and Bartlett Publishers, 1995.) 


(a) z, =i (b) z =2+i (c)z^-1-i 


The screens here illustrate how a pentagon can be graphed using a graphing calcu- 
lator. Note that a pentagon has five sides, and the T-step is BE = 72. The display at 
the bottom of the graph screen indicates that one fifth root of 1 is 1 + 0i = 1. Use 
this technique to find all fifth roots of 1, and express the real and imaginary parts in 
decimal form. 


1.2 
|ir2costT) irzsincT2 





This is a continuation of the 
previous screen. The calculator is in parame- 


tric, degree, and connected 
graph modes. 
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52. Use the method of Exercise 51 to find the first three of the ten 10th roots of 1. 


53. One of the three cube roots of a complex number is 2 + 2V/3i. Determine the rec- 
tangular form of its other two cube roots. 


Use a calculator to find all solutions of each equation in rectangular form. 


54. 0-4-—5i-0 55. 5 -2 403i —0 


56. Concept Check How many complex 64th roots does 1 have? How many are real? 
How many are not? 


57. Concept Check True or false: Every real number must have two distinct real 
square roots. 


58. Concept Check True or false: Some real numbers have three real cube roots. 
59. Show that if z 1s an nth root of 1, then so is t, 

B 60. Explain why a real number can have only one real cube root. 

= 61. Explain why the n nth roots of 1 are equally spaced around the unit circle. 


B 62. Refer to Figure 14. A regular pentagon can be created by joining the tips of the 
arrows. Explain how you can use this principle to create a regular octagon. 





Polar Equations and Graphs 


Polar Coordinate System = Graphs of Polar Equations = Converting from Polar to Rectangular Equations = 
Classifying Polar Equations 


CE a Polar Coordinate System We have been using the rectangular coordinate 


Plut axis system to graph equations. The polar coordinate system is based on a point, 
called the pole, and a ray, called the polar axis. The polar axis is usually drawn 
in the direction of the positive x-axis, as shown in Figure 15. 

In Figure 16, the pole has been placed at the origin of a rectangular coordi- 
nate system so that the polar axis coincides with the positive x-axis. Point P has 
1 rectangular coordinates (x, y). Point P can also be located by giving the directed 
| r»0 angle 0 from the positive x-axis to ray OP and the directed distance r from the 

| 
| 


Figure 15 







P(x,y) 
j ? P(r, 8) 


pole to point P. The ordered pair (r, 6) gives the polar coordinates of point P. If 
r > O, then point P lies on the terminal side of 0 and if r < 0, then point P lies 
on the ray pointing in the opposite direction of the terminal side of 6, a distance 
|r| from the origin. See Figure 17. 
Using Figure 16 and trigonometry, we can establish the following relation- 
Figure 16 ships between rectangular and polar coordinates. 


Rectangular and Polar Coordinates 


If a point has rectangular coordinates (x, y) and polar coordinates (r, 0), then 
these coordinates are related as follows. 


x-—rcos0 y —rsin0 





r? =x? +y tan 6 — —., if x #0 


Figure 17 
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EXAMPLE 1 Plotting Points with Polar Coordinates 





Plot each point by hand in the polar coordinate system. Then, determine the rec- 
tangular coordinates of each point. 


(a) P(2,30°) (b) Q(—4,28) (c) R(5. — Z) 
Solution 


(a) In this case, r = 2 and 0 = 30°, so the point P is located 2 units from the 
origin in the positive direction on a ray making a 30* angle with the polar 
axis, as shown in Figure 18. 

Using the conversion equations, we find the rectangular coordinates as 





P(2. 30°) tollows. 
X-—rcos 0 y=rsin@ 
i x = 2 cos 30° y = 2 sin 30° 
V3 | 
x= (S = V3 ye m | (Section 2.1) 
Figure 18 The rectangular coordinates are (V3, | k 


(b) Since r is negative, Q is 4 units in the opposite direction from the pole on an 
, 2 l . 
extension of the ^? ray. See Figure 19. The rectangular coordinates are 


B 


2 


9 | 2 V3 
x= ig = -(-1) = and y= —4 a= = c3 = —2N/3. 





Figure 19 Figure 20 


alr: al 


Looking Ahead o Calculus 


Techniques studied in calculus 


nard t 
LE 


(c) Point R 1s shown in Figure 20. Since @ is negative, the angle is measured in 
the clockwise direction. Furthermore, we have 


associated with derivatives and inte- 


grals provide methods of finding 


slopes of tangent lines to polar curves. 

X — T 5V2 , T 5V2 
areas bounded by such curves, and -= §cos| -— | = and v—5sin| -— | = — 
lengths of their arcs. 2 i 4 2 


Now try Exercises 3(a), (c), 5(a), (c), and 11 (a), (c). 


One important difference between rectangular coordinates and polar coordi- 
nates is that while a given point in the plane can have only one pair of rectangular 
coordinates, this same point can have an infinite number of pairs of polar coordi- 
nates. For example, (2, 30^) locates the same point as (2,390°) or (2, — 330°) or 
(—2.2107). 








Figure 22 
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EXAMPLE 2 Giving Alternative Forms for Coordinates of a Point 
(a) Give three other pairs of polar coordinates for the point P(3, 140°). 


(b) Determine two pairs of polar coordinates for the point with rectangular co- 
ordinates (— 1, 1). 


Solution 
(a) Three pairs that could be used for the point are (3, —220?), (—3, 320°), and 
(—3, —40?). See Figure 21. 


(b) As shown in Figure 22, the point (— 1, 1) lies in the second quadrant. Since 
tan 0 = + = —], one possible value for 0 is 135°. Also, 


r= Vit y= VCI + B= VA. 


Two pairs of polar coordinates are (v2, 135?) and (- v2, 315°). 


Now try Exercises 3(b), 5(b), 11(b), and 13. 


Graphs of Polar Equations The graphs that we have studied so far have 
used rectangular coordinates. Equations in x and y are called rectangular (or 
Cartesian) equations. We now examine how equations in polar coordinates are 
graphed. An equation where r and @ are the variables is a polar equation. 


r= 3 sin 0, r — 2 t cos 0, r= 0 Polar equations 
Lines and circles are two of the most common types of graphs studied in 
rectangular coordinates. While their rectangular forms are the ones most often 
encountered, they can also be defined in terms of polar coordinates. The polar 
equation of the line ax + by = c can be derived as follows. 
ax + br =c Rectangular equation 
a(r cos 0) + b(rsin 0) = c Convert from rectangular to polar coordinates. 
r(acos 0 + bsin0) —c Factor out r. 
e 
Fa 
acos 0 + bsin 0 
For the circle x? + y? = a’, we have 
x? T y? = a? 
~y 
(VE + y?) 


r =a here + r 


| 
e 
N 
Le 
>] 
| 
a 





= ta. rcan be negative in polar coordinates. 


EXAMPLE 3 Examining Polar and Rectangular Equations of Lines 
and Circles — 


For each rectangular equation, give its equivalent polar equation and sketch 
its graph. 


(a) y=x-3 (b) x + y* —4 
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—10 


Function graphing mode 


Fitz efcosta-sintay 


10 





—4.7 


—10 
Polar graphing mode 


Compare with Figure 23. 


T2z"IT(86- 523 
=3.] 
Function graphing mode 


UNI 


-3.] 


Polar graphing mode 


Compare with Figure 24. 





4.7 


Solution 
(a) This is the equation of a line. Rewrite y = x — 3 as 


X —y- 3. Standard form ax + by = « 
Using the general form for the polar equation of a line, 


C 


rors ooa a 
acos 0 + bsin 0 
3 
r == 4@ EF 6= Le--4 
|*cos0—- ( 1)-*sin0 
3 
r= 


cos 0 — sin @ 


Its graph is shown in Figure 23. 





2 2 i 
y 2 x - 3 (rectangular) x“ + y” = 4 (rectangular) 
3 r = 2 (polar) 
r= —, (polar) 
cos 0 — sin 0 
Figure 23 Figure 24 


(b) The graph of x^ + y, = 4 is a circle with center at the origin and radius 2. 





xX +y (Appendix B) 
(VF yl = (427 
Vx + y? = 2 or m 
r= or r= —2 


(In polar coordinates, we may have r < 0.) The graphs of r — 2 and 
r — —2 coincide. The resulting graph is shown in Figure 24. 


Now try Exercises 23 and 25. 


To graph polar equations, evaluate r for various values of 0 until a pattern 
appears, and then join the points with a smooth curve. 


A graphing calculator can be used to graph an equation in the form 
r — f(0). (See the margin screens next to Example 3.) Refer to your owner's 
manual to see how your model handles polar graphs. As always, you must set an 
appropriate window and choose the correct angle mode (radians or degrees). 
You will need to decide on maximum and minimum values of 0. Keep in mind 
the periods of the functions, so a complete set of ordered pairs is generated. m 
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EXAMPLE 4  Graphing a Polar Equation (Cardioid) 


Graph r = | + cos 6. 
Algebraic Solution 
To graph this equation, find some ordered pairs (as in the table) and then 
connect the points in order— from (2,0?) to (1.9, 30?) to (1.7, 45?) and 
so on. The graph is shown in Figure 25. This curve is called a cardioid 
because of its heart shape. 


0 cos 0 r=1+cos@ 0 cos 0 r — 1 + cos 0 





Once the pattern of values of r becomes clear, it is not necessary to find 
more ordered pairs. That is why we stopped with the ordered pair 
(1.9, 330°) in the table. Notice that the curve has been graphed on a 
polar grid. 





Figure 25 


Graphing Calculator Solution 


We choose degree mode and graph 
values of 0 in the interval [0?, 360°]. 
The screens in Figure 26(a) show 
the choices needed to generate the 
graph in Figure 26(b). 


AMax=2. 30 
Ascl=1 
Yrmin=°1.55 
Ymnax=1, 55 
Ysel=1 


This is a continuation of 
the previous screen. 


(a) 





1.55 
riaitcoes(h) 


-2.35 2:95 


-1.55 
(b) 


Figure 26 





EXAMPLE 5 Graphing a Polar Equation (Rose) 


Graph r = 3 cos 20. 


Solution Because of the argument 20, the graph requires a larger number of 
points than when the argument is just 0. A few ordered pairs are given in the 
table. You should complete the table similarly through the first 180° so that 20 


has values up to 360°. 







r = 3cos 20 


0° 15” 30° 45° 60° Jar 
rom [ae pe pm pus pw 
npspspel -3 
3 2.6 Ld 0 5 







=l 
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3.] 
ríi-3cos(z8) 


-3.1 


This is a calculator graph of 
the rose in Example 5. 


Algebraic Solution 





Plotting the points from the table on the previous 90° 

page in order gives the graph, called a four- r-^-- 
leaved rose. Notice in Figure 27 how the graph F ETE wu 

is developed with a continuous curve, beginning /[O/0O7X. PD "NN 
with the upper half of the right horizontal leaf 180? -;- | X Eco 
and ending with the lower half of that leaf. As & AG 


the graph is traced, the curve goes through the 
pole four times. 


Figure 27 


Now try Exercise 45. 


The equation r = 3 cos 20 in Example 5 has a graph that belongs to a 
family of curves called roses. The graphs of r = a sin n0 and r = a cos n0 are 
roses, with n leaves if n is odd, and 2n leaves if n is even. The value of a deter- 
mines the length of the leaves. 


EXAMPLE 6  Graphing a Polar Equation (Lemniscate) 
Graph r^ — cos 26. 
Graphing Calculator Solution 


Complete a table of ordered pairs, and sketch the graph, as in Figure 28. To graph r^ = cos 26 with a graph- 
The point (—1,0°), with r negative, may be plotted as (1, 180°). Also, ing calculator, let 

(—.7,30 ) may be plotted as (.7, 210?), and so on. This curve is called a i is aD 
lemniscate. 


Values of 0 for 45? < 0 « 135? are not included in the table be- and ro = —Vcos 20. 


cause the corresponding values of cos 20 are negative (quadrants II and 
IIT) and so do not have real square roots. Values of 0 larger than 180° 


See Figures 29(a) and (b). 


give 20 larger than 360? and would repeat the points already found. HA Pics SS. 
wei BY (cost 2e) 3 





r=2+Vcos 20 






30° 


iD 
i 


|t 










D mp» 
repels 
0 sit 


90° l 





Xr = cos 26. X -1.5 1.5 


a EP | i 0 
=- - (b) 
ai Figure 29 
270° 
Figure 28 


Now try Exercise 47. 





ri=ca 


-10 10 


-10 
-2m SO ST 
More of the spiral can be seen 
in this calculator graph of the 
spiral in Example 7 than is 
shown in Figure 30. 





Figure 31 
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EXAMPLE 7 Graphing a Polar Equation (Spiral of Archimedes) 
Graph r = 20 (0 measured in radians). 


Solution Some ordered pairs are shown in the table. Since r = 290, rather than 
a trigonometric function of 0, we must also consider negative values of 0. 
Radian measures have been rounded. These and other ordered pairs lead to the 
graph in Figure 30, called a spiral of Archimedes. 


0 
(radians) 


0 
(radians) 








T ; E 
3 bo 4 Y 
T hi \ 
$? T H 3 0 
L3 4 " 
3a 
2 
Figure 30 


Now try Exercise 63. 


Converting from Polar to Rectangular Equations We can transform 
polar equations to rectangular equations, as shown in the following example. 


EXAMPLE 8 Converting a Polar Equation to a Rectangular Equation 


Convert the equation to rectangular coordinates, and graph. 


4 
pm 
| + sin 0 
Solution 
4 
puse ae Polar equation 
1 + sin 8 
r+rsnd=4 Multiply by | + sin 6. 
Vxtty+y=4 Let r = Vx? + y* and rsin 0 = y. 
Vx? +y =4-y Subtract y. 
x? +y — (4 — yy Square each side. 
x? + y? = 16 — 8y + y? Expand the right side. 
x? = —8y + 16 Subtract 1^. 
x? = —8(y — 2) Rectangular equation 


The final equation represents a parabola and can be graphed using rectangu- 
lar coordinates. See Figure 31. 


Now try Exercise 55. 
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10 
risu (since) 


S| The conversion in Example 8 is not necessary when using a graphing 
calculator. Figure 32 shows the graph of r = a: graphed directly using 
polar mode. m 


Classifying Polar Equations The following table summarizes some com- 
mon polar graphs and forms of their equations. (In addition to circles, lemnis- 





-10 
0° < 9 < 360° cates, and roses, we include limaçons. Cardioids are a special case of limaçons, 
where f: |æ 1.) 
Figure 32 





Circles Lemniscates 


r=acos@ r=asin@ r? =a’ sin 20 r? = a? cos 20 





2n leaves if nis even, n = 2 n leaves if n is odd 


n=2 p-35 n=5 
r-asinnó r=acosn@ r=asinn@ 
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8. .9 Exercises 





1. Concept Check For each point given in polar coordinates, state the quadrant in 
which the point lies if it is graphed in a rectangular coordinate system. 


(a) (5, 135°) (b) (2, 60°) (c) (6, —30°) (d) (4.6, 213°) 
2. Concept Check For each point given in polar coordinates, state the axis on which 
the point lies if it is graphed in a rectangular coordinate system. Also state whether 


it is on the positive portion or the negative portion of the axis. (For example, (5, 0°) 
lies on the positive x-axis.) 


(a) (7, 360?) (b) (4,180?) (c) (2, —90?) (d) (8,450?) 


For each pair of polar coordinates, (a) plot the point, (b) give two other pairs of polar 
coordinates for the point, and (c) give the rectangular coordinates for the point. See 
Examples 1 and 2. 


3. (1,45?) 4. (3, 120°) 5. (—2, 135°) 6. (—4, 30°) 
7. (5, —60°) 8. (2, —459) 9, (-3,—210*) 10. (—1,—120*) 


ST JT 
í — .14,— 
11 (3.2) 12 (2) 


For each pair of rectangular coordinates, (a) plot the point and (b) give two pairs of 
polar coordinates for the point, where 0° = 0 < 360°. See Example 2(b). 


I dL, —]) 14. (1,1) 15. (0,3) 16. (0, —3) 

3 S 1l 
17. (V2, V2) 18. (-V2,V2) 19. 22 20. (3-1) 
21. (3,0) 22. (—2,9) 
For each rectangular equation, give its equivalent polar equation and sketch its graph. 
See Example 3. 
23. x — y —4 24. x - y= —7 25. x! t y! = 16 
26. à; +y =9 27. 2x - y ^ 5 28. 3x — 2y = 6 





E xs l - n "age F 
Relating Concepts | 

For individual or collaborative investigation 

(Exercises 29—36) 


In rectangular coordinates, the graph of ax + by = c is a horizontal line if a = O ora 
vertical line if b — 0. Work Exercises 29—36 in order, to determine the general forms 
of polar equations for horizontal and vertical lines. 


29. Begin with the equation y = k, whose graph is a horizontal line. Make a trigono- 
metric substitution for y using r and 8. 

30. Solve the equation in Exercise 29 for r. 

31. Rewrite the equation in Exercise 30 using the appropriate reciprocal function. 

32. Sketch the graph of r — 3 csc 0. What is the corresponding rectangular equation? 


33. Begin with the equation x = k, whose graph is a vertical line. Make a trigonometric 
substitution for x using r and 8. 


(continued) 
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34. Solve the equation in Exercise 33 for r. 


35. Rewrite the equation in Exercise 34 using the appropriate reciprocal function. 


36. Sketch the graph of r = 3 sec 0. What is the corresponding rectangular equation? 


Concept Check Match the polar graphs in Column II with their corresponding egua- 
tions in Column I. 


37. 
38. 
39; 


40. 


I 
r= cos 30 
F — cos 20 
2 
r= 


cos 6+ sin @ 





II 
A. B. 
1802+ 
270° 270° 
C, O(1* D. 
180? - C e 180? - 
270° 





Give a complete graph of each polar equation. In Exercises 41 —50, also identify the type 


of polar 

41. r=2+ 2cos 8 
43. r — 3 + cos 0 
45. r = 4 cos 20 
47. r = 4 cos 20 
49.  —4— 4cos 0 
5I. z= 2 sin tan 8 


(This is a cissoid.) 


graph. See Examples 4—6. 


42. r= 8 + 6cos 0 
44. r — 2 — cos 0 
46. r — 3cos 50 
48. r = 4 sin 20 
50. r= 6 — 3cos 0 


cos 24 
52. 7 = 





cos 0 
(This 1s a cissoid with a loop.) 


For each equation, find an equivalent equation in rectangular coordinates and graph. 
See Example 6. 


53. r — 2 sin 0 54. r = 2 cos 0 
2 3 
55. p —————— 56. r = ———— 
I — cos 0 I — sin 8 
3 
57. r= —2cos 0 — 2 sin 0 58. r= 


59. r= 2 sec 0 


61. ; 


2 


cos 6+ sin ð 


J| 4cos 0 — sin 0 
60. r = —5 csc 0 


2 
62. r = —————————— 
2 cos @+ sin @ 
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63. Graph r = 8. a spiral of Archimedes. (See Example 7.) Use both positive and non- 
positive values for 8. 
^ 64. Use a graphing calculator window of [—1250, 1250] by [—1250, 1250]. in degree 
mode. to graph more of r — 28 (a spiral of Archimedes) than what is shown in 
Figure 30 and the accompanying margin screen. Use —1250° = 0 x 1250". 
65. Find the polar equation of the line that passes through the points (1.0?) and (2, 90°). 


66. Explain how to plot a point (r, 0) in polar coordinates, if r « 0. 


Concept Check The polar graphs in this section exhibit symmetry. (See Appendix D.) 
Visualize an xv-plane superimposed on the polar coordinate svstem, with the pole at the 
origin and the polar axis on the positive x-axis. Then a polar graph may be symmetric 
with respect to the x-axis (the polar axis), the v-axis (the line 8 = 5), or the origin (the 
pole). Use this information to work Exercises 67 and 68. 


67. Complete the missing ordered pairs in the graphs below. 


(a) y (b) Y (c) y 





68. Based on your results in Exercise 67, fill in the blanks with the correct responses. 

(a) The graph of r = f(@) is symmetric with respect to the polar axis if substitution 
of. for 0 leads to an equivalent equation. 

(b) The graph of r = f(@) is symmetric with respect to the vertical line 0 = 
substitution of... |. | for 0 leads to an equivalent equation. 

(c) Alternatively, the graph of r = f(@) is symmetric with respect to the vertical line 
0 = 4 if substitution of. —  forrand. for @ leads to 
an equivalent equation. 

(d) The graph of r = f(0) is symmetric with respect to the pole if substitution of 

for r leads to an equivalent equation. 

(e) Alternatively, the graph of r = f(0) is symmetric with respect to the pole if 
substitution of ____ for @ leads to an equivalent equation. 

(f) In general, the completed statements in parts (a)—(e) mean that the graphs of 
polar equations of the form r = a = b cos 0 (where a may be 0) are symmetric 
with respect to l 

(g) In general, the completed statements in parts (a)-(e) mean that the graphs of 
polar equations of the form r = a + b sin 0 (where a may be 0) are symmetric 
with respect to 


if 


tols 


C The graph of r = a8 in polar coordinates is an example of the spiral of Archimedes. 
With vour calculator set to radian mode, use the given value of a and interval of 0 to 
graph the spiral in the window specified. 

69. a= 1.0 = 0 = 4m. |[- 15. 15] by [715,15] 

70. a = 2. —4r = 0 = 4m. [—- 30,30] by [ —30, 30] 
71. a = 1.5. 4m = 0 = 47m, [-20.20] by [—20, 20] 
72. a= —-1,0= 6x 127, [—40,40] by [—40, 40] 
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Find the polar coordinates of the points of intersection of the given curves for the speci- 
fied interval of 0. 


73. 


r=4sm@r=14+2sn6:0=060< 27 










74. r=3,r=2+4+ 2cos 0: 0? = 0 « 360° 
75. r= 2 + sinO,r—2 + cos0;0 x 0 « 27 
76. r= sin 20, r = V2 cos 0:0 = 0 — 7 
^ (Modeling) Solve each problem. 
77. Planetary Orbits The polar equation 
a(l — e) 
"1+ ecos 6 
des Venus 
can be used to graph the orbits of the planets, Earth 017 
where a is the average distance in astronomical Mars 093 
units from the sun and e is a constant called the Jupiter 048 
eccentricity. The sun will be located at the pole. satim 
The table lists a and e for the planets. Padus 047 
: . Neptune .009 
(a) Graph the orbits of the four closest planets on Plate 
the same polar grid. Choose a viewing window 
that results in a graph with nearly circular Source: Karttunen. H.. P. Kroger. 
orbis H. Oja, M. Putannen, and K. 
h its of Earth f Donners (Editors), Fundamental 
(b) Plot the orbits of Earth, Jupiter, Uranus, and Astronomy, 4th edition, Springer- 
Pluto on the same polar grid. How does Verlag. 2003; Zeilik. M., 
Earth's distance from the sun compare to S. Gregory, and E. Smith. 
the other planets’ distances from the sun? Introductory Astronomy and 
(c) Use graphing to determine whether or not Astrophysics, Saunders College 
Pluto is always the farthest planet from the sun. PubHShene 12; 
78. Radio Towers and Broadcasting Patterns Many times radio stations do not 
y 


broadcast in all directions with the same intensity. To avoid interference with an 
exisung station to the north, a new station may be licensed to broadcast only east and 
west. To create an east-west signal, two radio towers are sometimes used, as illus- 
trated in the figure. Locations where the radio signal 1s received correspond to the 
interior of the curve defined by r^ = 40,000 cos 26, where the polar axis (or posi- 
tive x-axis) points east. 





(a) Graph r^ = 40,000 cos 20 for 0° = 0 = 360°, where units are in miles. 
Assuming the radio towers are located near the pole, use the graph to describe 
the regions where the signal can be received and where the signal cannot be 
received. 

(b) Suppose a radio signal pattern is given by r^ = 22,500 sin 20. Graph this 
pattern and interpret the results. 
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.6| Parametric Equations, Graphs, and Applications 








| Basic Concepts = Parametric Graphs and Their Rectangular Equivalents = The Cycloid = Applications of 
Parametric Equations 


Basic Concepts Throughout this text, we have graphed sets of ordered pairs 
of real numbers that correspond to a function of the form y = f(x) or r = g(6). 
Another way to determine a set of ordered pairs involves two functions f and g 
defined by x = f(t) and y = g(t), where t is a real number in some interval J. 
Each value of t leads to a corresponding x-value and a corresponding y-value, 
and thus to an ordered pair (x, y). 


Parametric Equations of a Plane Curve 


A plane curve is a set of points (x, y) such that x = f(t), y = g(f), and fand | 
g are both defined on an interval J. The equations x = f(t) and y = g(f) are 
parametric equations with parameter f. 


—— = LL = - | 


eH Graphing calculators are capable of graphing plane curves defined by 
parametric equations. The calculator must be set in parametric mode, and the 
window requires intervals for the parameter t, as well as for x and y. m 


Parametric Graphs and Their Rectangular Equivalents 


EXAMPLE 1 Graphing a Plane Curve Defined Parametrically 
Let x = 1? and y = 2t + 3, for t in [—3, 3]. Graph the set of ordered pairs (x, y). 


Solution Make a table of corresponding values of t, x, and y over the domain 
of t. Then plot the points as shown in Figure 33. The graph is a portion of a 
parabola with horizontal axis y — 3. The arrowheads indicate the direction the 
curve traces as f increases. 





This is a continuation of the 
previous screen. 


» 






2 
ace } torrin [3,31 
y=2t+3 


(9, 9) 





-4 


o > a Oe fO = 


9 
~e (9, -3) 


For the equation in Example 

I, we make the choices seen 

in the first two screens to ob- 
tain the graph shown in the 


final screen. Now try Exercise 5(a). 


Figure 33 
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M 
yz3jeost 


t in [O, 277] 





Figure 54 


adT-zsinCT) 1r73cos(CT) 





This is a calculator graph of 
the plane curve in Example 3. 


EXAMPLE 2 Finding an Equivalent Rectangular Equation 
Find a rectangular equation for the plane curve of Example 1 defined as follows. 
=e, y= @4+4,  $esh[-—3,9] 


Solution To eliminate the parameter t, solve either equation for f. Here, only 
the second equation, y = 2t + 3, leads to a unique solution for f, so we choose it. 


y=2r+3 Solve for 7. (Appendix A) 
2t=y-3 


lg» 


t 
2 


Now substitute this result into the first equation to get 
| -8y ~ or 
r= r= (234) - o3 or 4x=(y— 3). 


This is the equation of a horizontal parabola opening to the right, which agrees 
with the graph given in Figure 33. Because t is in [—3, 3], x is in [0,9] and y is in 
[—3,9]. The rectangular equation must be given with its restricted domain as 


4x —(y -3y, |forxin [0,9]. 


Now try Exercise 5(b). 


Trigonometric functions are often used to define a plane curve parametrically. 


EXAMPLE 3  Graphing a Plane Curve Defined Parametrically 
Graph the plane curve defined by x = 2 sin f, y = 3 cos t, for t in [0, 277]. 


Solution To convert to a rectangular equation, it is not productive here to solve 
either equation for t. Instead, we use the fact that sin^t + cos^t = 1 to apply 
another approach. Square both sides of each equation; solve one for sin’ t, the 
other for cos? t. 


x=2sint y = 3 cost Given equations 
x! — Asin t y? = 9cos?ft Square both sides. 
A p i x 
4 = em" f g —agus 7 Divide. 


Now add corresponding sides of the two equations. 


tu 


Y y 

— + — = sin! t+ cos? t 

4 9 

o y p ‘ . 

x: a t = dij sin“? + cos^ t = 1 (Section 5.1) 


This is the equation of an ellipse, as shown in Figure 34. (Ellipses are covered in 
more detail in college algebra courses.) 


Now try Exercise 27. 
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Parametric representations of a curve are not unique. In fact, there are infi- 
nitely many parametric representations of a given curve. If the curve can be de- 
scribed by a rectangular equation y — f(x), with domain X, then one simple 
parametric representation is 


xt y-f(0,  fortinX. 


EXAMPLE 4 Finding Alternative Parametric Equation Forms 
Give two parametric representations for the equation of the parabola 
y-(x-2Y-4 1. 


Looking Ahead to Calculus Solution The simplest choice is to let 

The cycloid is a special case of a curve x=t y= ( P 2)? E for tin (= co, oc). 
traced out by a point at a given dis- 

tance from the center of a circle as the | Another choice, which leads to a simpler equation for y, is 

circle ini along Mme iui Such a red rx y= fa l, rrii (—00, oo), 
curve is called a trochoid. It is just one 
of several parametrically defined e 
curves studied in calculus. Bezier Now try Exercise 29. 
curves are used in manufacturing, and 

Conchoids of Nicodemes are so named 

because the shape of their outer NOTE Sometimes trigonometric functions are desirable. One choice in 
branches resembles a conch shell. Example 4 might be x = 2 + tan f, y = sec? t, fort in (—Z, a), 

Other examples are hypocycloids, 
epicycloids, the witch of Agnesi, 
swallowtail catastrophe curves, and 


The Cycloid The path traced by a fixed point on the circumference of a circle 


Dosuipuiiupen ouod nu d, rolling along a line is called a cycloid. A cycloid is defined by 


Calculus, Fifth Edition, Brooks/Cole 
Publishing Co., 2003.) x=at— asint, y-a —acost, for t in (—99,0). 


EXAMPLE 5 Graphing a Cycloid | | 
Graph the cycloid x = t — sin t, y = 1 — cos t, fort in [0,277]. 


Algebraic Solution Graphing Calculator Solution 


There is no simple way to find a rectangular equation for the cycloid It is easier to graph a cycloid with a 
from its parametric equations. Instead, begin with a table of values. graphing calculator in parametric 
mode than with traditional methods. 
See Figure 36. 


4 
nirz7T-sinCT) "1r71-cos(CT.. 






T 2r 
Figure 35 


Plotting the ordered pairs (x, y) from the table of values leads to the por- 
tion of the graph in Figure 35 from 0 to 27. 0 


Figure 36 


Now try Exercise 33. 
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Figure 37 


Looking Ahead to Calculus 


At any time f, the velocity of an object 
is given by the vector v = (f(r). g(t). 
The object's speed at time f is 


Iv | = VEDE + BDY. 

X3 y3 0 AQ, Y2 Ap Y] 
400 
0 600 
0 

(a) 

X35 ¥3 X2 Y2 X], VY 
400 
0 600 
0 


(b) 
Figure 39 


The cycloid has an interesting physical property. If a flexible cord or wire 
goes through points P and Q as in Figure 37, and a bead is allowed to slide due 
to the force of gravity without friction along this path from P to Q, the path that 
requires the shortest time takes the shape of the graph of an inverted cycloid. 


Applications of Parametric Equations Parametric equations are used 
to simulate motion. If a ball is thrown with a velocity of v feet per second at an 
angle 0 with the horizontal, its flight can be modeled by the parametric equations 


x = (v cos O)t and y = (vsin 0)t — 16t^ + h, 


where f is in seconds and A is the ball's initial height in feet above the ground. 
The term —161^ occurs because gravity is pulling downward. See Figure 38. 
These equations 1gnore air resistance. 





vg cos 0 


Figure 38 


EXAMPLE 6 Simulating Motion with Parametric Equations 


Three golf balls are hit simultaneously into the air at 132 ft per sec (90 mph) at 


angles of 30°, 50°, and 70? with the horizontal. 


(a) Assuming the ground is level, determine graphically which ball travels the 
farthest. Estimate this distance. 


(b) Which ball reaches the greatest height? Estimate this height. 


Solution 
(a) The three sets of parametric equations determined by the three golf balls are 
as follows since A = 0. 


x, = (132 cos 30°)r, y 
x; = (132 cos 50°)r, 
x; = (132 cos 70?)t, 


(132 sin 30°)t — 16r? 
y, = (132 sin 50°)t — 16r 
ys = (132 sin 70°)t — 169° 
The graphs of the three sets of parametric equations are shown in Fig- 
ure 39(a), where 0 = ¢ = 9. We used a graphing calculator in simultaneous 
mode so that we can view all three balls in flight at the same time. From the 
graph in Figure 39(b), we can see that the ball hit at 50? travels the farthest 


distance. Using the TRACE feature, we estimate this distance to be about 
540 ft. 


(b) Again, use the TRACE feature to find that the ball hit at 70° reaches the 
greatest height, about 240 ft. 


Now try Exercise 39. 
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EXAMPLE 7 Examining Parametric Equations of Flight 


Jack Lukas launches a small rocket from a table that is 3.36 ft above the ground. 
Its initial velocity is 64 ft per sec, and it is launched at an angle of 30? with 
respect to the ground. Find the rectangular equation that models its path. What 


type of path does the rocket follow? 


Solution The path of the rocket is defined by the parametric equations 


x = (64 cos 30°)t and 
or, equivalently, 
= 32V3t and 
From x = 3231, we obtain 


y = (64 sin 30°)t — 166^ + 3.36 


y = —166Ó + 32t + 3.36. 





ys 


Substituting into the other parametric equation for t yields 


ü V x 
= —16| —— | + 32| —— | + 3.36. 
» (=) (=) 


Simplifying, we find that the rectangular equation is 


] 


jam eet we + 3:35. 


192 


Because this equation defines a parabola, the rocket follows a parabolic path. 


Now try Exercise 43(a). 


EXAMPLE 8 Analyzing the Path of a Projectile 


Determine the total flight time and the horizontal distance traveled by the rocket, 


in Example 7. 
Algebraic Solution 


The equation y = —16£? + 32t + 3.36 tells the vertical position of the 
rocket at time t. We need to determine those values of t for which y = 0 
since these values correspond to the rocket at ground level. This yields 


0 = —161? + 32t + 3.36. 


Using the quadratic formula, the solutions are t = —.1 or £ = 2.1. Since 
t represents time, t = —.1 is an unacceptable answer. Therefore, the 
flight time is 2.1 sec. 

The rocket was in the air for 2.1 sec, so we can use t = 2.1 and 
the parametric equation that models the horizontal position, x — 32 Vat, 
to obtain 


= 32\/3(2.1) = 116.4 ft. 


Graphing Calculator Solution 

Figure 40 shows that when T = 2.1, 
the horizontal distance X covered 
is approximately 116.4 ft, which 
agrees with the algebraic solution. 


50 





—30 es! 150 


Tz2.1 
H=146.39381 Y=0 
-10 


Figure 40 


Now try Exercise 43(b). 
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Concept Check Match the ordered pair from Column II with the pair of parametric 
equations in Column I on whose graph the point lies. In each case, consider the given 


value of t. 
I II 
]1.x —3tt*6,y ——2t - 4; t=2 A. (5,25) 
2. x = cost, y= sint; TM a Be ud 
4 C. (12,0) 
3.x—-ty-t^5 t=5 wo v2 
4.x=04+3,y=r-2; t=2 e CM 


For each plane curve (a) graph the curve, and (b) find a rectangular equation for the 
curve. See Examples I and 2. 
5 x=t+2,y=, fortin[—-1,1] 6.x =2t,y=t+1, fortin[—2,3] 
i ¢= Vt, y = 3t —4, fortin [0,4] 8. x= £t, y= Vt, fortin[0,4] 


Mx=F+1,y=-1, fortin(—o,o) 
10. x= 2t — 1,y =t +2, fortin (—o,oo) 
11. x =2sint,y=2cost, fortin [0,27] 


12. x = V 5 sin t, y = V3cost, fortin [0,27] 





Ad io, . T T 
13. x = 3 tan f, y= 2sect, fortin (- 3" =) 


14. x = cott, y = csc t, fort in (0, 7) 


2 
17. x ty — Vt? +2, fortin(—»,») 18. x = Vt, y —1? — 1, fortin [0,o) 
19. x —-2- sint, y = 1 + cost, fortin [0,27] 
20. x= 1+2sintz,y=2+3cost, fortin [0,27] 


15. x = sinf, y = csc t, fortin (0, 77) 16. x = tant, y = cot t, fortin (o, z) 


1 2 
ah, Let Lye.» fort x —2 Zaepeg-3y--' for t Æ 3 


23. x ^ t - 2, y —t—4, fortin(—99,o) 
24. x 5)? -2,y =t — 4, fortin (—~,) 


Graph each plane curve defined by the parametric equations for t in [0, 24r]. Then find a 
rectangular equation for the plane curve. See Example 3. 


25. x = 3 cos t, y = 3 sin t 26. x = 2 cos t, y —2sint 

27. x = 3sint,y = 2 cos t 28. x = 4 sin t, y = 3 cos t 

Give two parametric representations for the equation of each parabola. See Example 4. 
29. y= (x + 3? — 1 30. y= (x + 4» +2 

31. y=x-2x+3 32. y= x — 4x + 6 

Graph each cycloid defined by the given equations for t in the specified interval. See 
Example 5. 


33. x = 2t — 2 sin t, y = 2 —2cost, fortin [0,87] 
34. x= t — sint, y = 1 — cost, fortin [0,47] 
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P Lissajous Figures The screen shown here is an ex- 
ample of a Lissajous figure. Lissajous figures occur in 
electronics and may be used to find the frequency of an 
unknown voltage. Graph each Lissajous figure for t in 
[0,6.5] in the window [—6,6] by [—4,4]. 

35. x —2cost, y = 3 sin 2t 

36. x = 3 cos 2t, y = 3 sin 3t 
37. x = 3 sin 4t, y = 3 cos 3t 
38. x = 4 sin 4t, y = 3 sin 5t 


(Modeling) In Exercises 39—42, do the following. 


(a) Determine the parametric equations that model the path of the projectile. 
(b) Determine the rectangular equation that models the path of the projectile. 
(c) Determine how long the projectile is in flight and the horizontal distance covered. 





See Examples 6—8. 


39. Flight of a Model Rocket A model rocket is launched from the ground with veloc- 
ity 48 ft per sec at an angle of 60? with respect to the ground. 

40. Flight of a Golf Ball Tiger is playing golf. He hits a 
golf ball from the ground at an angle of 60? with 
respect to the ground at velocity 150 ft per sec. 





41. Flight of a Softball Sally hits a softball when it is 2 ft above the ground. The ball 
leaves her bat at an angle of 20? with respect to the ground at velocity 88 ft 
per sec. 


42. Flight of a Baseball Luis hits a 
baseball when it is 2.5 ft above the 
ground. The ball leaves his bat at 
an angle of 29? from the horizontal 
with velocity 136 ft per sec. 





(Modeling) Solve each problem. See Examples 7 and 8. 


43. Path of a Rocket A small rocket is launched from the top of an 8-ft ladder. Its ini- 
tial velocity is 128 ft per sec, and it is launched at an angle of 60? with respect to the 
ground. 

(a) Find the rectangular equation that models its path. What type of path does the 
rocket follow? 
(b) Determine the total flight time and the horizontal distance the rocket travels. 


44. Simulating Gravity on the Moon If an object is thrown on the moon, then the 
parametric equations of flight are 
x = (v cos 0)t and y= (vsin 0)t — 2.66? + h. 
Estimate the distance that a golf ball hit at 88 ft per sec (60 mph) at an angle of 45? 
with the horizontal travels on the moon if the moon's surface is level. 
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45. Flight of a Baseball A baseball is hit from a height of 3 ft at a 60? angle above the 


horizontal. Its initial velocity is 64 ft per sec. 


(a) Write parametric equations that model the flight of the baseball. 

(b) Determine the horizontal distance traveled by the ball in the air. Assume that the 
ground is level. 

(c) What is the maximum height of the baseball? At that time, how far has the ball 
traveled horizontally? 

(d) Would the ball clear a 5-ft-high fence that is 100 ft from the batter? 


C (Modeling) Path of a Projectile In Exercises 46 and 47. a projectile has been 
launched from the ground with initial velocity 88 ft per sec. You are supplied with the 
parametric equations modeling the path of the projectile. 


(a) Graph the parametric equations. 
(b) Approximate 0, the angle the projectile makes with the horizontal at launch, to the 


nearest tenth of a degree. 


(c) Based on your answer to part (b), write parametric equations for the projectile using 


46. 
47. 
48. 


49. 
50. 
SI. 
52. 


the cosine and sine functions. 


x = 82.692950631, y = —16t^ + 30.09777261t 
x = 56.565309651, y = —16r^ + 67.41191099; 


Give two parametric representations of the line through the point (x,,y,) with 
slope m. 


Give two parametric representations of the parabola v = a(x — A)’ + k. 
| TE NN. GM 
Give a parametric representation of the rectangular equation s — 5: = 1. 
Give a parametric representation of the rectangular equation 4: + $ = 1. 
The spiral of Archimedes has polar equation r = a6, where r^ = x^ + y". Show that 


a parametric representation of the spiral of Archimedes is 


y = aésin 6, for 6 in (—%, %2). 


x 


x = qð cos ð, 


. Show that the hyperbolic spiral r0 = a, where r^ = x? + y^, is given parametri- 


cally by 


Icos 0 a sin 0 
pat s> y= > for Bin (—%,0) U (0,2). 








. The parametric equations x = cos f, y = sin f, for t in [0,277] and the parametric 


equations x = cos f, y = —sin f, for f in [0,27] both have the unit circle as their 
graph. However, in one case the circle ts traced out clockwise (as f moves from O to 
21) and in the other case the circle ts traced out counterclockwise. For which pair of 
equations ts the circle traced out in the clockwise direction? 


Concept Check Consider the parametric equations x = f(t), v = g(t), for t in [a,b], 
with c > 0, d > 0. 


25. 
56. 


How is the graph affected if the equation x = f(t) is replaced by x = c + f(t)? 
How is the graph affected if the equation y = g(t) is replaced by v = d + g(r)? 
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imaginary unit 
complex number 


real part trigonometric (polar) 
imaginary part form of a complex 
pure imaginary number number 
standard form absolute value 
complex conjugates (modulus) 
| 8.2 real axis argument | 
imaginary axis 8.4 nth root of a complex 
danse EAE number 





8.5 polar coordinate 


rose curve (four- 
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polar coordinates limaçon 
rectangular (Cartesian) 8.6 plane curve 

equation parametric equations 
polar equation of a plane curve 
cardioid parameter 
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NEW SYMBOLS : 


i imaginary unit | a 


CONCEPTS 
| 8.1 Complex Numbers 
| Definition of i 
2 E 


lI = 


Definition of V —a 
1 Fora > 0, 


—] or t=V-1 


V —a — iV a. 


Adding and Subtracting Complex Numbers 
| Add or subtract the real parts and add or subtract the 
imaginary parts. 


Multiplying and Dividing Complex Numbers 
Multiply complex numbers as with binomials, and use the 
fact that i? = —1. 


—- 


Divide complex numbers by multiplying the numerator 
and denominator by the complex conjugate of the 
denominator. 


hal Rar git cole 


+ bi complex number 





EXAMPLES 


V —4 — 2i 
v -12 = iV12 = 2iv3 


Q-3)-84)-Q-1) 
=(2+3-2)+(3+1+1) 
=3+ 5i 


(6 + Ò(3 — 2i) 218 — 12i + 3i — 27 FOIL 
=E +9 t (DA a e 
= 20 — 9i 

Eas ha " 

(+o *3 

.4-3i 2Q- i) 

2 2 


34 $4 
Iai 


ST ke 
= 


=2-i 








380 CHAPTER 8. Complex Numbers, Polar Equations, and Parametric Equations 


CFET— Ea anm ul Em m —— ———'ÁÁ———ÀY———— HUNLUND i ————— M áÓ—— ÀMÜ— Mr —— MH | 
i 


CONCEPTS EXAMPLES 
8.2 Trigonometric (Polar) Form of Complex Numbers 


Trigonometric (Polar) Form of Complex Numbers 
| If the complex number x + yi corresponds to the vector with 


| Write 2(cos 60° + i sin 60°) in rectangular form. 
| direction angle 0 and magnitude r, then | 

i 

i 


x —rcos 60 y=rsin 0 


{1 3 
2(cos 60° + i sin 60°) -(IeeM) =1+V3i 


r= Vxi +y tan ==, fre © 


r(cos 0 + isin 0) or r cis 0 7 
imaginary dx (-V2) T (V2F = 2 
is the trigonometric form (or polar form) of x + yi. 
| tan 0 = —1 and ĝis in quadrant II, 
| so 0 = 180? — 45° = 135°. 
| Therefore, 





| | 
| 
The expression Write — V2 + iV 2 in trigonometric form. 
| 
| —V2 + iV2 = 2 cis 135°. | 
| 


= 


83 The Product and Quotient Theorems 





Product and Quotient Theorems 
| For any two complex numbers r;(cos 0, + i sin 6,) and If zı = 4(cos 135° + i sin 135°) 


and 2; = 2(cos 45° + i sin 45°), then 





r(cos 0, + i sin 6), 
[r,(cos 0, + i sin 6,)] + [r(cos 0; + i sin 067] Z1Z2 = 8(cos 180? + isin 180°) 
= r,rjcos(0, + @,) + isin(0, + @,)] = 8-1 + i: 0) = —8, 
and | and 
cos 0, + i sin 0 | | 

Füge m o MTS m — do ned - Adr | =) — 2(cos 90° + isin 90°) 

rí(cos 0; + isin @,) r | Z2 
where r» cis 0; # Q. = X0 + i:1)—2i. 
8.4 De Moivre's Theorem; Powers and Roots of 

| .J Complex Numbers | 

De Moivre's Theorem | Let z = 4(cos 180° + i sin 180°). Find z? and the square 


[r(cos 0 + i sin 0)]" = r"(cos n0 + i sin n0) roots of z. 


z = 4 (cos 3 - 180° + isin3 - 180°) 
= 64(cos 540? + i sin 540?) 











acea ar DOR Pp 


E&—D1,2,...,5-7 1. 


nth Root Theorem = 64(-1- i: 0) 

If n is any positive integer, r is a positive real number, and 0 " 

- — —64 

is in degrees, then the nonzero complex number 

r(cos 0 + i sin 0) has exactly n distinct nth roots, given by | For the given z, r = 4 and 0 = 180°. Its square roots are 

p= 180° 180° 
Wr (cos a + i sin a), or Wr cis a, | Valco + isin Z | — 2(0 -i-1)—2i 
| where and 
0 + 360° -k 0 360° -k f 180° + 360° 180° + 360° 

i COE or Se i CT VAT cos 877367. , 4,199 2 38) 


= 2(0 + i(-1)) ^ -2i. 





CONCEPTS 
| 8.5 Polar Equations and Graphs 


Rectangular and Polar Coordinates 
The following relationships hold between the point (x, y) in 
the rectangular coordinate plane and the same point (r, 0) in 
| the polar coordinate plane. 
x —rcos 0 y =rsin 0 


r= x+y? ifx #0 


tan 0 ==, 
x 


| Polar Graphs 
| Examples of polar graphs include lines, circles, limaçons, 
| lemniscates, roses, and spirals. (See page 366.) 


| 8.6 Parametric Equations, Graphs, and Applications 


| Plane Curve 

| A plane curve is a set of points (x, y) such that x = f(t), 

| y = g(t), and f and g are both defined on an interval 7. The 
| equations x = f(t) and y = g(t) are parametric equations 
| with parameter f. 


EXAMPLES 


Find the rectangular coordinates for the point (5, 60?) in po- 
lar coordinates. 


N 1 
x = 5 cos 60 -s(4)- 


/ 3 
y= 5sinoor = s( 2 


The rectangular coordinates are (5. 23 


Find polar coordinates for (—1, — 1) in rectangular 
coordinates. 


y r= VCI + CIF = và 


tan 0 = 1 and 8 is in quadrant III, so 
0 = 225°. 


x 


One pair of polar coordinates for (—1, —1) is (V3, 325^). 


Graph r — 4 cos 26. 


{= 2-85t 
y-cost- 1 
O<t<27 


(continued) 
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CONCEPTS EXAMPLES 


Flight of an Object Joe kicks a football from the ground at an angle of 45? with 
If an object has an initial velocity v, initial height h, and a velocity of 48 ft per sec. Give the parametric equations that 
travels so that its initial angle of elevation is 6, then its flight | model its path and the distance it travels before hitting the 
after t seconds is modeled by the parametric equations ground. 

x = (48 cos 45°)t = 24 V21 

y = (48 sin 45°)t — 1627 = 24V2t — 168? 


| When the ball hits the ground, y = 0. 


24NV/2t — 16 — 0 
83/2 — 21) 2 0 
3 V2 
Fg 


x = (v cos Ôt and y = (vsin Ot — 1627 + h. 


t=0 or t= 
(Reject) 


| The distance it travels is x = 24 V2 ( 7 2) = 72 ft. 





Chapter 8 Review Exercises 


Write as a multiple of i. 


1: X9 2e v —12 


Solve each quadratic equation. 


3. x? — —81 4. x(2x + 3) = —4 


Perform each operation. Write answers in rectangular form. 














5. (1— i) — (3 + 4i) + 2i 6. (2 — 51) + (9 — 100) - 3 
7.(6 - 5) +2 + 7) = 8B- 2) 8.4 = 20 - 6 +5)- 8 -Ò 
9. (3 + 5)(8 — i) 10. (4 — Ò (5 + 2i) 11. (2 + 6iy 
12. (6 — 3iy 13. (1 — i? 14. (2 + iy 
go" St = 17, 25g 

3 e 1+i 1 — 5i 

"—— 

ag v 19. i5: 20. i^^: 


i 
Perform each operation. Write answers in rectangular form. 
21. [5(cos 90° + i sin 90°)][6(cos 180° + i sin 180?)] 


2(cos 60° + i sin 60°) 


22. [3 cis 135°] [2 cis 105°] * 3(cos 300° + isin 300 
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4 cis 270° 4 
—————— 25, ae i 
2 cis 90* e i) 

26. (2 — 2iy 27. (cos 100? + i sin 100°)° 


28. Concept Check The vector representing a real number will lie on the 
in the complex plane. 


-axis 





Graph each complex number as a vector. 
29. 5i 30. —4 + 2i 31. 3 — 3iV/3 


32. Find and graph the resultant of 7 + 3i and —2 + i. 


In Exercises 33—39, perform each conversion. 


Rectangular Form Trigonometric Form 
Oi. =F 21 EMT NEN 
34. | | .  . 3(cos90? + isin 90°) 
Dee e 2(cos 225° + isin 225°) 
36. —4 + 4iV3 
34. lsa 
QD O 4 cis 240° 
39. —4i 


Concept Check The complex number z, where z — x + vi, can be graphed in the plane 
as (x,y). Describe the graphs of all complex numbers z satisfying the conditions in 
Exercises 40 and 41. 


40. The absolute value of z is 2. 


41. The imaginary part of z is the negative of the real part of z. 


Find all roots as indicated. Express them in trigonometric form. 


42. the fifth roots of —2 + 2i 43. the cube roots of 1 — i 
44. Concept Check How many real fifth roots does —32 have? 


45. Concept Check How many real sixth roots does —64 have? 


Solve each equation. Leave answers in trigonometric form. 


46. x + 125=0 47. ! + 162 0 48. x; +i=0 
49. Convert (- l. V3) to polar coordinates, with 0? = 0 < 360° and r > 0. 
50. Convert (5,315?) to rectangular coordinates. 


51. Concept Check If a point lies on an axis in the rectangular plane, then what kind 
of angle must 0 be if (r, 0) represents the point in polar coordinates? 


52. Concept Check What will the graph of r = k be, for k > 0? 


Identify and graph each polar equation for 0 in [0?, 360°). 
53. r = 4 cos 0 54. r= —] + cos 0 


2 
55, r = 2 sin 40 56. r = ———————— 
2 cos 0 — sin 8 
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Find an equivalent equation in rectangular coordinates. 


3 
S7. p—————— 58. r= sin O + cos 8 89, r=2 
| + cos 0 


Find an equivalent equation in polar coordinates. 


60. v =x 61. y — x 


In Exercises 62—65, identify the geometric symmetry (A, B, or C) that the graph will 
possess. 


A. symmetry with respect to the origin 
B. symmetry with respect to the y-axis 
C. symmetry with respect to the x-axis 


62. Whenever (r, 0) is on the graph, then so is (—r. — 0). 
63. Whenever (r, 6) is on the graph, then so is (~r, 0). 


64. Whenever (r, 0) is on the graph, then so is (r, — 0). 
65. Whenever (r, 0) is on the graph, then so is (r, 7 — 0). 


In Exercises 66—69, find a polar equation having the given graph. 


66. y 67. Y 


68. 69. 








ri + rj — 2ryr; cos(0, — 0.). 

71. Graph the plane curve defined by the parametric equations x = ¢ + cos f, y = sin f, 
for t in [0,277]. 

Find a rectangular equation for each plane curve with the given parametric equations. 

72. x - M c 2.y —t— |. fortin[—5,5] 

73. x= Vt- l, y ^ Vit, forrin[1,o) 





7A. x ye , for rin (—9,2) 


t^ | 


75. x = 5tant, y = 3sect, fortin (2.2) 


76. 
TW. 


78. 


79. 


Jom 
. 


» 


" 
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x = cos 2t, y = sin £, for tin (—7, 7) 

Find a pair of parametric equations whose graph is the circle having center (3, 4) and 
passing through the origin. 

Mandelbrot Set Follow the steps in Exercise 64 of Section 8.2 to show that the 
graph of the Mandelbrot set in Exercise 49 of Section 8.4 is symmetric with respect 
to the x-axis. 


Flight of a Baseball Manny hits a baseball 
when it is 3.2 ft above the ground. It leaves 
the bat with velocity 118 ft per sec at an 
angle of 27^ with respect to the ground. 


(a) Determine the parametric equations that 
model the path of the baseball. 

(b) Determine the rectangular equation that 
models the path of the baseball. 

(c) Determine how long the projectile is 
in flight and the horizontal distance 
covered. 





Chapter 8 Test 


For the complex numbers w = 2 — 4i and z = 5 + i, find each of the following in 
rectangular form. 


(a) w + z (and give a geometric representation) (b) w —z (c) wz (d) — 
Z 


. Express each of the following in rectangular form. 


(a) i? (b) (1 + i 
Solve 2x? — x + 4 = 0 over the complex number system. 
Write each complex number in trigonometric (polar) form, where 0? = 0 < 360°. 


(a) 3i (b) 1 + 2i (c) —1-— V3i 


. Write each complex number in rectangular form. 


(a) 3(cos 30° + i sin 30?) (b) 4 cis 40? (c) 3(cos 90? + i sin 90?) 


. For the complex numbers w = 8(cos 40? + i sin 40?) and z = 2(cos 10° + i sin 10°), 


find each of the following in the form specified. 


(a) wz (trigonometric form) (b) = (rectangular form) (c) z (rectangular form) 
z 


. Find the four complex fourth roots of — 16i. Express them in trigonometric form. 


Convert the given rectangular coordinates to polar coordinates. Give two pairs of 
polar coordinates for each point. 


(a) (0,5) (b) (—2, —2) 


. Convert the given polar coordinates to rectangular coordinates. 


(a) (3,315?) (b) (—4,90°) 
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Lake Tahoe 





Identify and graph each polar equation for 0 in [0°, 360°). 


10. r= 1 — cos 8 11. r= 3cos 30 
12. Convert the polar equation to a rectangular equation, and sketch its graph. 
4 
i) re —————— (b) r=6 


2 sin ð — cos 0 


Graph each pair of parametric equations. 
13. x = 4t - 3, y — t?, fortin[—3,4] 
14. x =2cos 2t, y = 2 sin 2t, fortin [0,27] 


15. Julia Set Consider the complex number z = —1 + i. Compute the value of z* — 1, 
and show that its absolute value exceeds 2, indicating that —1 + i is not in the 


Julia set. 


Chapter 8 Quantitative Reasoning 


How Rugged Is Your Coastline?* 


An interesting feature of coastlines is that their ruggedness is independent of the dis- 
tance from which they are viewed. From an airplane, we see irregularities as bays, 
peninsulas, river mouths, and so on. On foot, we see each rock outcropping and creek 
that makes the coastline appear more rugged. An ant sees every pebble as a moun- 
tain to be scaled. 

An interesting result of this phenomenon is that the total distance you travel 
along a coastline is dependent on the size of the steps you take. The closer (or smaller) 
you are, the smaller your steps will be. This means you will have more obstacles in 
your way, which results in a longer distance to travel. The more rugged the coastline, 
the longer it will be. In theory, this means that if you could take small enough steps 
on a rugged enough coastline, the length of the coastline would approach infinity. 
This is related to the study of fractals. 

From a mathematical perspective, we can say that the number of steps needed 
(y) varies inversely with some power of the size of the steps taken (x): 


1 a 
x 
Each coastline will have different values for k and n, depending on its ruggedness. 
For a particular map of Lake Tahoe, these values are k = 23.5 and n = 1.153. Use 
the equation to determine how long the coastline would be if you “walked” with the 
given step sizes. Remember that the equation gives you the number of steps, so mul- 
tiply that value by the step size to get the total length. 


1. 6 in. 2. 3] im. 3. .01 in. 


*This material is based on an idea presented by Lori Lambertson, of the Nueva School and the 


Exploratorium in San Francisco. 





Exponential and 
Logarithmic Functions 


k 1990 the International Panel on Climate Change (IPCC) reported that 
if current trends of burning fossil fuels and deforestation continue, then fu- 
ture amounts of atmospheric carbon dioxide in parts per million (ppm) 
would increase exponentially. Atmospheric carbon dioxide accumulation is 
irreversible and its effect requires hundreds of years to disappear. 

In Example 11 of Section 9.1 and other examples and exercises in this 
chapter, we learn about exponential growth. 


9.1 Exponential Functions 


9.2 Logarithmic Functions 


9.3 Evaluating Logarithms; Equations and 
Applications 





387 
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).1 | Exponential Functions 


Exponents and Properties = Exponential Functions = Exponential Equations = Compound Interest = 
The Number e and Continuous Compounding = Exponential Models and Curve Fitting 


Exponents and Properties Recall from algebra the definition of a’, where 
r is a rational number: if r = 7, then for appropriate values of m and n, 


o LN a) 
For example, 169* — (Wis) = 2° = 8, 
| l I | | | I 
27 e and 64 = —. 


27 yA 37 64^ v64 8 
In this section we extend the definition of a’ to include all real (not just 
rational) values of the exponent r. For example, ve might be evaluated by 
approximating the exponent V/3 with the rational numbers 1.7, 1.73, 1.732, and 
so on. Since these decimals approach the value of V3 more and more closely, 
it seems reasonable that 2V? should be approximated more and more closely 
by the numbers 2'7, 2^, 217, and so on. (Recall, for example, that 2'" = 


10 P E iy * * 
2/719 — (3/2) In fact, this is exactly how 2? is defined (in a more advanced 
course). To show that this assumption is reasonable, Figure ] gives graphs of the 
function f(x) = 2* with three different domains. 





F(x) = 2*; f(x) =2*: f(x) 212*: 
integers as domain rational numbers real numbers 
as domain as domain 


Figure 1 


Using this interpretation of real exponents, all rules and theorems for expo- 
nents are valid for all real number exponents, not just rational ones. In addition 
to the rules for exponents, we use several new properties in this chapter. For 
example, if y = 2’, then each real value of x leads to exactly one value of y, and 
therefore, y = 2° defines a function. Furthermore, 


if Dee then x = 4, 
and if xem then 2 20 


mu 1 \ 
Also, 4A but —|]>{—], 
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In general, when a > 1, increasing the exponent on a leads to a larger number, 
but when 0 « a « 1, increasing the exponent on a leads to a smaller number. 

These properties are generalized below. Proofs of the properties are not 
given here, as they require more advanced mathematics. 


Additional Properties of Exponents 
For any real number a > 0, a ¥ 1, the following statements are true. 
(a) a? is a unique real number for all real numbers x. 

(b) a’ = a if and only if b = c. 

(c) Ifa > i and m < n, then a" <a’. 

(d) If 0 « a « Land m < n, then a" >a’. 


CUN m — am ae , == 
a — ME == me - - — = 


= ene = == e 


Properties (a) and (b) require a > 0 so that a is always defined. For example, 
(—6) is not a real number if x = 5. This means that a” will always be positive, 
since a must be positive. In property (a), a cannot equal 1 because I = 1 for 
every real number value of x, so each value of x leads to the same real number, 1. 
For property (b) to hold, a must not equal 1 since, for example, 1* = 1°, even 
though 4 # 5. 


EXAMPLE 1 Evaluating an Exponential Expression 
If f(x) = X, find each of the following. 


(a) f(—1) (b) f(3) (c) 3) (d) f(4.92) 
Solution 

(a) f(-1)=2°'= > Replace x with —1. (Appendix C) 

(b f3)—2'—8 

(c) AZ) - Jh. (032.9999 —/38 — 7 NB. anys 

(d) f(4.92) = 2*9? = 30.2738447 Usea calculator. 


Now try Exercises 5, 9, and 11. 


Exponential Functions We can now define a function f(x) = a‘ whose 
domain is the set of all real numbers. 


_ Exponential Function 
If a > O and a =Æ 1, then 
fœ) = a 
defines the exponential function with base a. 
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à f(x) = 2" 











NOTE Ifa= 1, the function becomes the constant function defined by 
f(x) = 1, not an exponential function. 





Figure 1 showed the graph of f(x) = 2* with three different domains. We re- 
peat the final graph (with real numbers as domain) in the margin. The y-intercept 
is y = 2° = 1. Since 2* > 0 for all x and 2 — 0 as x — —®%, the x-axis is a hori- 
zontal asymptote. As the graph suggests, the domain of the function is (—~, ©) 
and the range is (0,%). The function is increasing on its entire domain, and 
therefore is one-to-one. Our observations from Figure 1 lead to the following 
generalizations about the graphs of exponential functions. 


INTIAL FUNCIIO? 


For f(x) = 2 
JG) 


n 
4 
1 
2 
l 
2 
4 
8 


Bie Ri eS N 4900 


9.1 Exponential Functions 391 


Starting with f(x) = 2* and replacing x with —x gives f(—x) = 2™ = 
Qa yz (F. For this reason, the graphs of f(x) = 2" and f(x) = (5) are reflec- 
tions of each other across the y-axis. This is supported by the graphs in Fig- 
ures 2 and 3. 

The graph of f(x) = 2" is typical of graphs of f(x) = a* where a > 1. For 
larger values of a, the graphs rise more steeply, but the general shape is similar 
to the graph in Figure 2. When 0 < a < 1, the graph decreases in a manner 
similar to the graph of f(x) = GY. In Figure 4, the graphs of several typical 
exponential functions illustrate these facts. 


Ly 
fœ 7 (19). 5 f(x) = 10* 





f(x) = a* 
Domain: (—ee, 0); Range: (0, ©) 
When a > 1, the function is increasing. 
When 0 « a « 1, the function is decreasing. 


Figure 4 


In summary, the graph of a function of the form f(x) — a* has the following 
features. 


Characteristics of the Graph of f(x) = a* 


1. The points (—1,1), (0, 1), and (1, a) are on the graph. 
2. If a > 1, then f is an increasing function; if 0 < a < 1, then f is a | 

decreasing function. 
3. The x-axis is a horizontal asymptote. i 
4. The domain is (—æ, %), and the range is (0, oo). l 


EXAMPLE 2 Graphing an Exponential Function 
Graph f(x) = 5. 


Solution The y-intercept is 1, and the x-axis is a horizontal asymptote. Plot a 
few ordered pairs, and draw a smooth curve through them as shown in Fig- 
ure 5 on the next page. Like the function f(x) = 2", this function also has do- 
main (—©,°°) and range (0,99) and is one-to-one. The graph is increasing on its 
entire domain. 
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Ploti Plot? Plot3 
^ 





The screen shows how a 
graphing calculator can be 
directed to graph the three 
functions in Example 3. Y; is 
defined as 2”, and Y», Yz, and 
Y; are defined as reflections 
and/or translations of Y}. 





| 2 





Figure 5 


Now try Exercise 13. 


EXAMPLE 3 Graphing Reflections and Translations 
Graph each function. 
(a) f(x) ^ -2* (b) f(x) = 2"? (c) f(x) 2-272 +3 


Solution 


(a) The graph of f(x) = —2" is that of f(x) = 2" reflected across the x-axis. The 
domain is (— 96,9), and the range is (~~, 0). See Figure 6. 


(b) The graph of f(x) = 2'** is the graph of f(x) = 2" translated 3 units to the 
left, as shown in Figure 7. 


(c) The graph of f(x) = 2' + 3 is that of f(x) = 2" translated 3 units up. See 
Figure 8. 





Figure 6 Figure 7 Figure 8 


Now try Exercises 25 and 27. 


Exponential Equations Property (b) given at the beginning of this section 
is used to solve exponential equations, equations with variables as exponents. 


- ; zi | - Ya 
2' = 32, que 5 (5) = 97 Exponential equations 


The screen supports the algebraic 
result in Example 4, using the 
x-intercept method of solution. 
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EXAMPLE 4 Using a Property of Exponents to Solve an Equation 


l X 
Solve | — | = 81. 
se (1) 


Solution Write each side of the equation using a common base. 


l X 

(+) = 81 

(3 y = 81 Definition of negative exponent; + = a " 
37-81 (ay-a" 
3-* = 3* Write 81 as a power of 3. 


—x—4 Property (b) 
x= —4 Multiply by — 1. 


The solution set of the original equation is {—4}. 


Now try Exercise 45. 


EXAMPLE 5 Using a Property of Exponents to Solve an Equation 
Solve 2^*^ = 8*6. 
Solution Write each side of the equation using a common base. 

g+ —. gaë 

2m, (GE Write 8 as a power of 2. 

Qrtá — 93x-18 (an) = a" 

x + 4 = 3x — 18 Property (b) 
-2 = —22 Subtract 3x and 4. (Appendix A) 
x= ll Divide by —2. 


Check by substituting 11 for x in the original equation. The solution set is {11}. 


Now try Exercise 53. 


EXAMPLE 6 Using a Property of Exponents to Solve an Equation 
Solve 81 = b”. 


Solution 81 = b” 
81 = (Vb) at = (va) 
+3 = Nb Take fourth roots on both sides. 
+27 = b Cube both sides. 
“yan, " solutions in the original equation. Both check, so the solution set is 
«M Zn. 


Now try Exercise 61. 
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Compound Interest Recall the formula for simple interest, Z = Prt, where 
P 1s principal (amount deposited), r is annual rate of interest expressed as a 
decimal, and ¢ is time in years that the principal earns interest. Suppose t = 1 yr. 
Then at the end of the year the amount has grown to 


P+ Pr= P() + rh 


the original principal plus interest. If this balance earns interest at the same in- 
terest rate for another year, the balance at the end of that year will be 


[Pd + n] + [PO + n]r = [PA + Id + 7) 
= P(l + ry. 
After the third year, this will grow to 
[PO + r°] + [P(1 + r]r = [PA + 7?](1 +7 
= P(1 + ry. 
Continuing in this way produces the formula 
A= P(1l +r) 
for interest compounded annually. The following general formula for compound 
interest can be derived in the same way as the formula given above. 
Compound Interest 


If P dollars are deposited in an account paying an annual rate of interest r i 
compounded (paid) m times per year, then. after ¢ years the account will 


contain A dollars, where 
m 


In the formula for compound interest, A is sometimes called the future 
value and P the present value. A is also called the compound amount and is 
the balance after interest has been earned. 


EXAMPLE 7 Using the Compound Interest Formula 


Suppose $1000 is deposited in an account paying 4% interest per year com- 
pounded quarterly (four times per year). 


(a) Find the amount in the account after 10 yr with no withdrawals. 


(b) How much interest is earned over the 10-yr period? 


Solution 
r Nm 
(a) A= P| 1 +— Compound interest formula 
m 
04 yo 
A = 1000| 1 + 4 Let P = 1000, r = .04, m = 4, and t 10. 
A= 1000(1 T .01)® = 1488.86 Round to the nearest cent. 


Thus, $1488.86 is in the account after 10 yr. 
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(b) The interest earned for that period is 


$1488.86 — $1000 = $488.86. 


Now try Exercise 63(a). 


EXAMPLE 8 Finding Present Value 
Becky Anderson must pay a lump sum of $6000 in 5 yr. 


(a) What amount deposited today at 3.1% compounded annually will grow to 
$6000 in 5 yr? 


(b) If only $5000 is available to deposit now, what annual interest rate is neces- 
sary for the money to increase to $6000 in 5 yr? 


Solution 


tni 
r 
(a) A= » EJ z) Compound interest formula 
m 





031 E 
6000 = P| 1 + d Let A = 6000, r= .031, m = l, and t = 5. 
6000 = P(1.031)° 
oo Sol P; divide | 1.031) 
= Solve for P; divide by (1.031) 
(1.031) | 
P = 5150.60 Use a calculator. 


If Becky leaves $5150.60 for 5 yr in an account paying 3.196 compounded 
annually, she will have $6000 when she needs it. We say that $5150.60 
is the present value of $6000 if interest of 3.1% is compounded annually 
for 5 yr. 


(b) A= at + z) 
m 
6000 = 5000(1 + r Let A = 6000. P = 5000, m = 1, and t = 5. 
6 
n = (1-7 ry Divide by 5000 


6 1/5 

P = ] +r Take the fifth root. 
6 1/5 
=)! 


r= 0371 Use a calculator 


r Subtract | 


An interest rate of 3.71% will produce enough interest to increase the $5000 
to $6000 by the end of 5 yr. 


Now try Exercises 65 and 69. 
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TW. The Number e and Continuous Compounding The more often interest 
m is compounded within a given time period, the more interest will be earned. 
m (rounded) Surprisingly, however, there is a limit on the amount of interest, no matter how 


often it is compounded. To see this, suppose that $1 is invested at 10046 interest 
per year, compounded m times per year. Then the interest rate (in decimal form) 





: o is 1.00 and the interest rate per period is 5. According to the formula (with 
10 2.59374 P = 1), the compound amount at the end of 1 yr will be 
25 2.66584 1 wv 
50 2.69159 A={f{1+—l]. 
100 2.70481 m 
500 2.71557 l 
1000 2.71692 A calculator gives the results in the margin for various values of m. The table 
10,000 2.71815 suggests that as m increases, the value of (1 2n Ly gets closer and closer to 
1,000,000 2.71828 some fixed number. This is indeed the case. This fixed number is called e. 
y Value of e 







yoo To nine decimal places, e = 2.718281828. 


Figure 9 shows the functions defined by y = 2", y = 37, and y = e'. Notice 

-— that because 2 < e < 3, the graph of y = e* lies "between" the other two graphs. 

| | As mentioned above, the amount of interest earned increases with the fre- 
quency of compounding, but the value of the expression ( ] + ip approaches e 

x as m gets larger. Consequently, the formula for compound interest approaches a 
limit as well, called the compound amount from continuous compounding. 


mow 4 tU ON -J oO 


— 





Figure 9 j . 
Continuous Compounding 
If P dollars are deposited at a rate of interest r compounded continuously 
for t years, the compound amount in dollars on deposit is 
A = Pe". 
EXAMPLE 9 Solving a Continuous Compounding Problem A 
Suppose $5000 is deposited in an account paying 3% interest compounded con- 
tinuously for 5 yr. Find the total amount on deposit at the end of 5 yr. 
Solution A = Pe” Continuous compounding formula 
Looking Ahead to Calculus = 5000e™ Let P = 5000, t = 5, and r = .03. 
In calculus, the derivative allows us to = 5000 e 


determine the slope of a tangent line to 
the graph of a function. For the func- c" 5000(1. 161834) Use a calculator. 
tion f(x) = e", the derivative is the = 5809.17 

function f itself: f'(x) = e". Therefore, 
in calculus the exponential function 


or $5809.17. Check that daily compounding would have produced a compound 


s i i amount about 3¢ less. 
with base e is much easier to work 


with than exponential functions having 


Now try Exercise 63(b). 


other bases. 
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EXAMPLE 10 Comparing Interest Earned as Compounding Is More Frequent 


In Example 7, we found that $1000 invested at 4% compounded quarterly for 
10 yr grew to $1488.86. Compare this same investment compounded annually, 
semiannually, monthly, daily, and continuously. 


Solution Substituting into the compound interest formula and the formula for 
continuous compounding gives the following results for amounts of $1 and $1000. 





annually (1 + .04)'° = 1.48024 $1480.24 





04 10(2) 

semiannually ? + T = 1.48595 $1485.95 
04 V9 

quarterly 1+ - ^ 1.48886 | $1488.86 
04 yon 

monthly Dl) 7149083 | $1490.83 
04 10(365) 

dail ia == 1.49179 1491.79 

"i 365 : 
continuously e'%4) ~ 1.49182 | $1491.82 


Compounding semiannually rather than annually increases the value of the 
account after 10 yr by $5.71. Quarterly compounding grows to $2.91 more than 
semiannual compounding after 10 yr. Each increase in the frequency of com- 
pounding earns less and less additional interest, until going from daily to contin- 
uous compounding increases the value by only $.03. 


Now try Exercise 71. 


Exponential Models and Curve Fitting The number e is important as the 
base of an exponential function in many practical applications. For example, in 
situations involving growth or decay of a quantity, the amount or number pre- 
sent at time f often can be closely modeled by a function defined by 


p ye", 
where y, is the amount or number present at time t = 0 and k is a constant. 


The next example, which refers to the problem stated at the beginning of 
this chapter, illustrates exponential growth. 


^j EXAMPLE 11 Using Data to Model Exponential Growth 


If current trends of burning fossil fuels and deforestation continue, then future 
amounts of atmospheric carbon dioxide in parts per million (ppm) will increase 
as shown in the table on the next page. 


e ——— ——————— MH —— 
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Source: Tnesstiational Panel on Climate 
Change (IPCC), 1990. 


(a) Make a scatter diagram of the data. Do the carbon dioxide levels appear to 
grow exponentially? 


(b) The function defined by 


y= 353 0060857(—1990) 


2100 


is a good model for the data. Use a graph of this model to estimate when fu- 
ture levels of carbon dioxide will double and triple over the preindustrial 
22300 level of 280 ppm. 





300 


(a) Solution 


For x = t, y = 353e 00608570- 1990) — (a) We show a calculator graph for the data in Figure 10(a). The data appear to 
2100 have the shape of the graph of an increasing exponential function. 


(b) A graph of y = 35369990557071990 in Figure 10(b) shows that it is very close 
to the data points. We graph y = 2 - 280 = 560 in Figure 11(a) and y = 
3 - 280 — 840 in Figure 11(b) on the same coordinate axes as the given 


function, and use the calculator to find the intersection points. 
1975 2300 
300 


(b) For x = t, y = 353e 0060857(t - 1990) For x = t, y = 353e 0060857(r — 1990) 


y = 560 


Fi 10 
igure 2100 2100 





—— = 
Intersection 7 Intersection E 
1975 Hn-züBb.BZBu" "-5Bhü 12300 1975 nz2l22.45*53 "zHhü :2300 
100 I 


(a) (b) 
Figure 11 


The graph of the function intersects the horizontal lines at approximately 


2065.8 and 2132.5. According to this model, carbon dioxide levels will 
double by 2065 and triple by 2132. 


Now try Exercise 73. 
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AS Graphing calculators are capable of fitting exponential curves to scatter 


diagrams like the one found in Example 11. Figure 12(a) shows how the TI-83 
Plus displays another (different) equation for the atmospheric carbon dioxide 
example: v = .0019 - 1.0061". (Coefficients are rounded here.) Notice that this 
calculator form differs from the model in Example 11. Figure 12(b) shows the 
data points and the graph of this exponential regression equation. = 


2100 





1I975L: 
300 


(a) (b) 


Figure 12 





9.1 Exercises 


If f(x) = 3 and g(x) = (4), find each of the following. If a result is irrational, round 
the answer to the nearest thousandth. See Example 1. 


1. f(2) 2. f(3) 3. f(—-2) 4. f(—3) 

5. g(2) 6. g(3) 7. g(—2) 8. g(—3) 

9, (5) 10. (2) 11. g(2.34) 12. f(1.68) 
Graph each function. See Example 2. 

13. f(x) = 3" 14. fü) = 4 15. fi) = 8 16. f(x) = (+) 
17. f(x) = 5j 18. f(x) = (2) 19. f(x) = 10° 20. f(x) = 107 
21. fix) er? 23. dee" 23. f(x) = 2"! 24. f(x) 22 


Sketch the graph of f(x) = X. Then refer to it and use graphing techniques to graph 
each function as defined. See Example 3. 


25. fx) = 2° +1 26 fx) =2°-4 9 27. fa) = 2 28. f(x) = 2** 


Sketch the graph of f(x) = GY. Then refer to it and use graphing techniques to graph 
each function as defined. See Example 3. 


29. f(x) = (i) = 30. flx) = ij +4 


31. fix) = (=) l 32. f(x) = (i) 
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Concept Check The graphs of y = a^ fora = 1.8, 2.3, 3.2, .4, .75, and .3] are given in 
the figure. They are identified by letter, but not necessarily in the same order as the val- 
ues just given. Use vour knowledge of how the exponential function behaves for various 
values of the base to identify each lettered graph. 

33. A C D E FA B 

34. - 

35. 
36. 
34. 
38. 


"| OO CY ud 


-5 


AS Use a graphing calculator to graph each function as defined. 


| p —g ete’ 
39, f(x) = ———— d). 7) ———— 
f(x) 5 FX) ^ 
41. f(x) = x- 2^ 42. f(x) =a 27 


Solve each equation. See Examples 4—6. 


i k 
43. 4 =2 44, 125 — 5 45. (i =4 
ie ec dy. gts 48. 5/^*! = 25 
(3 4 . : 
49. e! = (ey 50. eg - (e) 5]. 27^ z get! 
: l ath 
52. 32 = 16" 53, 47 = 29$ 54. B xs d 
E il fy ] y E B 
6) (—| =|. 56. e^ = | ~ $7) (V2) = 4" 
e Cc e 1 
ss. (V5) = (+ || -el-- ae 
: 5 27 g] 
6l 427" 62.2 32 


Solve each problem involving compound interest. See Examples 7-9. 


63. Future Value Find the future value and interest earned if $8906.54 is invested for 
9 yr at 5% compounded 
(a) semiannually (b) continuously. 

64. Future Value Find the future value and interest earned if $56,780 is invested at 
5.3% compounded 
(a) quarterly for 23 quarters (b) continuously for 15 yr. 

65. Present Value Find the present value of $25,000 if interest is 6% compounded 
quarterly for 11 quarters. 

66. Present Value Find the present value of $45,000 if interest is 3.6% compounded 
monthly for ] yr. 

67. Present Value Find the present value of $5000 if interest is 3.5% compounded 
quarterly for IO yr. 

68. Interest Kate Find the required annual interest rate to the nearest tenth of a percent 
for $65,000 to grow to $65,325 if interest is compounded monthly for 6 months. 


69. 


70. 
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Interest Rate Find the required annual interest rate to the nearest tenth of a percent 
for $1200 to grow to $1500 if interest is compounded quarterly for 5 yr. 


Interest Rate Find the required annual interest rate to the nearest tenth of a percent 
for $5000 to grow to $8400 if interest is compounded quarterly for 8 yr. 


Solve each problem. See Example 10. 


ram 


225 


Comparing Loans Bank A is lending money at 6.4% interest compounded annu- 
ally. The rate at Bank B is 6.3% compounded monthly, and the rate at Bank C is 
6.35% compounded quarterly. Which bank will you pay the least interest? 


Future Value Suppose $10,000 is invested at an annual rate of 5% for 10 yr. Find 
the future value if interest is compounded as follows. 


(a) annually (b) quarterly (c) monthly (d) daily (365 days) 


(Modeling) Solve each problem. See Example lI. 


73. 


Atmospheric Pressure The atmospheric pressure (in millibars) at a given altitude 
(in meters) is shown in the table. 





5000 541 


Source: Miller. A. and J. Thompson. Elements of 
Meteorology, Fourth Edition, Charles E. Merrill Publishing 
Company, Columbus, Ohio, 1993. 


P (a) Use a graphing calculator to make a scatter diagram of the data for atmospheric 


pressure P at altitude x. 
(b) Would a linear or exponential function fit the data better? 


©- (c) The function defined by 


74. 


P(x) = 101 ge DUDEN 


approximates the data. Use a graphing calculator to graph P and the data on the 
same coordinate axes. 

(d) Use P to predict the pressures at 1500 m and 11,000 m, and compare them to 
the actual values of 846 millibars and 227 millibars, respectively. 


World Population Growth Since 1990, world population in millions closely fits 
the exponential function defined by 


y= 6073e 99^ 


where x is the number of years since 1990. 


(a) The world population was about 6079 million in 2000. How closely does the 
function approximate this value? 

(b) Use this model to approximate the population in 2005. 

(c) Use this model to predict the population in 2015. 


= (d) Explain why this model may not be accurate for 2015. 


402 CHAPTER9 Exponential and Logarithmic Functions 







Exponent 
Logarithmic form: = log, x 
Base 
Exponent 
Exponential form: a’ = x 


Base 


Logarithmic Functions 


‘Logarithms s» Logarithmic Equations = Logarithmic Functions = Properties of Logarithms 


75. Deer Population The exponential growth of the deer population in Massachusetts 
can be calculated using the model 


T = 50,000(1 + .06%, 


where 50,000 is the initial deer population and .06 is the rate of growth. T is the total 
population after n years have passed. 


(a) Predict the total population after 4 yr. 

(b) If the initial population was 30,000 and the growth rate was .12, approximately 
how many deer would be present after 3 yr? 

(c) How many additional deer can we expect in 5 yr if the initial population is 
45,000 and the current growth rate is .08? 


76. Employee Training A person learning certain skills involving repetition tends to 
learn quickly at first. Then learning tapers off and approaches some upper limit. 
Suppose the number of symbols per minute that a person using a word processor can 


type is given by 


p(t) = 250 — 120(2.8)-*, 


where t is the number of months the operator has been in training. Find each value. 


(a) p(2) (b) p(4) (c) p(10) 
(d) What happens to the number of symbols per minute after several months of 
training? 


Logarithms The previous section dealt with exponential functions of the 
form y = a’ for all positive values of a, where a 7^ 1. The horizontal line test 
shows that exponential functions are one-to-one, and thus have inverse func- 
tions. The equation defining the inverse of a function is found by interchanging x 
and y in the equation that defines the function. Doing so with 


y=a gives x =a" (Section 6.1) 


as the equation of the inverse function of the exponential function defined by 
y = a‘. This equation can be solved for y by using the following definition. 


Logarithm 


Se 


For all real numbers y, and all positive numbers a and x, where a # 1: 


y = loga x if and only if x — g. 


The "log" in the definition above 1s an abbreviation for logarithm. Read log, x 
as “the logarithm to the base a of x.” 

By the definition of logarithm, if y — log, x, then the power to which a must 
be raised to obtain x is y, or x = a”. To remember the location of the base and the 
exponent in each form, refer to the diagrams in the margin. 


Meaning of log, x 


A logarithm is an exponent. The expression log, x is the exponent to which 
the base a must be raised to obtain x. 
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The table shows several pairs of equivalent statements, written in both logarith- 
mic and exponential forms. 





ion, 823 25 =8 


1 -4 
login 16 = —4 ? = 16 
log), 100,000 = 5 10? — 100,000 
1 
ined jue 
“e g] 8I 
Bere] s = 


3 0 
logia 1=0 8 = | 


Now try Exercises 3, 5, 7, and 9. 


Logarithmic Equations The definition of logarithm can be used to solve 
a logarithmic equation, an equation with a logarithm in at least one term, 
by first writing the equation in exponential form. 


EXAMPLE 1 Solving Logarithmic Equations 





Solve each equation. 


8 5 
(a) log, — = 3 (b) log, x = — (c) logy NT =x 
27 2 
Solution 
(a) ] 2 3 
og, — = 
B. 7 
A. W | f 
M == e exponent ) 
27 rite in exponential form. 
2 , 
x = (2) 3 - (=) 
3 r4 
: Tak b 
A fU e cube roots. 
3 a u root 


: © [9 
The solution set is 13}. 


5 
(b) log, x = — 
2 
Av =x Write in exponential form 
(P= gitit (gy 
P=x Psg = 
32 =x 


The solution set is {32}. 
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(c) logas W7 =y 
49* = W7 Write in exponential form 


(Ty = y Write with the same base. 


7^ = 7^ ud H 
l 
2x = — Set exponents equal. 
3 
l = 
x= 6 Divide by 2. (Appendix A) 


The solution set is Fae 


Now try Exercises 13, 25, and 27. 


Logarithmic Functions We define the logarithmic function with base a 
as follows. 


Logarithmic Function 
If a > 0,a £ 1, and x > O, then 


f(x) = log, x 


defines the logarithmic function with base a. 


Exponential and logarithmic functions are inverses of each other. The graph 
of y = 2* is shown in red in Figure 13(a). The graph of its inverse is found by 
reflecting the graph of y = 2* across the line y = x. The graph of the inverse 
function, defined by y = log, x, shown in blue, has the y-axis as a vertical 
asymptote. Figure 13(b) shows a calculator graph of the two functions. 


y=2* y=logyx 
10 


_4 10 


—4 
The graph of y = log, x can be 
obtained by drawing the inverse 
of y. 2*. 





(b) 





Figure 13 


Since the domain of an exponential function is the set of all real numbers, the 
range of a logarithmic function also will be the set of all real numbers. In the 
same way, both the range of an exponential function and the domain of a loga- 
rithmic function are the set of all positive real numbers, so logarithms can be 
found for positive numbers only. 
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We now summarize information about the graphs of logarithmic functions. 


IC FUNCTION 


For f(x) — log; x: 


fe) f(x) = log, x,a>1 f(x) = loga x,a > 1 


4 
4 
l 
2 
l 
£ 
4 
8 


For f(x) = login x: 
f(x) 


g- 


f(x) = log, x,0 <a <l 


Qo A N eH Nie pi 





eH Calculator graphs of logarithmic functions do not, in general, give an ac- 
curate picture of the behavior of the graphs near the vertical asymptotes. While 
it may seem as if the graph has an endpoint, this is not the case. The resolution 
of the calculator screen is not precise enough to indicate that the graph ap- 
proaches the vertical asymptote as the value of x gets closer to it. Do not draw 
incorrect conclusions just because the calculator does not show this behavior. m 


The graphs in Figures 14 and 15 and the information with them suggest the 
following generalizations about the graphs of logarithmic functions of the form 


f(x) = log, x. 
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al- Ale mne = to e 


oinn mei hinid en So e AE 


undefined 
undefined 
undefined 


1. The points (Ł, — 1), (1,0), and (a, 1) are on the graph. 
2. If a > 1, then f is an increasing function; if O0 « a « 1, then f is a 

decreasing function. | 
3. The y-axis is a vertical asymptote. | 
4. The domain is (0, o»), and the range is (c6, co), | 


1 
x 


4 
rel SPEER SR T SUN Euer E et emt Na EDI ENE ASE OS dedo (cM SC MRS ERs 


EXAMPLE 2 Graphing Logarithmic Functions 

Graph each function. 

(a) f(x) = login x (b) f(x) = log; x 
Solution 


(a) First graph y = (Ay. which defines the inverse function of f, by plotting 
points. Some ordered pairs are given in the table with the graph shown in 


red in Figure 16. The graph of f(x) = log), x is the reflection of the graph 
of y — (37 across the line y = x. The ordered pairs for y = log; x are 


found by interchanging the x- and y-values in the ordered pairs for y — (5) 
See the graph in blue in Figure 16. 





F(x) = log yj2x 
Figure 16 Figure 17 


(b) Another way to graph a logarithmic function is to write f(x) = y = log; x 
in exponential form as x = 3”. Now find some ordered pairs; several are 
shown in the table with the graph in Figure 17. Be careful to get the ordered 
pairs 1n the correct order. 


Now try Exercise 45. 


EXAMPLE 3 Graphing Translated Logarithmic Functions 

Graph each function. 

(a) f(x) = loga(x — 1) (b) f(x) = (logs x) — 1 
Solution 


(a) The graph of f(x) = log,(x — 1) is the graph of f(x) = log; x translated 
] unit to the right. The vertical asymptote is x = 1. The domain of this func- 
tion is (1,) since logarithms can be found only for positive numbers. 
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y To find some ordered pairs to plot, use the equivalent exponential form of 
| the equation y = log;(x — 1). 






| ey = " 
» = log,(x - 1) y= loga(x = 1) 
s E Write in exponential form. 
, x-241 Add 1. 


We choose values for y and then calculate each of the corresponding x-values. 
See Figure 18. 


Figure 18 


(b) The function defined by f(x) = (logi x) — 1 has the same graph as 
g(x) = log; x translated 1 unit down. We find ordered pairs to plot by writ- 
ing y = (log; x) — 1 in exponential form. 


y= deg 4) — 1 
y + 1 = log; x Add 1. 
ys Write in exponential form. 





Again, choose y-values and calculate the corresponding x-values. The graph 
Figure 19 is shown in Figure 19. 


Now try Exercises 33 and 37. 


Properties of Logarithms Since a logarithmic statement can be written as 
an exponential statement, it is not surprising that the properties of logarithms are 
based on the properties of exponents. The properties of logarithms allow us to 
change the form of logarithmic statements so that products can be converted to 
sums, quotients can be converted to differences, and powers can be converted 
to products. 


Properties of Logarithms 


NEN 





For x > 0, y > 0,a > 0, a # 1, and any real number r: 


SOME etat ES IR e irt 


Property Description | 
Product Property The logarithm of the product of two 
log, xy = log, x + log, y numbers is equal to the sum of the 
logarithms of the numbers. 
Looking Ahead to Calculus Quotient Property The logarithm of the quotient of 


A technique called logarithmic differ- two numbers is equal to the differ- 


entiation, which uses the properties of ence between the logarithms of the 


TRES ORS o ESR TS Se mpm 


x 
log, Ips = log, x — log, y 


logarithms, can often be used to differ- numbers. 
crea SERUUM NUS. Power Property The logarithm of a number raised to | 
log, x' 2 rlog,x a power is equal to the exponent ` 
multiplied by the logarithm of the 
number. 


Two additional properties of logarithms follow directly from the definition 
of log, x since à? = 1 and a! = a. 


log, 1 = 0 and log, a = | 
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EXAMPLE 4 Using the Properties of Logarithms 


Rewrite each expression. Assume all variables represent positive real numbers, 
with a ~ 1 and b # 1. 








15 
(a) log.(7 - 9) (b) logs — (c) logs V8 
mnq x 
(d) log, E (e) log, Vm? (f) log, 4" m 
Solution 


(a) logs (7 - 9) = logs 7 + logs 9 Product property 


] 
(b) logs — = logy 15 — logs 7 Quotient property 
| 
(c) log; V/8 = log;(8'^) = > logs 8 Power property 


(d) log, Lá = log, m + logan + log, q — log, p? 
P 
= log, m + log, n + log, q — 2 log, p 


2 
(e) log, Vm = log, m^ = a log, m 


x? 5 34,5 Mn es 
(f) log, a" : — log; (2 ) Wa=a 


Power property 











Product and quottent 


1 
= , (loge x + log,y° = log, 2) properties 


l 
= — (3 log, x + 5 log, y — mlog,z) Power property 
n 


3 5 m 
= — log, x + — log, y — — log,z Distributive property 
n n n 


Notice the use of parentheses in the second and third steps. The factor : 
applies to each term. 


Now try Exercises 53, 55, and 59. 


EXAMPLE 5 Using the Properties of Logarithms 


Write each expression as a single logarithm with coefficient 1. Assume all vari- 
ables represent positive real numbers, with a # 1 and b ¥ 1. 


(a) logs(x + 2) + log; x — log; 2 (b) 2log, m — 3log,n 


] 3 
(c) p log, m + a log, 2n — log, m’n 
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Solution 


(x + 29 Product and quotient 


(a) logi(x + 2) + log; x — log; 2 = log; 7 properties 


(b) 2 log,  — 3 log, n = log, m? — log, n^ Power property 
2 
— log, F] Quotient property 
] 3 " 
(c) 7 log m + E log, 2n — log, mn 


= log, m" + log,(2n)^ — log, mn Power property 


Lau, nA a pe dp 
= 108, 2 Product and quotient properties 
mn 
PEDE 
= log, P" 3 Rules for exponents 
Xy 1/2 
= log, 7 Rules for exponents 


8n 
— log; NE Definition of a'^ 


Now try Exercises 61, 65, and 65. 


CAUTION There is no property of logarithms to rewrite a logarithm of a 
sum or difference. That is why, in Example 5(a), log;(x + 2) was not written as 
log; x + log; 2. Remember, log; x + log; 2 = log;(x - 2). 

The distributive property does not apply in a situation like this because 
log3(x + y) is one term; “log” is a function name, not a factor. 


EXAMPLE 6 Using the Properties of Logarithms with Numerical Values 
Assume that logi; 2 = .3010. Find each logarithm. 

(a) logio 4 (b) logi 5 

Solution 


(a) log 4 = logo 2^ = 2 logio 2 = 2(.3010) = .6020 


10 
(b) logio 5 = logo > = 10g 10 I0 = logio 2 — | — .3010 = .6990. 


Now try Exercise 69. 


Recall from algebra that if f(x) and g(x) are inverse functions, then 


flat9] = x and gl f(x)] = x. 


Since f(x) = a* and g(x) = log, x are inverses, the next theorem follows. 
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Theorem on Inverses 


Fora > 0,a # 1: 
q**«* —x and log, œ =x. 
By the results of this theorem, 
75:7? = 10, — 1og; 55^ 23, and ilog,r**'=k+1. 


The second statement in the theorem will be useful in Section 9.3 when we solve 
other logarithmic and exponential equations. 


92 Exercises 


Concept Check In Exercises I and 2, match the logarithm in Column I with its value 
in Column lI. Remember that log, x is the exponent to which a must be raised in order 


to obtain x. 
I II I II 
l. (a) log; 16 A. 0 2. (a) log; 81 A. —2 
l l 
(b) log; 1 B. "3 (b) logs -7 B. —1 
(c) logio 1 C. 4 (c) logio .01 C. 0 
d) | 2 Di -3 1 
- -— (d) log, V6 D. 
(e) log, r1 E. ~Il 9 
(e) log, | E. — 
(f) log;58 E -2 2 
(f) log; 27°” F. 4 
For each statement, write an equivalent statement in logarithmic form. 
2° 27 
3, 3* = Gl à 7-32 5. B = ri 6. 107^ = .0001 


For each statement, write an equivalent statement in exponential form. 


] 
7. loge 36—2 8. logs 5=1 10. logy— = —3 


9. log.581 = 8 64 


B 11. Explain why logarithms of negative numbers are not defined. 
12. Concept Check Why does log, 1 always equal 0 for any valid base a? 


Solve each logarithmic equation. See Example I. 


13. x = log; s 14. x — log; = 15. x = logi .001 

16. x = logs 17. x = log; W8 18. x = 8 logy 10 
19. x = 3^5? 20. x = 122125 2]. x = 2^2? 

22. x = 8°88 !! 23. log, 25 = —2 24. log, = = —2 

25. log; x = 3 26. log; x = -1 27. x — log, V/16 

28. x = log; V/25 29. log;3 = —1 30. log, 1 = 0 
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= 31. Compare the summary of characteristics of the graph of f(x) = log, x with the simil- 
ar summary about the graph of f(x) = a` in Section 9.1. Make a list of characteris- 
tics that reinforce the idea that these are inverse functions. 
32. The calculator graph of v = log. x shows the val- 
ues of the ordered pair with x — 5. What does the 
value of y represent? 


y = logsx 


Yz2.321B2H1 





Sketch the graph of f(x) = log» x. Then refer to it and use graphing techniques to graph 
each function. See Example 3. 


33. f(x) = (log; x) + 3 34. f(x) = log.(x + 3) 35. f(x) = |logs(x + 3) 


Sketch the graph of f(x) = logis x. Then refer to it and use graphing techniques to 
graph each function. See Example 3. 


36. f(x) — (log, x) = 37. f(x) = log (x 2 2) 38. f(x) m log n(x m 2)| 


Concept Check In Exercises 39—44, match the function with its graph from choices 
A-F. 


| 
39. f(x) = log; x 41. f(x) = log; — 
P 


42. f(x) = log; 5 44. f(x) = logs(—x) 


A. : 





Graph each function. See Examples 2 and 3. 


45. f(x) == logs X 46. f(x) = logio X 47. f(x) = log;»(1 = x) 
48. f(x) = log;,(3 mi x) 49. fix) = log;(x — 1) 50. f(x) <= log;(x?) 


= We write log x as an abbreviation for logis x. Use the log key on your graphing calcula- 
tor to graph each function. 


S]. f(x) = x logy) x 52. Tx) login X 


Use the properties of logarithms to rewrite each expression. Simplify the result if pos- 
sible. Assume all variables represent positive real numbers. See Example 4. 
4p 5 


6 
53. log, — 54. log; — S5. log; 
y q 3 


S 





2V3 
56. log; "E 
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D7. 


Sr? mmn 
log,(2x T 5y) 58. logs(7m T 3q) 59, log, Ei 60. log, l +2 


Write each expression as a single logarithm with coefficient |. Assume all variables rep- 
resent positive real numbers. See Example 5. 


61. 


63. 


65. 


67. 


log, x + log, y — log, m 62. (log, k — log, m) — log, a 
l | 2 u 
2log,a — 3 logn b 64. P log, p'q* — = log, p'q' 
| ] 
2 log.(z — 1) + log,(3z + 2), z>1 66. log,(2y + 5) — E] log,(y + 3) 


—— log; 5m + B log; 25m^ 68 = l 16p* — — log, 8p? 
o 0g; 25m^ , og: og, 8p 


Given logi; 2 = .3010 and logio 3 = .4771, find each logarithm without using a calcula- 
tor. See Example 6. 


69. 


72. 


Solve each problem. 


E475. (Modeling) Interest Rates of Treasury Securities The 


B (b) Discuss which type of function will model these data 


76. 


7T. 


78. 


9 
logio 6 70. logio 12 71. logo 7 
20 | 
logio 55 T3, logio v30 74. log;o 36^ 


table gives interest rates for various U.S. Treasury 
Securities on June 27, 2003. 


(a) Make a scatter diagram of the data. 


best: linear, exponential, or logarithmic. 





Concept Check Use the graph to estimate each 
logarithm. 


(a) log; .3 (b) log;.8 





Concept Check Suppose f(x) = log, x and f(3) = 2. Determine each function 
value. 


l 
(a) f (+ (b) f(27) 


^ ri 


Concept Check If (5, 4) is on the graph of the logarithmic function of base a, does 
5 — log, 4 or does 4 — log, 5? 
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Evaluating Logarithms; Equations and Applications 


Common Logarithms = Natural Logarithms = Logarithms to Other Bases = Exponential and Logarithmic 
Equations 









Common Logarithms The two most important bases for logarithms are 10 
and e. Base 10 logarithms are called common logarithms. The common loga- 
rithm of x is written log x, where the base is understood to be 10. 


Common Logarithm 





“= A calculator with a log key can be used to find the base 10 logarithm of 
any positive number. Figure 20 shows how a graphing calculator displays com- 
mon logarithms. A common logarithm of a power of 10, such as 1000, is an inte- 
ger (in this case, 3). Most common logarithms used in applications, such as 
log 142 and log .005832, are irrational numbers. 

Figure 21 reinforces the concept presented in the previous section: log x is 
the exponent to which 10 must be raised in order to obtain x. 


in log 1668) > 


1888 
i^ Clogci425» 


in^tCl1ogc. daasa32»5» 
» 98953352 





Figure 20 Figure 21 m 


NOTE Basea,a > 1, logarithms of numbers less than 1 are always negative, 
as suggested by the graphs in Section 9.2. 


In chemistry, the pH of a solution is defined using logarithms as 
pH = —log[H;O ||, 


where [H;O*] is the hydronium ion concentration in moles* per liter. The pH 
value is a measure of the acidity or alkalinity of a solution. Pure water has 
pH 7.0, substances with pH values greater than 7.0 are alkaline, and substances 
with pH values less than 7.0 are acidic. It is customary to round pH values to the 
nearest tenth. 





Acidic Neutral Alkaline 


* A mole is the amount of a substance that contains the same number of molecules as the number of atoms 
in exactly 12 grams of carbon 12. 
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“log¢2, Stoo 7452» 
3. 66026059991 


in^& 77,1? 
Y. 943292347 E -8 










The screens show how a graphing 
calculator evaluates the pH and 
[H4O*] in Example 1. 





EXAMPLE 1 Finding pH 
(a) Find the pH of a solution with [H;O*] = 2.5 X 10%. 
(b) Find the hydronium ion concentration of a solution with pH — 7.1. 
Solution 
(a) pH = —log[H;O ] 
= —log(2.5 x 107^) Substitute. 
— (log 2.5 + log 10 ^) Product property (Section 9.2) 


— —(.3979 — 4) log 10 ' = —4 (Section 9.2) 
= —,3079 + 4 Distributive property 
pH = 3.6 
(b pH = —log[H3O"] 
7.1 = —log[H4O"] Substitute. 
—7.1 = log[H4O*] Multiply by — 1. 


[H,0*] = 107^! 
[H4O*] e 7.9 x 10 5 


Write in exponential form. (Section 9.2) 
Evaluate 10 ' with a calculator. 


Now try Exercises 25 and 27. 


EXAMPLE 2 Using pH in an Application 


Wetlands are classified as bogs, fens, marshes, and swamps based on pH values. 
A pH value between 6.0 and 7.5 indicates that the wetland is a "rich fen.’ When 
the pH is between 4.0 and 6.0, it is a "poor fen," and if the pH falls to 3.0 or 
less, the wetland is a “bog.” (Source: R. Mohlenbrock, “Summerby Swamp, 
Michigan," Natural History, March 1994.) 

Suppose that the hydronium ion concentration of a sample of water from a 
wetland is 6.3 X 102. How would this wetland be classified? 


—log[H40*] 
—log(6.3 X 107°) 
= —(log 6.3 + log 10?) 


Solution pH = Definition of pH 


Substitute. 


Product property 


= —log 6.3 — (—5) Distributive property; log 10" = n 
= —log 6.3 + 5 
pH = 4.2 Use a calculator. 


Since the pH is between 4.0 and 6.0, the wetland is a poor fen. 


Now try Exercise 31. 


EXAMPLE 3 Measuring the Loudness of Sound 


The loudness of sounds is measured in a unit called a decibel. To measure with 


this unit, we assign intensity 7, to a very faint sound, called the threshold sound. 
If a particular sound has intensity 7, then the decibel rating of this louder sound 
is d = 10 log = Find the decibel rating of a sound with intensity 10,0007. 


Looking Ahead to Calculus 


The natural logarithmic function de- 
fined by f(x) = In x and the reciprocal 


l 
function defined by g(x) = -d have an 


important relationship in calculus. The 
derivative of the natural logarithmic 
function is the reciprocal function. 
Using Leibniz notation (named after 
one of the co-inventors of calculus), 


d l 
this fact is written — (In x) = —. 
dx x 


lntke^c32» 


In¢25,6) 
3. 242592551 


lns. 666458) 
“7 699641374 





Figure 23 


e^clnt3325 
le^tcinc25. 622 


25.6 
e^(1nc. 8804585) 
4.58E-4 





Figure 24 
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10,0007, 
Solution d = 10 log —rL Let = 10,0007, 
0 
= 10 log 10,000 
= 10(4) log 10,000 = log 10* = 4 (Section 9.2) 
= 40 


The sound has a decibel rating of 40. 


Now try Exercise 47. 


Natural Logarithms In Section 9.1 we introduced the irrational number e. 
In most practical applications of logarithms, e is used as base. Logarithms to 
base e are called natural logarithms, since they occur in the life sciences and 
economics in natural situations that involve growth and decay. The base e loga- 
rithm of x is written In x (read “el-en x"). 


Natural Logarithm 








For all positive numbers x, In x — log, x. 





A graph of the natural logarithmic function de- y 
fined by f(x) ^ In x is given in Figure 22. 





f(x) 2 Inx 


Figure 22 


—- Natural logarithms can be found using a calculator. (Consult your owner's 
manual.) As in the case of common logarithms, when used in applications natu- 
ral logarithms are usually irrational numbers. Figure 23 shows how three natural 
logarithms are evaluated with a graphing calculator. Figure 24 reinforces the fact 
that In x is the exponent to which e must be raised in order to obtain x. m 


EXAMPLE 4 Measuring the Age of Rocks 


Geologists sometimes measure the age of rocks by using "atomic clocks." By 
measuring the amounts of potassium 40 and argon 40 in a rock, the age t of the 
specimen in years is found with the formula 

In[1 + 8.33(4)] 


po (1.26 X 10?) In 2 , 


where A and K are the numbers of atoms of argon 40 and potassium 40, respec- 
tively, in the specimen. 
(a) How old is a rock in which A = 0 and K > 0? 


(b) The ratio 4 for a sample of granite from New Hampshire is .212. How old is 
the sample? 
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Looking Ahead to Calculus 


In calculus, natural logarithms are 
more convenient to work with than 
logarithms to other bases. The change- 
of-base theorem enables us to convert 
any logarithmic function to a natural 
logarithmic function. 


losciv»/logcsS) 


1.76 
lnk. 157/1n25 
penas 





em 
I 







The screen shows how the 


result of Example 5(a) can be 
found using common loga- 
rithms, and how the result of 
Example 5(b) can be found 
using natural logarithms. The 
results are the same as those 
in Example 5. 


Solution 


(a) If A = 0, å — 0 and the equation becomes 
In | 
t = (1.26 x 10°) = (1.26 x 10°) (0) = 0. 


The rock is new (0 yr old). 
(b) Since $ = .212, we have 


Inf1 + 8.33(.212)] 


z 1.85 x 10°. 
= 85 0 


+= (126 x 10°) 
The granite is about 1.85 billion yr old. 


Now try Exercise 53. 


Logarithms to Other Bases We can use a calculator to find the values of 
either natural logarithms (base e) or common logarithms (base 10). However, 
sometimes we must use logarithms to other bases. The following theorem can be 
used to convert logarithms from one base to another. 


Change-of-Base Theorem 
For any positive real numbers x, a, and b, where a # 1 and b 7 1: 


. log;x 
log, a 





log, x 


Any positive number other than 1 can be used for base b in the change-of- 
base theorem, but usually the only practical bases are e and 10 since calculators 
give logarithms only for these two bases. 


EXAMPLE 5 Using the Change-of-Base Theorem 


Use the change-of-base theorem to find an approximation to four decimal places 
for each logarithm. 








(a) logs 17 (b) log, .1 
Solution 
m3? 28332 
(a) log; 17 = in 5 - 1.6094 = ].7604 Using natural logarithms 
log A — —1.0000 
(b) log..! = e > T ^ 3010 _ = —3.32]9 Using common logarithms 


Now try Exercises 35 and 37. 
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NOTE In Example 5, we showed logarithms such as In 17 and In 5 evaluated 
in intermediate steps to four decimal places. However, the final answers were 
obtained without rounding these intermediate values, using all the digits 
obtained with the calculator. In general, wait until the final step to round off the 
answer; otherwise, a build-up of round-off errors may cause the final answer to 
have an incorrect final decimal place digit. 


EXAMPLE 6 Modeling Diversity of Species 


One measure of the diversity of the species in an ecological community is mod- 
eled by the formula 


H = —[P, log; P, + P, log, P, + +++ + P, logs P,], 


where Pi, P,...,P, are the proportions of a sample that belong to each of n 
species found in the sample. (Source: Ludwig, J. and J. Reynolds, Statistical 
Ecology: A Primer on Methods and Computing, New York, Wiley, 1988, p. 92.) 

Find the measure of diversity in a community with two species where there 
are 90 of one species and 10 of the other. 


Solution Since there are 100 members in the community, P, = m = .9 and 
P, = is = .1, so 


H = —[.9 log, .9 + .1 log, .1]. 
In Example 5(b), we found that log; .1 ^ —3.32. Now we find log, .9. 


log .9 | —.0458 
apa d re me — SSD 
"ST wel = OD 


Therefore, 
H = —[.9 log, .9 + .1 log, .1] 
= —[.9(—.152) + .1(—3.32)] = .469. 


Verify that H ~ .971 if there are 60 of one species and 40 of the other. As 
the proportions of n species get closer to I each, the measure of diversity in- 
creases to a maximum of log, n. 


Now try Exercise 57. 


Exponential and Logarithmic Equations We solved exponential equa- 
tions in earlier sections. General methods for solving these equations depend on 
the property below, which follows from the fact that logarithmic functions are 
one-to-one. 


Property of Logarithms 
If x > 0, y > 0,a > 0, and a # 1, then 
x=y if and only if log, x = log, y. 
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Intersection 
nz1.27883B84 "Y-1z 


As seen in the display at the 
bottom of the screen, when 
rounded to four decimal 
places, the solution agrees 
with that found in Example 7. 


Y= 4X+2 Y,- 32X - | 





-—3 


This screen supports the solu- 
tion found in Example 8. 





EXAMPLE 7 Solving an Exponential Equation 
Solve 7* — 12. Give the solution to four decimal places. 


Solution The properties of exponents given in Section 9.1 cannot be used to 
solve this equation, so we apply the preceding property of logarithms. While any 
appropriate base b can be used, the best practical base is base 10 or base e. We 
choose base e (natural) logarithms here. 
T = 12 
In 77 = In 12 Property of logarithms 
xIn7=I1n12 . Power property (Section 9.2) 
In 12 
X = 
In 7 
x = 1.2770 Use a calculator. 


The solution set is {1.2770}. 





Divide by In 7. 


Now try Exercise 63. 


CAUTION  Becareful when evaluating a quotient like Y: in Example 7. Do 
not confuse this quotient with In 2 which can be written as In 12 — In 7. You 
cannot change the quotient of two logarithms to a difference of logarithms. 

In 12 12 


B7" »* 





EXAMPLE 8 Solving an Exponential Equation 


Solve 37^! = ,4**?. Give the solution to four decimal places. 
Solution ge = qp 
In 37* ! = Ip p" Take natural logarithms on both sides. 


(2x — 1) In3 = (x + 2)1n.4 Power property 
2x ln 3 — In3 = xIn.4 + 21n.4 Distributive property 
2xIn3 — x In 4=21n.4+ In3 Write the terms with x on one side. 
x(2 In 3 — In .4) = 21n .4 + In3 Factor out x. 





2 1n .4+ In3 «-«— 
= —————— ivide by 2 In 3 — In .4. 
2113 — In 4 " 
In .16 + In 3 2 . 
x = ———— ower prope 
In 9 — In 4 T 
In .48 ` i 
x= — ——À (Section 9.2) 
hz Quotient property 
4 
x = —2357] Use a calculator. 


The solution set is {—.2357}. 


Now try Exercise 67. 
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EXAMPLE 9 Solving Base e Exponential Equations 


Solve each equation. Give solutions to four decimal places. 


(a) e” = 200 (b) e&^*! - e7” = 3e 
Solution 
(a) e* = 200 
In e* = In 200 Take natural logarithms on both sides. 
x^ = In 200 ine =x (Section 9.2) 


x = +V In 200 Square root property (Appendix A) 
x = *2.3018 Usea calculator. 
The solution set is {+2.3018}. 


(b) gt. ez Be 
et! = 3e a" -d=a"" 
867—153 Divide by e: T = q" ", 
a 
Ine * = In 3 Take natural logarithms on both sides. 
—2x ln e = 1n 3 Power property 
—2x = ln 3 Ine = | 
l l i 
r= -7 In3 Multiply by —5. 
x = —,5493 


The solution set is (—.5493]. 

Now try Exercises 69 and 75. 

EXAMPLE 10 Solving a Logarithmic Equation 
Solve log,(x + 6) — log,(x + 2) = log, x. 


+O i Rewrite the equation using the 
OUT quotient property. 





Solution log, 
“+2 
e+ 
=x 
$2 
X + 6= x(x +2) Multiply by x + 2. 
x+ 6=x°+ 2x Distributive property 





Property of logarithms 


x!*tx—-62-0 Standard form 
(x + 3)@ — 2) =0 Factor. 
x= —-3 or x=2 Zero-factor property (Appendix A) 


The negative solution (x = —3) is not in the domain of log, x in the original 
equation, so the only valid solution is the number 2, giving the solution set {2}. 


Now try Exercise 81. 
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CAUTION Recall that the domain of y = log, x is (0,). For this reason, it 
is always necessary to check that apparent solutions of a logarithmic equation 
result in logarithms of positive numbers in the original equation. 


EXAMPLE 11 Solving a Logarithmic Equation 
Solve log(3x + 2) + log(x — 1) ^ 1. 
Solution The notation log x is an abbreviation for logis x, and 1 = logy, 10. 


log(3x + 2) + log(x — 1) = | 


log(3x + 2) + log(x — 1) = log 10 Substitute. 
log| (3x + 2) (x — 1)] = log 10 Product property 
3x + 2)(x — 1) = 10 Property of logarithms 
3x! —x—2 10 Multiply. 
3x6 —-x—1220 Subtract 10. 
1+V1+ 144 l , 
- a na 277 - Quadratic formula (Appendix A) 
The number 1— 915 is negative, so x — 1 is negative. Therefore, log(x — 1) is 
not defined and this proposed solution must be discarded. Since m = IL 
both 3x + 2 and x — | are positive and the solution set is {i+ Vid) 


Now try Exercise 85. 


EXAMPLE 12 Solving a Base e Logarithmic Equation 
Solve In e^* — ln(x — 3) = In 2. 


Solution ln e"* — ln(x — 3) = In2 








In x — ln(x — 3) = In2 e"* = x (Section 9.2) 
In — In 2 Quotient property 
X 
3 — 2 Property of logarithms 
1x 


x = 2(x — 3) Multiply by x — 3. 
= 2x — 6 Distributive property 
6-—x Solve for x. (Appendix A) 
Verify that the solution set is {6}. 


Now try Exercise 91. 
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A summary of the methods used for solving equations in this section follows. 


Solving Exponential or Logarithmic Equations 


To solve an exponential or logarithmic equation, change the given equation 
into one of the following forms, where a and b are real numbers, a > 0, and 
a »* ]. 


1. a®® = b 


Solve by taking logarithms on both sides. 


2. log, f(x) = b 


Solve by changing to exponential form a^ — f(x). 


3. log, f(x) = log, g(x) 


The given equation is equivalent to the equation f(x) = g(x). Solve 
algebraically. 


4. In a more complicated equation, such as the one in Example 9(b), it may 


9.3 Exercises 


be necessary to first solve for a™ or log, f(x) and then solve the resulting 
equation using one of the methods given above. 





Concept Check Answer each of the following. 


l. 


© o N A 


For the exponential function defined by f(x) = a’, where a > 1, is the function 
increasing or is it decreasing over its entire domain? 


. For the logarithmic function defined by g(x) = log, x, where a > 1, is the function 


increasing or is it decreasing over its entire domain? 


. If f(x) = 5*, what is the rule for f. !(x)? 
. What is the name given to the exponent to which 4 must be raised in order to obtain 


11? 


. A base e logarithm is called a(n) ________ logarithm; a base 10 logarithm is 


called a(n) ——— ... logarithm. 


. How is log; 12 written in terms of natural logarithms? 
. Why is log; 0 undefined? 
. Between what two consecutive integers must log; 12 lie? 


The graph of y — log x shows a point on the graph. Write y 
the logarithmic equation associated with that point. 





(8, .90308999) 
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10. The graph of y — In x shows a point on the graph. Write Y 
the logarithmic equation associated with that point. 





Use a calculator with logarithm keys to find an approximation to four decimal places for 
each expression. See Figures 20 and 23. 


11. log 36 12. log 72 13. log .042 14. log .319 
15. log(2 x 10?) 16. log(2 x 107) 17. In 36 18. 1n 72 
19. 1n .042 20. In .319 21. In(2 X e^) 22. In(2 X e^?) 


For each substance, find the pH from the given hvdronium ion concentration. See 
Example l(a). 


23. grapefruit, 6.3 X 10 * 24. crackers, 3.9 X 10^? 
25. limes, 1.6 X 1077 26. sodium hydroxide (lye), 3.2 X 10°" 


Find the [HO ' ] for each substance with the given pH. See Example 1(b). 


27. soda pop, 2.7 28. wine, 3.4 
20. beer, 4.8 30. drinking water, 6.5 


In Exercises 31—33, suppose that water from a wetland area is sampled and found to 
have the given hydronium ion concentration. Determine whether the wetland is a rich 
fen. poor fen, or bog. See Example 2. 


31. 2.49 x 10? 32. 249 x 10 33. 2.49 X 107 
34. Use your calculator to find an approximation for each logarithm. 
(a) log 398.4 (b) log 39.84 (c) log 3.984 


(d) From your answers to parts (a)—(c), make a conjecture concerning the decimal 
values in the approximations of common logarithms of numbers greater than 1 
that have the same digits. 


Use the change-of-base theorem to find an approximation to four decimal places for 
each logarithm. See Example 5. 


35. log. 5 36. log, 9 37. log; .59 38. log, .71 
39. log,.13 12 40. logis 5 41. log; 5 42. logy, 8 


43. Given g(x) = e“, evaluate (a) g(In 3) (b) e[In(5)] (c) =| n() | 
e 


44. Given f(x) = 3', evaluate (a) f(logi 7) — (b) f[logiIn 3)]] (c) f[log,(2 In 3)]. 
4S. Given f(x) = In x, evaluate (a) f(e^) (b) f(e'"*) (c) fle?) 
46. Given f(x) = log; x, evaluate (a) f(2) — (b) f(2*) — (e) f(gm?), 


Solve each application of logaritluns. See Examples 3 and 4. 


47. Decibel Levels Find the decibel ratings of sounds having the following intensities. 


(a) 1007, (b) 10007, (c) 100.0007, (d) 1.000,000/, 
(e) If the intensity of a sound is doubled, by how much is the decibel rating 
increased? 
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48. Decibel Levels Find the decibel ratings of the following sounds, having intensities 


49. 


50. 


51 


52. 


53. 


54 


as given. Round each answer to the nearest whole number. 


(a) whisper, 11579 (b) busy street, 9,500,000/, 
(c) heavy truck, 20 m away, 1,200,000,000/, 

(d) rock music, 895,000,000,000/, 

(e) jetliner at takeoff, 109,000,000,000,000/ 


Earthquake Intensity The magnitude of an earthquake, measured on the Richter 
scale, is logi; F, where / is the amplitude registered on a seismograph 100 km from 
the epicenter of the earthquake, and 7, is the amplitude of an earthquake of a certain 
(small) size. Find the Richter scale ratings for earthquakes having the following 
amplitudes. 


(a) 10007, (b) 1,000,000/, (c) 100,000,000/, 


Earthquake Intensity On June 16, 1999, the city of Puebla in central Mexico was 
shaken by an earthquake that measured 6.7 on the Richter scale. Express this read- 
ing in terms of Ip. See Exercise 49. (Source: Times Picayune.) 


Earthquake Intensity On September 19, 1985, Mexico's largest recent earth- 
quake, measuring 8.1 on the Richter scale, killed about 9500 people. Express the 
magnitude of an 8.1 reading in terms of Jo. (Source: Times Picayune.) 


Compare your answers to Exercises 50 and 51. How much greater was the force of 
the 1985 earthquake than the 1999 earthquake? 


(Modeling) Visitors to U.S. 
National Parks The heights of 
the bars in the graph represent the 
number of visitors (in millions) to 
U.S. National Parks from 1950— 
2000. Suppose x represents the 
number of years since 1900— 
thus, 1950 is represented by 50, 
1960 is represented by 60, and so 
on. The logarithmic function 
defined by 


f(x) = —269 + 73 Inx 


closely models the data. Use this 


function to estimate the number of à; | ; 
visitors in the year 2004. What Source: Statistical Abstract of the United States, 2000. 


Visitors to National Parks 
(in millions) 





assumption must we make to estimate the number of visitors in years beyond 2000? 


(Modeling) Volunteerism among Volunteerism among College Freshman 
College Freshmen The growth 
in the percentage of college fresh- 
men who reported involvement in 
volunteer work during their last 
year of high school is shown in the 
bar graph. Connecting the tops of 
the bars with a continuous curve 
would give a graph that indicates 
logarithmic growth. The function 


defined by Year 
Source: Higher Education Research Institute, UCLA. 
f(t) = 74.61 + 384Int, tz 1, 


Percent 





where t represents the number of years since 1994 and f(t) is the percent, approxi- 
mates the curve reasonably well. 
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(a) What does the function predict for the percent of freshmen entering college in 
2002 who performed volunteer work during their last year of high school? How 
does this compare to the actual percent of 82.6? 
= (b) Explain why an exponential function would not provide a good model for these 
data. 


55. (Modeling) Diversity of Species The number of species in a sample is given by 


S(n) =a w( + 2) 
a 


Here n is the number of individuals in the sample, and a is a constant that indicates 
the diversity of species in the community. If a = .36, find S(#) for each value of n. 
(Hint: S(n) must be a whole number.) 


(a) 100 (b) 200 (c) 150 (d) 10 

56. (Modeling) Diversity of Species In Exercise 55. find S() if a changes to .88. Use 
the following values of n. 
(a) 50 (b) 100 (c) 250 

57. (Modeling) Diversity of Species Suppose a sample of a small community shows 
two species with 50 individuals each. Find the measure of diversity H. (See Example 6.) 

58. (Modeling) Diversity of Species A virgin forest in northwestern Pennsylvania has 
4 species of large trees with the following proportions of each: hemlock, .521; beech, 
.324; birch, .081; maple, .074. Find the measure of diversity H. (See Example 6.) 


Concept Check An exponential equation such as 5^ = 9 can be solved for its exact 
solution using the meaning of logarithin and the change-of-base theorem. Since x is the 


exponent to which 5 must be raised in order to obtain 9, the exact solution is logs 9, or 
log 9 In 9 i : : . f . . x 
OF vs. For the following equations, give the exact solution in three forms similar to 





log 5 


the forms explained here. 


| Y [LX 
89, 7* = |9 60. 3 = 10 61. (+) = |2 62. (ij —4 


Solve each equation. When solutions are irrational, give them as decimals correct to 
four decimal places. See Examples 7—12. 


63. 3 = 6 64. 4' — 12 65. 6°" —8 

66. 37^ = 13 hI = 68. 6? = 4 

69. &^ '=4 We "= 12 71. 206^ =8 

72. 1082! = 5 73. 2 = —3 74. 3 = —6 

75. e" - e™ = e” 76. e «e =e"! 

77. In(6x + 1) 2 In 3 78. In(7 — x) = In 12 

79. log 4x — log(x — 3) = log 2 80. In(—x) + In 3 = In(2x — 15) 
81. log(2x — 1) + log 10x = log 10 82. In 5x — In(2x — Il) = In4 

83. log(x + 25) = I + log(2x — 7) 84. In(5 + 4x) — In(3 + x) ^ In 3 
85. log x + log(3x — 13) = | 86. In(2x + 5) + Inx = In 7 

87. log, 4x — log,(x — 3) = log, 12 88. log, 3x + log» 3 = log;(2x + 15) 
89. 577 = 22 ! 90.6 ^ = Y" 

91. Ine — Ine’ = Ine 92. Ine’ —21ne— Ine 

93. log.(log. x) = | 94. log x ^ Vlog x 

95. log x^ = (log x)’ 96. log, V2, = 2 


2 


(Modeling) | Solve each application. 
97. 


98. 


99. 


100. 


E 


(a) Explain why the shape of the left side of the Eiffel Tower has the formula 
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Average Annual Public University Costs The — 
table shows the cost of a year's tuition, room 2000 $7,990 
and board, and fees at a public university 2001 $8.470 
from 2000-2008. (Note: The amounts for 
2004-2008 are projections.) Letting v repre- 2002 $9,338 
sent the cost and x represent the number of 2003 $9.805 
years since 2000, we find that the function 
defined by 2004 $10,295 

f(x) = 8160(1.06)* 2005 $10,810 
models the data quite well. According to this 2006 $11,351 
function, when will the cost in 2000 be 2007 $11.918 
doubled? 

2008 $12,514 


Source: WWW.princetonreview.com 


Race Speed At the World Championship races held at Rome's Olympic Stadium 
in 1987, American sprinter Carl Lewis ran the 100-m race in 9.86 sec. His speed in 
meters per second after ¢ seconds is closely modeled by the function defined by 


f() = 11.65(1 — e "! 77), 

(Source: Banks, R. B., Towing Icebergs, Falling Dominoes, and Other Adventures 
in Applied Mathematics, Princeton University Press, 1998.) 
(a) How fast was he running as he crossed the finish line? 
(b) After how many seconds was he running at the rate of 10 m per sec? 
Fatherless Children The percent of U.S. children growing up without a father 
has increased rapidly since 1950. If x represents the number of years since 1900, 
the function defined by 
= 25 

| + 1364.3e "??!6 
models the percent fairly well. (Source: National Longitudinal Survey of Youth; 
U.S. Department of Commerce; U.S. Bureau of the Census.) 


(a) What percent of U.S. children lived in a home without a father in 1997? 
(b) In what year were 10% of these children living in a home without a father? 


fx) 


Height of the Eiffel Tower The right side of y 


i 


the Eiffel Tower in Paris, France has a shape 
that can be approximated by the graph of the 
function defined by 





' X 
(x) = -301 In => 
i: JG 207 


207° 


See the figure. (Source: Banks, R. B., Towing 
Icebergs, Falling Dominoes, and Other Adven- 
tures in Applied Mathematics, Princeton —— 
University Press, 1998.) 


f(x) = —301 In 





given by f(—x). 

(b) The short horizontal line at the top of the figure has length 15.7488 ft. 
Approximately how tall is the Eiffel Tower? 

(c) Approximately how far from the center of the tower is the point on the right 
side that is 500 ft above the ground? 
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| KEY TERMS 


9.1 exponential function present value 


exponential equation compound amount 
compound interest continuous 
future value compounding 


| NEW SYMBOLS 
| 


e a constant, approximately 2.718281828 
log, x the logarithm of x to the base a 


| QUICK REVIEW 





— E 


CONCEPTS 


| 9.1 Exponential Functions 





Additional Properties of Exponents 
For any real number a > 0, a ¥ 1, 


(a) a” is a unique real number for all real numbers x. 
(b) a’ = a^ if and only if b = c. 
(c) Ifa > 1 and m < n, then a” < a". 


(d) If 0 « a « 1 and m <n, then a" > a". 


Exponential Function 
If a > O and a = 1, then f(x) = a“ defines the exponential 
function with base a. 


Graph of f(x) = a 

1. The graph contains the points (—1, 1) (0, 1), and (1, a). 

2. If a > 1, then fis an increasing function; if 0 <a < 1, 
then f is a decreasing function. 

3. The x-axis is a horizontal asymptote. 

4. The domain is (—%, œ); the range is (0, oc). 











9.2 logarithm , 9.5. common logarithm 
logarithmic equation pH 


logarithmic function natural logarithm 





logx common (base 10) logarithm of x 
Inx natural (base e) logarithm of x 


EXAMPLES 





(a) 2*isa unique real number for all real numbers x. 
(b) X = 2? if and only if x = 3. 


| (c) 2? < 2", because 2 > 1 and 5 < 10. 


1 n5, | 10 


| l 
| (d) [—] > |= because 0 <> < land 5 < 10. 


2 2 


f(x) = 3* defines the exponential function with base 3. 





CONCEPTS 
9.2 Logarithmic Functions 


Logarithmic Function 
If a > 0,a # 1, and x > 0, then f(x) = log, x defines the 
logarithmic function with base a. 


Graph of f(x) = log, x 

1. The graph contains the points (i, — 1), (1,0), and (a, 1). 

2. Ifa > 1, then fis an increasing function; if 0 < a < 1, 
then f is a decreasing function. 

3. The y-axis is a vertical asymptote. 

4. The domain is (0,9); the range is (—%, oc). 


Properties of Logarithms 
For any positive real numbers x and y, real number r, and 
positive real number a, a # 1: 


log, xy = log, x + log, y Product property 

log, ie log, x — log, y Quotient property 
y 

log, x’ = r log, x. Power property 


Also, 
log, 1 = 0 and log,a = 1. 


Theorem on Inverses 


a"%* =x and ilog,(a’)=x 
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Common and Natural Logarithms 
For all positive numbers x, 
log x = logjox Common logarithm 


Inx = log, x. Natural logarithm 


Change-of-Base Theorem 
For any positive real numbers x, a, and b, where a # 1 and 
b 51: 

log, x 





log, x — i 
ai log, a 


Property of Logarithms 
If x > 0, y > 0,a > O, anda ¥ 1, then 


x=y ifandonlyif log,x = log, y. 








EXAMPLES 


f(x) = log; x defines the logarithmic function with base 3. 


f(x) = logi x 





log, (3 - 5) = log; 3 + log; 5 
3 
log: T = log, 3 — log, 5 


logs 3° = 5 log, 3 


logio 1—0 and logio 102 1 


e“4*=4 and Ine? =2 


log .045 ~ —1.3468 
In 247.1 ~ 5.5098 


if e*=10, then Me = hh 10. 


If log, + 1)=log,7, then x+1=7. 





428 CHAPTER9 Exponential and Logarithmic Functions 


Chapter 9 Review Exercises 


Match each equation with the figure that most closely resembles its graph. 


1. y = log3x A. B. y 

2. y = e 

3. y= lnx 

4. y= (3) x x 


y 
0 | 
C. 7 
Write each equation in logarithmic form. 


ay" a 
5. 2 = 32 6. 100'2 = 10 7. (i) "Ly 


8. Graph y = (1.5). 
9. Concept Check Is the logarithm to the base 3 of 4 written as log, 3 or log; 4? 





Relating Concepts 
For individual or collaborative investigation 
(Exercises 10—15) 
Work Exercises 10—15 in order. 


10. What is the exact value of log; 9? 

11. What is the exact value of log; 27? 

12. Between what two consecutive integers must log; 16 lie? 

13. Use the change-of-base theorem to support your answer for Exercise 12. 
14. Repeat Exercises 10 and 11 for log; 1 and log; 1. 

15. Repeat Exercises 12 and 13 for log; .68. 


Write each equation in exponential form. 


3 
16. log, 27 = > 17. log 3.45 = .5378 18. in 45 = 3.8067 


19. Concept Check What is the base of the logarithmic function whose graph contains 
the point (81,4)? 


20. Concept Check What is the base of the exponential function whose graph contains 
the point (—4,34)? 


CHAPTER 9 Review Exercises 429 


Use properties of logarithms to rewrite each expression. Simplifv the result, if possible. 
Assume all variables represent positive numbers. 


21. log: — 22. logs(x2v"W/m'p ) 23. log,(7k + 5r?) 
r 


Find each logarithm. Round to four decimal places. 


24. log 45.6 25. log .0411 26. In 470 


5 
27. In 144,000 28. log; 769 29. logon "a 


Solve each equation. Round irrational solutions to four decimal places. 


8 
30. 8° = 32 31. x °= — 32. 10% = 17 
27 
33. 4695 50s 34. e"! = 10 35. logu x = — 
| 
36. In(6x) — ln(x + 1) = In4 37. log Vx + 1=7 
2 
38. Inx + 3112 = In — 39. log x + log(x — 3) = | 
X 


Solve each problem. 


40. karthquake Intensity On July 14, 1991, Peshawar, Pakistan, was shaken by an 
earthquake that measured 6.6 on the Richter scale. 


(a) Express this reading in terms of /,. (See Section 9.3 Exercises.) 

(b) In February of the same year a quake measuring 6.5 on the Richter scale killed 
about 900 people in the mountains of Pakistan and Afghanistan. Express the 
magnitude of a 6.5 reading in terms of /,. 

(c) How much greater was the force of the earthquake with measure 6.6? 

41. Earthquake Intensity 

(a) The San Francisco earthquake of 1906 had a Richter scale rating of 8.3. Express 
the magnitude of this earthquake as a multiple of /;. 

(b) In 1989, the San Francisco region experienced an earthquake with a Richter 
scale rating of 7.1. Express the magnitude of this earthquake as a multiple of Fa. 

(c) Compare the magnitudes of the two San Francisco earthquakes discussed in 
parts (a) and (b). 

42. (Modeling) Decibel Levels | Recall from Section 9.3 that the model for the decibel 
rating of the loudness of a sound is 


I 
d= 10 log —. 
lo 


A few years ago, there was a controversy about a proposed government limit on fac- 
tory noise. One group wanted a maximum of 89 decibels, while another group 
wanted 86. This difference seemed very small to many people. Find the percent by 
which the 89-decibel intensity exceeds that for 86 decibels. 


43. Interest Rate What annual interest rate, to the nearest tenth, will produce $5760 if 
$3500 1s left at interest (compounded annually) for 10 yr? 


44. Growth of an Account Find the number of years (to the nearest tenth) needed for 
$48,000 to become $58,344 at 5% interest compounded semiannually. 
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45. 


46 


47. 


AS 48. 


49 


Growth of an Account Manuel deposits $10,000 for 12 yr in an account paying 8% 
compounded annually. He then puts this total amount on deposit in another account 
paying 10% compounded semiannually for another 9 yr. Find the total amount on 
deposit after the entire 21-yr period. 


Growth of an Account Anne Kelly deposits $12,000 for 8 yr in an account paying 
5% compounded annually. She then leaves the money alone with no further deposits 
at 6% compounded annually for an additional 6 yr. Find the total amount on deposit 
after the entire 14-yr period. 

Cost from Inflation If the inflation rate were 4%, use the formula for continuous 
compounding to find the number of years, to the nearest tenth, for a $1 item to cost 
$2, 

(Modeling) Drug Level in the Bloodstream After a medical drug is injected 
directly into the bloodstream, it is gradually eliminated from the body. Graph the 
following functions on the interval [0,10]. Use [0,500] for the range of A(t). 
Determine the function that best models the amount A(f) (in milligrams) of a drug 
remaining in the body after ¢ hours if 350 mg were initially injected. 


(a) A(r) — P — t+ 350 (b) A(t) = 350 log(t + 1) 

(c) A(t) = 350(.75)' (d) A(t) = 100(.95)' 

(Modeling) New York Yankees’ Payroll The table shows the total payroll (in mil- 
lions of dollars) of the New York Yankees baseball team for the years 2000— 2003. 





2002 
2003 152.7 
———— 





Source: USA Today. 


Letting v represent the total payroll and x represent the number of years since 2000, 
we find that the funcuon defined by 


f(x) ^ 93.54e ^ 


models the data quite well. According to this function, when would the total payroll 
double its 2003 value? 


(Modeling) Transistors on Computer 
Chips Computing power of personal 
computers has increased dramatically as a 
result of the ability to place an increasing 
number of transistors on a single processor 
chip. The table lists the number of transis- 
tors on some popular computer chips made 
by Intel. 










1,200,000 





3.300.000 


Pentium 


5.500.000 







(a) Make a scatter diagram of the data. 
Let the x-axis represent the year, 
where x = 0 corresponds to 1971, and 
let the y-axis represent the number of Pentium 4 | 42.000.000 
transistors. (———— 


Source: Intel. 


9,500,000 
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(b) Decide whether a linear, a logarithmic, or an exponential function describes the 
data best. 

(c) Determine a function f that approximates these data. Plot f and the data on the 
same coordinate axes. 

(d) Assuming that the present trend continues, use f to predict the number of 
transistors on a chip in the year 2005. 


Chapter 9 Test 


1. Match each equation with its graph. 
] A 
(a) v = logis x (b) y = e (c) v — Inx (d) y = (+) 


C. 


A * B æ ` y * y 
X : z Y 
A- zs ‘i : A 0 


| 3A 3 
2, Solve | — = [6"*'. 
OIVc | g | 


3. Write 4^ = 8 in logarithmic form. 


2 
4. Write log; 4 — ES in exponential form. 


x 


jV 
5, Graph f(x) = (=) and g(x) = logn v on the same axes. What is their relationship? 


Dag) 





6. Use properties of logarithms to write log; as a sum, difference, or product of 


3 
Lud 
It] 


logarithms. Assume all variables represent positive numbers. 


Use a calculator to find an approximation for each logarithm. Express answers to four 
decimal places. 


7. log 237.4 8. In .0467 
9. log; 13 10. log(2.49 x 10 ?) 


Use properties of logarithms to solve each equation. Express the solutions as directed. 


11. log, 25 — 2 (exact) 12. log, 32 = x (exact) 
13. log, x + log;(x + 2) = 3 (exact) 


14. 5^ = 7 (approximate, to four decimal places) 


3 
15. Inx — 4 In 3 = In — (approximate, to four decimal places) 
X 
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B 16. One of your friends is taking another mathematics course and tells you, “I have no 
idea what an expression like log; 27 really means." Write an explanation of what it 
means, and tell how you can find an approximation for it with a calculator. 


Solve each problem. 


17. (Modeling) Skydiver Fall Speed A skydiver in free fall travels at a speed modeled 
by 


v(t) = 176(1 — e^) 


feet per second after t seconds. How long will it take for the skydiver to attain a 
speed of 147 ft per sec (100 mph)? 


18. Growth of an Account How many years, to the nearest tenth, will be needed for 
$5000 to increase to $18,000 at 6.8% compounded (a) monthly (b) continuously? 


Chapter 9 Quantitative Reasoning 


Financial Planning for Retirement — What are your options? 


The traditional IRA (Individual Retirement Account) is a common tax-deferred 
savings plan in the United States. Earned income deposited into an IRA is not taxed 
in the current year, and no taxes are incurred on the interest paid in subsequent 
years. However, when you withdraw the money from the account after age 591. 
you pay taxes on the entire amount. 

Suppose you deposited $3000 of earned income into an IRA, you can earn an 
annual interest rate of 8%, and you are in a 40% tax bracket. (Note: Interest rates 
and tax brackets are subject to change over time, but some assumptions must be 
made to evaluate the investment.) Also, suppose you deposit the $3000 at age 25 
and withdraw it at age 60. 





1. How much money will remain after you pay the taxes at age 60? 


2. Suppose that instead of depositing the money into an IRA, you pay taxes on the 
money and the annual interest. How much money will you have at age 60? 
(Note: You effectively start with $1800 (60% of $3000), and the money earns 
4.8% (60% of 8%) interest after taxes.) 


3. To the nearest dollar, how much additional money will you earn with the IRA? 


4. Suppose you pay taxes on the original $3000, but are then able to earn 846 in a 
tax-free investment. Compare your balance at age 60 with the IRA balance. 


Appendices 


Equations and Inequalities 


Equations = Solving Linear Equations = Solving Quadratic Equations = Inequalities = Solving Linear 
Inequalities = Interval Notation = Three-Part Inequalities 





Equations Recall from algebra that an equation is a statement that two 
expressions are equal. 


x+2=9, [lx = 5x + 6x, r= 25 e Equations 


To solve an equation means to find all numbers that make the equation a true 
statement. These numbers are called solutions or roots of the equation. A num- 
ber that is a solution of an equation is said to satisfy the equation, and the solu- 
tions of an equation make up its solution set. Equations with the same solution 
set are equivalent equations. For example, x = 4, x + 1 = 5, and 6x + 3 = 27 
are equivalent equations because they have the same solution set, {4}. However, 
the equations x^ = 9 and x = 3 are not equivalent, since the first has solution set 
{—3, 3} while the solution set of the second is {3}. 

To solve an equation, we use the addition and multiplication properties of 
equality. For real numbers a, b, and c: 


a — b and a + c =b + c are equivalent, 
a = b and ac = bc (c # 0) are equivalent. 


That 1s, the same number may be added to (or subtracted from) both sides of an 
equation and both sides of an equation may be multiplied (or divided) by the 
same nonzero number, without changing the solution set. 


Solving Linear Equations A linear equation in one variable is an equa- 
tion that can be written in the form 


ax + b = 0, 


where a and b are real numbers with a # 0. A linear equation is also called a 
first-degree equation since the greatest degree of the variable is one. 


3x + V2 — 0, x12, 5(x+3)=2x—6 Linearequations 


RI 


! ; 
Vx +2 = Jy — = —$§, x + 3x + .2 =0 Nonlinear equations 
-X 
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EXAMPLE 1 Solving a Linear Equation 
Solve 32x — 4) = 7 — (x + 5). 
Solution 3(2x —4) 9 7 — (x + 5) 
3(2x) + 3(—4) =7 —x—5 Distributive property 
Ge~-12=—=7=—x-—5 Multiply. 


Ge -12=2-—% Combine terms. 
6x— 12+x=2—x+x Add x to each side. 
w-12.—=2 Combine terms. 
H%- 124+ @ —23 1 Add 12 to each side. 
7x = 14 Combine terms. 
2 = E. Divide each side by 7. 
7 T 
x=2 


Check: 3(2x —4)—57-—(x-5) Original equation 
32-2-4)=7-@+5) ? Letx—2. 
3(4 — 4) =7 — (7) ? 
0=0 True 
Since replacing x with 2 results in a true statement, 2 is a solution of the given 
equation. The solution set is {2}. 


Now try Exercise 9. 


EXAMPLE 2 Clearing Fractions before Solving a Linear Equation 
2t+ 4 ] 1 7 











Solve ra a 
2 4 3 
-— ard 1 : 7 
Outi eS aa le 
ution 3 5 3 
2t - 4 1 1 7 Multiply by 12, the least 
12 3 + ae = |2 y =- common denominator 
3 (LCD) of the fractions. 





2+4 l l 7 | Distributive 
12 + 12| —t | ^ 12| — —— 


A(2t + 4) + 6t = 3t — 28 Multiply. 
8t + 16 + 6t = 3t — 28 Distributive property 
14t + 16 = 3t — 28 Combine terms. 
llt = —44 Subtract 3r; subtract 16. 
t = —4 Divide by 11. 
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2(—4) + 4 13 ] 7 
Check: —————— + —(-—4) = —(—-4)— — ? Lett 4 
ec 3 5 | ) "a ) 3 tí 
= 7 
—— + -— L— lI "E ) 
HS 3 
10 10 
— True 
3 3 


The solution set is {—4}. 


Now try Exercise 17. 


An equation satisfied by every number that is a meaningful replacement for 
the variable is called an identity. The equation 3(x + 1) = 3x + 3 is an ex- 
ample of an identity. An equation that is satisfied by some numbers but not 
others, such as 2x = 4, is called a conditional equation. The equations in 
Examples | and 2 are conditional equations. An equation that has no solution, 
such as x = x + J, is called a contradiction. 


EXAMPLE 3 Identifying Types of Equations 


Decide whether each equation is an identity, a conditional equation, or a contra- 
diction. Give the solution set. 


(a) —-2(x + 4) - 3x—x—-8 (b) 5x—-4-—1l (e) 33x— 1) 29x € 7 
Solution 
(a) —2(x+ 4) - 3x =x—- 8 

—2x — 8 + 3x =x — 8 Distributive property 


| 


x— 8 =x- 8 Combine terms. 
Ü =p Subtract x; add 8. 


When a true statement such as 0 = OQ results, the equation is an identity, and 
the solution set is (all real numbers]. 


(b) 5x —4— II 
5x — 15 Add4. 
*— 3 Divide by 5 


This is a conditional equation, and its solution set is (3). 
(c) 33x — 1) 29x +7 
9x — 3 = 9x + 7 Distributive property 
-3 = 7 Subtract 9x. 
When a false statement such as —3 = 7 results, the equation is a contradic- 


tion, and the solution set is the empty set or null set, symbolized 9. 


Now try Exercises 25, 25, and 27. 
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Solving Quadratic Equations An equation that can be written in the form 
ax? + bx +c = 0, 


where a, b, and c are real numbers with a = 0, is a quadratic equation. A qua- 
dratic equation is a second-degree equation —that 1s, an equation with a squared 
term and no terms of greater degree. 


x? 28 4x? -4x —5-— 0, 3x? = Ax — 8 Quadratic equations 


A quadratic equation written in the form ax? + bx + c = Qis in standard form. 

Factoring is the simplest method of solving a quadratic equation (but one 
that is not always easily applied). This method depends on the following zero- 
factor property. 


If a and b are complex numbers with ab = 0,  7cro-factor property 
then a = 0 or b = 0 or both. 


EXAMPLE 4 Using the Zero-Factor Property 
Solve 6x^ + 7x = 3. 


Solution 
6x? + 7x —-3 
6x! + 7x - 320 Standard form 
(3x — 1)(2x + 3) 20 Factor. 
3x —1=0 or 2x+3=0 Zero-factor property 
3x = | or 2x = —3 Solve each equation. 
3 
x=— wo dp eee 
3 2 
Check: 6x^ + 7x = Original equation 
PY ] 3 Y 3 
(:) T (3) — 3 Letx 1. (5) + (3. =3 Lex= —8. 
6 7 54 21 
— — = 9 — — — = 3 9 
9 a 3 i 4 3 
3=3 True 3=3 True 


Both values check, so the solution set is ls, —3} 


Now try Exercise 35. 


A quadratic equation of the form x^ = k can be solved using the square 
root property. 


If x? = k, then x = Vk orx = — Vk. Square root property 


That is, the solution set of x^ = k is [ Vk, —VKkP which may be abbreviated 
Vk. 
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EXAMPLE 5 Using the Square Root Property 
Solve each quadratic equation. 
(a) x* = 17 (b) (x — 4 = 12 
Solution 
(a) By the square root property, the solution set of x = T7 ib { sA 
(b) (x — 4 = 12 
x-4=+V12 Generalized square root property 
x=424V12 Add4. 
x=442V3 Vi2=V4-3=2V3 
The solution set is [4 + 2V3}. 


Now try Exercises 41 and 43. 


Any quadratic equation can be solved using the quadratic formula, which 
says that the solutions of the quadratic equation ax? + bx + c = 0, where 
a Æ O, are 


—b + Vb? — 4ac " 
x = —.._ Quadratic formula 


2a 


EXAMPLE 6 Using the Quadratic Formula 
Solve x? — 4x = —2. 
Solution x!—4x-2-20 Write in standard form. 


Here a — 1, b — —4, and c — 2. Substitute these values into the quadratic for- 
mula and solve for x. 


—h + Vb’ —4asc l 
C a E Quadratic formula 
2a 
= —4 + — — 
ae UU. ee ey, 
2(1) 
4t V16 —8 
g 
4 x2v2 
= = Vi6-8- V8 = V4-2 = 2V2 
2(2 + V2) | 
= > a Factor out 2 in the numerator. 
x=2+V2 Lowest terms 


The solution set is b t V3}. 


Now try Exercise 49. 
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0 4 
Figure 1 


Inequalities An inequality says that one expression is greater than, greater 
than or equal to, less than, or less than or equal to, another. As with equations, a 
value of the variable for which the inequality is true is a solution of the inequal- 
ity; the set of all solutions is the solution set of the inequality. Two inequalities 
with the same solution set are equivalent. [Inequalities are solved with the fol- 
lowing properties of inequality. For real numbers a, b, and c: 


1. lf a « b,thena +c «b *c, 

2. If a < b and if c > 0, then ac < be, 

3. If a < b and if c < 0, then ac > bc. 
Replacing < with >, =, or = results in similar properties. (Restrictions on c 
remain the same.) Multiplication may be replaced by division in properties 2 


and 3. Always remember to reverse the direction of the inequality symbol when 
multiplying or dividing by a negative number. 


Solving Linear Inequalities A linear inequality in one variable is an 
inequality that can be written in the form 
ax +b >Q, 


where a and b are real numbers with a # 0. (Any of the symbols =, <, or = 
may also be used.) 


EXAMPLE 7 Solving a Linear Inequality 


Solve —3x + 5 > —7. 





Solution —3x + 45 > -7 
xg B —7 5  Subtract 5. 
—3x > -12 
— 3x — 12 Divide by —3: reverse the direction 
e : "e i 
3 uL of the inequality symbol. 
x < 4 


The original inequality is satisfied by any real number less than 4. The solution 
set can be written using set-builder notation as {x |x < 4} (read “the set of all x 
such that x is less than 4"). A graph of the solution set is shown in Figure 1, 
where the parenthesis is used to show that 4 itself does not belong to the solu- 
tion set. 


Interval Notation The solution set for the inequality in Example 7, 
{x |x < 4). is an example of an interval. We use a simplified notation, called 
interval notation, to write intervals. With this notation, we write (x|x < 4} as 
(—9c. 4). The symbol —* does not represent an actual number; it is used to show 
that the interval includes all real numbers less than 4. The interval ( —929,4) is an 
example of an open interval, since the endpoint. 4, is not part of the interval. A 
closed interval includes both endpoints. A square bracket is used to show that a 
number is part of the graph, and a parenthesis is used to indicate that a number is 
not part of the graph. In the table that follows, we assume that a « b. 


eS 


i 
3 


0 


Figure 2 


5 
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{x|x > a} 


Open interval {rla < x< b} 


(xix < b) 


(xix = a} 


{xla <x s b) 
Half-open 

interval 
{rla s x « b) 


{x|x = b) 


b 

Closed interval | {x]a =x x b} [a,b] ——— 
a b 

All real numbers | {x|x is a real number} ————————— 


Now try Exercises 57 and 61. 


Three-Part Inequalities The inequality -2 < 5 + 3x = 20 in the next ex- 
ample says that 5 + 3x is between —2 and 20, excluding —2 and including 20. 
This inequality is solved using an extension of the properties of inequality given 
on the preceding page, working with all three expressions at the same time. 


EXAMPLE 8 Solving a Three-Part Inequality 
Solve —2 < 5 + 3x = 20. 
Solution 
—2 < 5 + 3:20 
—2—54«5--32x:—5:290 —^3 Sube $ from each past. 
—7 < By Je 
M P 


= Divide each part by 3. 
> 9 7 — 


BUS 
The solution set, graphed in Figure 2, is the interval ( -i, 5]. 


Now try Exercise 69. 
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Appendix A Exercises 


Concept Check In Exercises 1-3, decide whether each statement is true or false. 
l. The solution set of 2x + 3 = x — 5 is {28}. 
2. The equation 5(v — 9) = 5x — 45 is an example of an identity. 
3. It is possible for a linear equation to have exactly two solutions. 
B 4. Explain the difference between an identity and a conditional equation. 
5. Concept Check Which one is not a linear equation? 
Ae SV Ty = LS =a B. 8k — 4r +3=0 
C. 7x + 8x = 13x D. .04x — .08x = .40 


. In solving the equation 3(2x — 4) = 6x — 12. a student obtains the result 0 = 0 and 
gives the solution set (0j. Is this correct? Explain. 


LH, 
a 


Solve each equation. See Examples 1 and 2. 








T. 5+2 = Jy 8.9x -1 7x —90 
9. 6(3x — 1) = 8 — (IOx — 14) 10. 4d(—2x + 1)5 6 — (2x — 4) 
l1. > uo eG 2 = = 12; = F LN EL = Lm 
6 3 3 4 5 2 5 
13. 3 -2— 5(x - 1D) =6r+4 14. S(x + 3) + 4y — 5 = —-(2c— 4) 
15. 2 dd 3-29 | Se 16, e —13— 4) 3S = = 2 
VES EE ERR T ee 
7 | 5 5 3 
I9. 243 esi 20. Olx + 3.1 = 203919 2.90 
2]. —4(2xY — 6) Tee 22. -8 (3x +4) + 2x = 4(r — 8) 


Decide whether each equation is an identity, a conditional equation, or a contradiction. 
Give the solution set. See Example 3. 


l 
23. A(2x + 7) = 2x + 25 + 32x + 1) 24. 3 x -i4—x-c-1-c-2(x-4-3 
25. 2(x — 7) = 3x — 14 26. —8(x + 3) = —8x — 5(x + 1) 
27. Se T TJ) A = 12) 4 40x 1 28. -62x + 1) — 3(v — 4) = —I5x 4+ 1 


29. Concept Check Match each equation (a)—(e) in Column I with its solution(s) A-E 
in Column II. 


I I 
(a) = (b) c -2-20 A. -2V2 | B.2 
(c) v =8 (d) x 2-20 (v2 D. —2 
(e) v-2—0 E, 2 


Concept Check Answer each question. 

30. Which one of the following equations is set up for direct use of the zero-factor prop- 
erty? Solve it. 
A. 3c — [7x - 6—0 B. (2x + 57 — 7 
C. c-r 12 D. (3x - Dx- 720 
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31. Which one of the following equations is set up for direct use of the square root prop- 
erty? Solve it. 


A. 3x° — 17x ^ 6-0 B. (Qx + 5 27 
C. rtx=12 D. (3x + I(x — 7 =0 


32. Only one of the following equations is set up so that the values of a, b, and c can be 
determined immediately. Which one is it? Solve it. 


A. 3c — I7 - 6-0 B. 2r + 5) 27 
C. T x12 D. (3x + H(i ^ 7 2 0 


Solve each equation by the zero-factor property. See Example 4. 
33. x — 5x +6=0 34. ^ + 2x- 8=0 35. 557 — 3x 2-50 
36.2 —x— 15-0 37. -A + x= —3 38. —6x° + 7x = —10 


Solve each equation bv the square root property. See Example 5. 


39. x = 16 40. x = 25 41. x =27 
42. x^ = 48 43. (x + 5) = 40 44. (x — 7 = 24 
45. (3x — 1y = 12 46. (Ax + 1y = 20 


Solve each equation using the quadratic formula. See Example 6. 


47. "— x - 1 50 48. x —- 31 -2=0 49. + — 6x = —7 

50. x — 4x = -| 51. 2c — 4y¥ —-3=0 52. —3x° + 6% +5=0 
b. 2. | 

53. —x -—x—3-0 Bd. —-—123 AS. o lr — xy 9.3 
2 4 3 4 


56. Qv + 4x — .3=0 


57. Concept Check Match each inequality (a)-(j) in Column I with its equivalent 
interval notation A—J in Column Il. 


I Il 

(a) x < —4 A. (—2.6] 
(b) x «4 B. [—2.6) 
(o) —2«x-6 C. (99. 4] 
(d 0zx-8 D. |4.2) 
(e) x= —3 E. (3.-) 
(f) 4x x F. (—,—4) 
(g) 4-4 —————-—-—-—- G. (0.8) 

= Ü "i H. [O, 8| 
(hb) 4————---—--4- L [-3.%) 

Q 8 
| J. (—2.4] 
G) =) EA [RLBbB————- 

0 3 


(j) eee HH 
-4 0 


88. Concept Check The three-part inequality a < x < b means “a is less than x and 
x is less than b.” Which one of the following inequalities is not satisfied by some 
real number x? 

A. 639 3.9 B. 0« « «4 
Ce Sr 2 D.. =F <x = 10 
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Solve each inequality. Write each solution set in interval notation, and graph it. See 
Example 7. 


59. 2x - 159 60. 36 — 2 = 13 

ol 367-255 ] 03. =r he 

63. 2(x + 5) —- 1254 Xx 64. 6x — (2v + 3) 2 4x — 5 

65. 8x — 3x +2 < 2(x + 7) 66.2 — 4x + S(x — 1) < —6lx = 2) 
TA Ses RE NE 








Solve each inequality. Write each solution set in interval notation, and graph it. See 
Example 6. 








69. -3 « 7 + 2x < 13 70. -4« 5- 3x « 8 
71. 10 - 2x - 4 x 16 72. -6x 6x +3 x 21 
73. —10 > —3x + 2 > —16 74. 4 > —6x + 5» —] 
75. -4 = =+ ss 76. -5<* <1 


Graphs of Equations 





The Rectangular Coordinate System = The Pythagorean Theorem and the Distance Formula = The Midpoint 
Formula = Graphing Equations = Circles 


jas The Rectangular Coordinate System Many ideas in trigonometry are 

best explained with a graph in a plane. Recall from algebra that each point in the 

AE plane corresponds to an ordered pair, two numbers written inside parentheses, 

vay such as (3,4), in which the order of the numbers is important. We graph ordered 

£ pairs of real numbers by using two perpendicular number lines, one horizontal 

and one vertical, that intersect at their zero-points. This point of intersection is 

called the origin. The horizontal line is called the x-axis, and the vertical line is 
called the y-axis. 

The x-axis and y-axis together make up a rectangular coordinate system, 

or Cartesian coordinate system (named for one of its coinventors, René 







: Quadrant 
i] 

P(a, b). 

X-axis 





Quadrant 
IV 


-Quadrant 


Figure 1 Descartes; the other coinventor was Pierre de Fermat). The plane into which 
the coordinate system is introduced is the coordinate plane, or xy-plane. The 
Y x-axis and v-axis divide the plane into four regions, or quadrants, labeled as 

shown in Figure |. The points on the x-axis and y-axis belong to no quadrant. 
A(3, 4) Each point P in the xy-plane corresponds to a unique ordered pair (a, b) of 
i real numbers. The numbers a and 6 are the coordinates of point P. (See Fig- 
j4 units ure |.) To locate on the xy-plane the point corresponding to the ordered pair 
RIA "NUN a x (3,4), for example, start at the origin, move 3 units in the positive x-direction, 
and then move 4 units in the positive v-direction. See Figure 2, where point A 

Do. n corresponds to the ordered pair (3,4). 





Now try Exercises 1, 5, 5, and 9. 
Figure 2 
The Pythagorean Theorem and the Distance Formula The distance 
between any two points in a plane can be found by using a formula derived from 
the Pythagorean theorem. 


xp5yp 2-31 





(xy Jy) 







Figure 3 


Figure 4 


(X25 Y2) 


J2—-Ji 


(x5, Y2) 
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Pythagorean Theorem 


In a right triangle, the sum of the squares of the 
lengths of the legs is equal to the square of the Lega 
length of the hypotenuse. 


+b =e 





3 
X 
SER Ee ONE a EN DM 


To find the distance between two points (xi, yı) and (x2, y2), draw the line 
segment connecting the points, as shown in Figure 3. Complete a right triangle 
by drawing a line through (x;, yı) parallel to the x-axis and a line through (x2, y2) 
parallel to the y-axis. The ordered pair at the right angle of this triangle is (x2, y;). 

The horizontal side of the right triangle in Figure 3 has length x; — xi, 
while the vertical side has length y; — yı. If d represents the distance between 
the two original points, then by the Pythagorean theorem, 


d* = (x; — xi + (y — yi)’. 


Solving for d, we obtain the distance formula. 


1 Distance Formula 


Suppose that P(x,,y,) and R(x;, y;) are two points in a coordinate plane. | 
Then the distance between P and R, written d(P, R), is given by the distance 


formula, 


d(P,R) = NV (x1 — xy! + (y) — y). 


That is, the distance between two points in a coordinate plane is the square root 
of the sum of the square of the difference between their x-coordinates and the 
square of the difference between their y-coordinates. 


EXAMPLE 1 Using the Distance Formula _ 
Find the distance between P(—8, 4) and Q(3, —2). 


Solution According to the distance formula, 
APA) —VI3 — (POP + (-2-@ i-o apo 
= VIP T CO 
= V121 + 36 
= 157. 


Now try Exercise 27(a). 


The Midpoint Formula The midpoint formula is used to find the coordi- 
nates of the midpoint of a line segment. (Recall that the midpoint of a line seg- 
ment is equidistant from the endpoints of the segment.) To develop the midpoint 
formula, let (x, yı) and (x2, y2) be any two distinct points in a plane. (Although 
Figure 4 shows x; < x2, no particular order is required.) Let (x, y) be the mid- 
point of the segment connecting (xı, yı) and (x2, y;). Draw vertical lines from 
each of the three points to the x-axis, as shown in Figure 4. 
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(X; y1) 


(x5, 94) 


Figure 4 (repeated) 


Since (x,y) is the midpoint of the line segment connecting (x;,y;) and 
(x5, y2), the distance between x and x, equals the distance between x and x2, so 
Xs — X —X Xj 
X; + x, = 2x Add x; add x,. (Appendix A) 
X| cx 
x ——— 
2 


Divide by 2; rewrite. 


yı + 





Similarly, the y-coordinate of the midpoint is 


Midpoint Formula 


The midpoint of the line segment with endpoints (x, y;) and (x2, y2) is 


Ltr nct 
Bp ~*~ 3 à 


Bice ae ae Rate ee SER OE SOR 


Od e sU x, APSE Ty eS RT Ms SIND 


That is, the x-coordinate of the midpoint of a line segment is the average of 
the x-coordinates of the segment’s endpoints, and the y-coordinate is the average 
of the y-coordinates of the segment’s endpoints. 


EXAMPLE 2 Using the Midpoint Formula g 
Find the midpoint M of the segment with endpoints (8, —4) and (—6, 1). 


Solution Use the midpoint formula to find that the coordinates of M are 


8 + (-6) -4 +1\ (5 
» “p CM" RD. 


Now try Exercise 27(b). 


Graphing Equations Ordered pairs are used to express the solutions of 
equations in two variables. When an ordered pair represents the solution of an 
equation with the variables x and y, the x-value is written first. For example, we 
say that (1,2) is a solution of 2x — y = 0, since substituting 1 for x and 2 for y 
in the equation gives a true statement. 


20) -220 
0-20 Tre 


EXAMPLE 3 Finding Ordered Pairs That Are Solutions of Equations 
For each equation, find three ordered pairs that are solutions. 

(a) y 4x — 1 (b) P + y?=9 
Solution 


(a) Choose any real number for x or y and substitute in the equation to get the 
corresponding value of the other variable. For example, let x = —2 and then 
let y = 3. 
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y=4 -]1 y=4x-1 
y=4(-2)-1 Lex=-2. 3=4x-1 Lety=3. 
y ] 4 = 4x 

ge Pex 


This gives the ordered pairs (—2, —9) and (1,3). Verify that the ordered pair 
(0, — 1) is also a solution. 


(b) x? + y! —9 Given equation 
T +y =9 Lass 
y -5 


y= V5 Or y= -V5 Square root property (Appendix A) 


We get two ordered pairs here, (2, V5) and (2, —V5). Each choice of a real 
number for x such that —3 < x < 3 will give two ordered pairs. Verify that 
(0, 3) and (0, —3) are also solutions. 


Now try Exercises 43(a) and 45(a). 


We graph an equation by plotting ordered pairs that are solutions of the 
equation. An x-intercept is an x-value where the graph intersects the x-axis. A 
y-intercept is a y-value where the graph intersects the y-axis.* In other words, 
the x-intercept is the x-coordinate of an ordered pair where y = 0, and the 
y-intercept is the y-coordinate of an ordered pair where x = 0. 


Graphing An Equation by Point Plotting 


Step 1 Find the intercepts. 

Step 2 Find as many additional ordered pairs as needed. 

Step 3 Plot the ordered pairs from Steps 1 and 2. 

Step 4 Connect the points from Step 3 with a smooth line or curve. 


EXAMPLE 4 Graphing Equations 

Graph each equation from Example 3. 

(a y=4x-1 (b) x +y =9 
Solution 


(a) Step 1 Let y = Oto find the x-intercept, and let x = 0 to find the y-intercept. 


y=4x- |l y=4-] 

0 = 4x — |] y=4(0) - 1 

| = 4x y=0-1 

I 

E =x x-intercept y= -I y-intercept 


*The intercepts are sometimes defined as ordered pairs, such as (3,0) and (0, —4), instead of numbers, 
like x-intercept 3 and y-intercept —4. At this level, however, they are usually defined as numbers. 
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Figure 6 








The intercepts x — i and y = —1 lead to the ordered pairs (7,0) 
and (0, — 1). Note that the y-intercept yields one of the ordered pairs 
we found in Example 3(a). 


Step 2 We use the other ordered pairs found in Example 3(a): (—2, —9), 
(1,3). 


Step 3 Plot the four ordered pairs from Steps 1 and 2 as shown in Figure 5. 


Step 4 Connect the points plotted in Step 3 with a straight line. This line, 
also shown in Figure 5, is the graph of the equation y = 4x — 1. 


(b) For x^ + y? = 9, we found the y-intercepts 3 and —3 in Example 3(b). 
Verify that the x-intercepts are 3 and —3. We also found the solutions 
(2, —V/5) and (2, V5) in Example 3(b) Verify that (—2, — V5) and 
(—2, V5) also lie on the graph. Plotting these ordered pairs and connecting 
the corresponding points with a smooth curve gives the circle in Figure 6. 


Now try Exercises 43(b) and 45(b). 


Circles In Examples 3(b) and 4(b) we worked with the equation x” + y? = 9, 
which we saw is the equation of a circle. By definition, a circle is the set of all 
points in a plane that lie a given distance from a given point. The given distance 
is the radius of the circle, and the given point is the center. We can find the 
equation of a circle from its definition by using the distance formula. 

Figure 7 shows the graph of a circle of radius 3 with center at the origin. To 
find the equation of this circle, we let (x, y) be any point on the circle. The dis- 
tance between (x, y) and the center of the circle, (0,0), is given by 


Vile — UP FO. 


Since this distance equals the radius, 3, 


J (x — 0)? + (y -0P—3 


Vx +y =3 
( Vae + yl = 3? Square both sides 
x! d y?-— 9, 


EXAMPLE 5 Finding the Equation of a Circle 
Find an equation for the circle having radius 6 and center at (—3, 4). 


Solution Use the distance formula. Let (x, y) be any point on the circle. The 
distance from (x, y) to (— 4,4) is given by 


Nil — al o (y 7 SP — VG 8) «(y — 
This distance equals the radius, 6. Therefore, 
(x + 3) + (y — 47 =6 


Or D» + A» T (y ry 4)? = 36. Square both sides. 
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Generalizing from the work in Example 5 gives the following result. 


Center-Radius Form of the Equation of a Circle | 


The circle with center (h, k) and radius r has equation 
(x—-hy-(y-Kkyz-r, 


the center-radius form of the equation of a circle. (See Figure 8.) A circle 
0 h with center (0,0) and radius r has equation 


Figure 8 x +y’ r^. 


Now try Exercise 53(a). 


EXAMPLE 6 Graphing a Circle 
Graph the circle with equation (x + 3? + (y — 4)? = 36 from Example 5. 





Solution Writing the equation as 
= CP ipee 


gives (—3,4) as the center and 6 as the radius. The graph is shown in Figure 9. 





Figure 9 


Now try Exercise 53(b). 
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Graph the points on a coordinate system and identify the quadrant or axis for each 


point. 
1. (3,2) 2. (—7,6) 3. (—7,—4) 4. (8, —5) 
&. (8,5) 6. (—8,0) 7. (4.5,7) 8. (—7.5,8) 


Give the quadrant in which each point lies. 
l 
9. (—5,125) 10. (7, —3) 11. (C1.4,—2.8) 12. ( 4 vi) 


B 13. Suppose the point (a, b) lies in the first quadrant. Describe how you would move 
from the point (a, b) to the point (a, —b). 

=) 14. Suppose the point (a,b) lies in the first quadrant. Describe how you would move 
from the point (a, b) to the point (—a, b). 


15. Concept Check If (a, b) represents a point that lies in quadrant II, in which quad- 
rant will each point lie? 


(a) (—a, b) (b) (—a, —b) (c) (a, —b) (d) (b,a) 
16. Concept Check If xy = 1 is graphed, in which quadrants will the points of the 
graph lie? 


A triple of positive integers (a,b,c) is called a Pythagorean triple if it satisfies the 
Pythagorean theorem, à? + b? = c?. Determine whether each triple is a Pythagorean 
triple. 


17. (9, 12, 15) 18. (6,8, 10) 19. (5,10, 15) 20. (7,24, 25) 
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The following exercises require the Pythagorean theorem. 


21. 


22. 


Slant Height of a Pyramid The Washington Monument is a Top 
marble obelisk with an aluminum pyramid at the top that acts as | 
a lightning rod. See the figure. Find the length x of a slant edge 
of the pyramid to the nearest hundredth of a foot. (Source: 
National Park Service.) 





Square Corners Carpenters use the Pythagorean theorem to test for square 
corners. Suppose a rectangular floor has width 5 ft and length 12 ft. What should the 
diagonal of the rectangle measure to show that the floor has a square corner? 


c m: = 


5 ft —— , - 


m ~~ 
lft 


23. Railroad Track Expansion A 1000-ft section of railroad track expands 6 in. 


24. 


25: 
26. 


because the day is very hot. This causes end C to break off and move to position B, 
forming right triangle ABC. (See the figure.) Find BC. Note: The surprising answer 
to this simple problem explains why railroad tracks, bridges, and similar structures 
must be designed to allow for expansion. (Source: Trigonometry with Calculators 
by Lawrence S. Levy. Reprinted by permission of the author.) 





-. 1000 ft, 6 in. acci B 





— s UN ETRE CUE Sh Mem a uz El 
NT 


— 
1000 ft 





Cutting on the Bias Clothing manufacturers sometimes cut their material “on the 
bias” (that is, at 45° to the direction the threads run) to give it more elasticity. A tie 
maker wants to cut twenty 8-in. strips of silk on the bias from a rectangular piece of 
material that costs $10 per (linear) yd of material 42 in. wide. (See the figure.) Find 
the total cost of the material. (Hint: First find length AB, using isosceles triangle 
ABX.) Note: This unappealing combination of units—inches, yards, and dollars — 
is typical of many practical problems, not just in the clothing industry. (Source: 
Trigonometry with Calculators by Lawrence S. Levy. Reprinted by permission of 
the author.) 





Concept Check Determine the distance between (5, —6) and the x-axis. 
Concept Check Determine the distance between (5, —6) and the y-axis. 
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For the points P and Q, find (a) the distance d(P, Q) and (b) the coordinates of the mid- 
point of the segment PQ. See Examples I and 2. 


27. P(—5, —7), Q(—13. IH) 28. P(—4,3), Q2, —5) 
29. P(8,2), Q(3. 5) 30. P(—6, —5), Q(6,10) 
31. P(—8.4).0(35, 75) 32. P(6, —2). Q(4, 6) 


33. P(3V2.4V5). of V2, — V5) 34. P(- V7.8 V3). O(5V7. —/3) 


Find all values of x or v such that the distance between the given points is as indicated. 


35. (x, 7) and (2, 3): 5 36. (5. y) and (8, 21); 5 

37. (3, v) and (2,9); 12 38. (x, 11) and (5, ^4); 17 

39. Use the distance formula to write an equation for all points that are 5 units from 
(0,0). Sketch a graph showing these points. 

40. Write an equation for all points 3 units from (—5,6). Sketch a graph showing these 
points. 


Solve each probiem. 


41. Aging of College Freshmen ‘The graph Percent of College Freshmen Age 18 
shows a straight line that approximates or Younger on December 31 
the results from an annual survey of col- 
lege treshmen. Use the midpoint formula 
and the two given points to estimate the 79.] 
percent in 1992. Compare your answer 
with the actual percent of 75.3. 


90 


69.3 
70 


Percent 


60 


1982 1987 1992 1997 2002 
Year 
Source: Astin, A., L. Oseguera, L. Sax, and 
W. Korn, The American Freshmen: Thirty- 


Five Year Trends; Higher Education Research 
Institute, UCLA, 2002. 


42. Two-Year College Enrollment Enrollments 
in two-year colleges for recent years are shown 
in the table. Assuming a linear relationship, 
estimate the enrollments for 1985 and 1995. 





Source: Statistical Abstract of the 
United States. 


For each equation, (a) give a table with three ordered pairs that are solutions, and 
(b) graph the equation. (Hint: You will need more than three points for Exercises 45-48.) 
See Examples 3 and 4. 

43. 6y = 3x — 12 44. 6v = —O6x + 18 45. y — x 
46. y —x +2 47. y= x' 48. y= —x' 
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In Exercises 49—54, (a) find the center-radius form of the equation of each circle, and 
(b) graph it. See Examples 5 and 6. 

49. center (0,0), radius 6 50. center (0,0), radius 9 51. center (2,0), radius 6 
52. center (0, —3), radius 7 53. center(—2,5), radius 4 54. center (4,3), radius 5 


55. Find the center-radius form of the equation of a circle with center (3, 2) and tangent 
to the x-axis. (Hint: A line tangent to a circle means touching it at exactly one point.) 

56. Find the equation of a circle with center at (—4, 3), passing through the point (5, 8). 
Write it in center-radius form. 


Functions 





Relations and Functions = Domain and Range = Determining Whether a Relation Is a Function = Function 
Notation = Increasing, Decreasing, and Constant Functions 


Relations and Functions In algebra, we use ordered pairs to represent cor- 
responding quantities. For example, (3, $5.25) might indicate that you pay $5.25 
for 3 gallons of gas. Since the amount you pay depends on the number of gallons 
pumped, the amount (in dollars) is called the dependent variable, and the num- 
ber of gallons pumped is called the independent variable. Generalizing, if the 
value of the variable y depends on the value of the variable x, then y is the 
dependent variable and x is the independent variable. 


Independent _— [ Dependent variable 


(x, y) 





Because we can write related quantities using ordered pairs, a set of ordered 
pairs such as {(3, 5.25), (8, 10), (10, 12.50)} is called a relation. A special kind 
of relation called a function is very important in algebra and in trigonometry. 


Function z 





A function is a relation in which, for each value of the first component of | 


the ordered pairs, there is exactly one value of the second component. 





EXAMPLE 1 Identifying Functions 





Decide whether each relation defines a function. 
(a) F —1(,2),(72,4,(3, —1)} (b) G = {(-4, 1), (—2, 1), (—2, 0)} 
Solution 


(a) Relation F is a function, because for each different x-value there is exactly 
one y-value. We can show this correspondence as follows. 


{1,—2, 3} x-values of F 


{2, 4,—1}  y-values of F 
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(b) In relation G the last two ordered pairs have the same x-value paired with 
two different y-values ( —2 1s paired with both | and 0), so G is a relation but 
not a function. In a function, no two ordered pairs can have the same first 
component and different second components. 


Different y-values 


G 473,1, 072,1). 22,8] 
= 4(—4, 1), (—2, 1), (—2,€ Not a function 
Kos | 


same x-value 
Now try Exercises 5 and 7. 


Since relations and functions are 
sets of ordered pairs. we can represent 
them using tables and graphs. A table 
and graph for function F in Example 1 
is shown in Figure 1. 

We can also describe a relation 
or function using a rule that tells how 
to determine the dependent variable 
for a specific value of the independent 
variable. The rule may be given in 
words: for instance. "the dependent Figure 1 
variable is twice the independent vari- 
able." Usually the rule is an equation, 


ot 





Graph of F 


such as 
y = 2x. 
Dependent Independent 
variable variable 


This 1s the most efficient way to define a relation or function. 


Domain and Range For every relation there are two important sets of ele- 
ments called the domain and range. 


Domain and Range 


In a relation, the set of all values of the independent variable (x) is the 
domain. The set of all values of the dependent variable ( y) is the range. 


EXAMPLE 2 Finding Domains and Ranges of Relations 


Give the domain and range of each relation. Tell whether the relation defines 
a function. 


(a) 1(3. — 1). (4.2), (4.5). (6, 8)} 





2 
0| 2 
2 
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Solution 


(a) The domain of {(3, — 1), (4,2), (4,5), (6, 8)! is the set of x-values, {3, 4, 6}. 
The range is the set of v-values, (—1,2,5,8). This relation is not a function 
because the same x-value, 4, is paired with two different y-values, 2 and 5. 


x |y (b) This relation (repeated in the margin) is a set of ordered pairs, so the domain 
is the set of x-values {—5,0,5} and the range is the set of y-values {2}. 
-— 1 . i 
012 The table defines a function because each different x-value corresponds to 
512 exactly one y-value (even though it is the same y-value). 


Now try Exercises 11 and 13. 


As mentioned previously, the graph of a relation is the graph of its ordered 
pairs. The graph gives a picture of the relation, which can be used to determine 
its domain and range. 


EXAMPLE 3 Finding Domains and Ranges from Graphs 
Give the domain and range of each relation. 


(b) Domain 











(d) ! 
0 X 
-3 
Solution 
(a) The domain is the set of x-values, {~ 1,0,1,4}. The range is the set of 
y-values, {—3, -1,1,2}. 


(b) The x-values of the points on the graph include all numbers between —4 and 
4, inclusive. The y-values include all numbers between —6 and 6, inclusive. 
Using interval notation (Appendix A), 


the domain is [ —4,4] and the range is [ —6,6]. 


(c) The arrowheads indicate that the hine extends indefinitely left and right, as 
well as up and down. Therefore, both the domain and the range include all 
real numbers, written ( —2c, °c). 





Function- each x-value 


corresponds to only one 


y-value. 


Figure 2 





Not a function-the same 
x-value corresponds to 
two different y-values. 


Figure 3 
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(d) The arrowheads indicate that the graph extends indefinitely left and right, as 
well as upward. The domain is (—,). Because there is a least y-value, 
—3, the range includes all numbers greater than or equal to —3, written 


[ 5398). 


Now try Exercises 15, 17, and 19. 


Determining Whether a Relation Is a Function Since each value of 
x leads to only one value of y in a function, any vertical line drawn through 
the graph of a function must intersect the graph in at most one point. This is the 
vertical line test for a function. 


Vertical Line Test 








If each vertical line intersects a graph in at most one point, then the. rA b is 
that of a function. | ; | 





The graph in Figure 2 represents a function— each vertical line intersects 
the graph in at most one point. The graph in Figure 3 is not the graph of a func- 
tion since a vertical line intersects the graph in more than one point. 


Now try Exercise 3. 


The vertical line test is a simple method for identifying a function defined 
by a graph. It is more difficult deciding whether a relation defined by an equation 
is a function, as well as determining the domain and range. The next example 
gives some hints that may help. 


EXAMPLE 4 Identifying Functions, Domains, and Ranges from Equations 


Decide whether each relation defines a function and give the domain and range. 


à 
@)y=xt4  (Dy-V2-1 (OQy-x (y-—4 


Solution 


(a) In the defining equation (or rule), y = x + 4, y is always found by adding 4 
to x. Thus, each value of x corresponds to just one value of y and the relation 
defines a function; x can be any real number, so the domain is {x Ix is a real 
number} or (—%, c»). Since y is always 4 more than x, y also may be any real 
number, and so the range is (—, oo). 


(b) For any choice of x in the domain of y = V ^: — |, there is exactly one 
corresponding value for y (the radical is a nonnegative number), so this 
equation defines a function. Since the equation involves a square root, the 
quantity under the radical sign cannot be negative. Thus, 

2X | 20 Solve the inequality. (Appendix A) 
2x = | 
l 


te — 


2" 
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Range 
y = V2x -1 


Domain 


Figure 4 


| 
| 
| 
| 
| 
| 


Figure 6 











: x ] ] i : 
and the domain of y = V2x — | is PEI Because the radical is a non- 


: | : 
negative number, as x takes values greater than or equal to 5, the range is 
[0. 2c). See Figure 4. 


(c) The ordered pairs (16,4) and (16, —4) both satisfy the equation y eS 
Since one value of x, 16, corresponds to two values of y, 4 and —4. this 
equation does not define a function. Because x 1s equal to the square of v. 
the values of x must always be nonnegative. The domain of the relation is 
[0.2:). Any real number can be squared, so the range of the relation is 
(—2, x). See Figure 5. 


(d) Given any value of x in the domain of y — ——. we find y by subtracting 1, 
then dividing the result into 5. This process produces exactly one value of y 
for each value in the domain, so this equation defines a function. The 
domain includes all real numbers except those that make the denominator 
0. We find these numbers by setting the denominator equal to 0 and solving 
for x. 

f— = 0 
x = ] Solve the equation. (Appendix A) 
Thus, the domain includes all real numbers except |, written as the interval 
(—2c. 1) U (1.%). Values of y can be positive or negative, but never 0, be- 


cause a fraction cannot equal 0 unless its numerator is O. Therefore, the 
range is the interval (—x,0) U (0,29), as shown in Figure 6. 


Now try Exercises 23, 25, 29, and 31. 





NOTE Some trigonometric functions are defined in such a way that restric- 
tions are necessary since their denominators cannot equal 0. Example 4(d) illus- 
trates this idea with an algebraic function. 


Function Notation When a function f is defined with a rule or an equation 
using x and y for the independent and dependent variables, we say “y 1s a func- 
tion of x" to emphasize that y depends on x. We use the notation 


y = fix), 
called function notation, to express this and read f(x) as "f of x.” (In this nota- 
tion the parentheses do not indicate multiplication.) The letter f stands for func- 
tion. For example, if y = 9x — 5, we can name this function f and write 
Iu -— 9x — 5. 

Note that f(x) is Just another name for the dependent variable y. For example. 
if y = f(x) = 9x — 5 and x = 2, then we find y, or f(2), by replacing x with 2. 
y—f2)29:2-5 
= 18-5 

= 3 
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The statement “for function f, if x = 2, then y = 13" represents the ordered pair 
(2, 13) and is abbreviated with function notation as 


f(2) ^ 13. 
Read f(2) as "f of 2” or “fat 2.” Also, 
f(0) =9-0-5=~—-5 and f(—3) = 9(-3) — 5 = —32. 
These ideas can be illustrated as follows. 
Name of the function 


Defining expression 


deo 
p = fa > > 


Value of the function Name of the independent variable 


EXAMPLE 5 Using Function Notation 
Let f(x) = —x* + 5x — 3. Find the following. 
(a) f(2) (b) f(a) 
Solution 
(a) f(x) = — + 5x — 3 
f2)2-2-5-2-—3 Replacex with 2. 
=-4+ 10-3 
= 3 
Thus, f(2) = 3; the ordered pair (2,3) belongs to f. 
(b) f(x) = -x + 5x -3 
f(q) =—-¢ + 5q —3 Replace x with q. 


Now try Exercises 35 and 39. 


Sometimes letters other than f, such as g, h, or capital letters F, G, and H, 
are used to name functions. 


EXAMPLE 6 Using Function Notation 
For each function, find g(3). 
(a) g(x) —3x—7 (b) 8 — 1-3, 5), (0, 3), (3, 1), (6, =} 
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Solution 


(a) g() ^3« — 7 
g(3) —3(3) — 7 =2 Replace : with 3. 

(b) For g = 1(—3,5),(0,3), (3, 1), (6, — 1), we want (3), the y-value of the or- 
dered pair where x = 3. As indicated by the ordered pair (3, 1), when x = 3, 
y—1,so2(3) ^ 1. 

(c) To evaluate 2(3), find 3 on the x-axis. See Figure 7. Then move up until the 


graph of g is reached. Moving horizontally to the y-axis gives 4 for the cor- 
Figure 7 responding y-value. Thus, g(3) — 4. 





Now try Exercises 45 and 47. 


Increasing, Decreasing, and Constant Functions Informally speaking, 
a function increases on an interval of its domain if its graph rises from left 
to right on the interval. It decreases on an interval of its domain if its graph 
falls from left to right on the interval. It is constant on an interval of its domain 
if its graph is horizontal on the interval. The formal definitions of these con- 
cepts follow. 


Increasing, Decreasing, and Constant Functions 





Suppose that a function f is defined over an interval Z. If x, and x; are in J, 
(a) fincreases on 7 if, whenever x, < x3, f(xi) < f(x); 

(b) f decreases on / if, whenever x, < x2, f(x) > f(x2); 

(c) fis constant on / if, for every x, and x2, f(xi) = f(x2). 


NOTE  Todecide whether a function is increasing, decreasing, or constant on 
an interval, ask yourself “What does y do as x goes from left to right?" 


EXAMPLE 7 Determining Intervals over Which a Function Is Increasing, 
Decreasing, or Constant — 


Figure 8 shows the graph of a function. Determine the intervals over which the 
function is increasing, decreasing, or constant. 


Solution Ask, "What is happening to the y-values as the x-values get larger?" 
Moving from left to right on the graph, we see that on the interval (—%, 1), the y- 
values are decreasing; on the interval [1,3], the y-values are increasing; and on 
the interval [3,°), the y-values are constant (and equal to 6). Therefore, the 
function is decreasing on (—%, 1), increasing on [1,3], and constant on [3, œ). 





Figure 8 


Now try Exercise 53. 


CAUTION When specifying intervals over which a function is increasing, 
decreasing, or constant, use domain values. Range values are not involved when 
writing the intervals. 
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Appendix C Exercises 





|J 
A d 


Ww N m 


. In your own words, define a function and give an example. 


Ly [1H 


| 


. In your own words, define the domain of a function and give an example. 


. Concept Check Use the vertical line test to determine whether each relation 
graphed in Example 3 on page 452 is a function. 


4. Concept Check Give an example of a relation that is not a function, having domain 
{—3, 2,6} and range {4,6}. (There are many possible correct answers.) 


Decide whether each relation defines a function. See Example |. 


5. {(5, 1), (3, 2), (4,9), (7, 6)} 6. {(8, 0), (5, 4), (9, 3), (3, 8)} 
7. 4(2,4), (0, 2), (2,5) 8. {(9, —2),(—3, 5), (9,2) 
9, i(—3, 1), (4:1): 0-2; IU. {(— 12,5), (— 10,3), (8,3)} 


Decide whether each relation defines a function and give the domain and range. See 
Examples 1-3. 


11. 1(1, 1). (I, — 1). (0,0), (2, 4), (2, —4)} 12. 102,503, TD. 9L (5,11) 
13. 14. x |y 





Decide whether each relation defines y as a function of x. Give the domain and range. 
See Example 4. 








21, vx 22, y= x 23. x = y* 24. x = y! 
25. v — 2x — 6 26. y= —-6x t8 27. y — Vx 28. y — — Vx 

2 -7 
29. y= V4x +2 30. y= V9-2x 3L. y=- 32. y — 
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33. Concept Check Choose the correct response: The notation f(3) means 


A. the variable f times 3 or 3f. 

B. the value of the dependent variable when the independent variable is 3. 
C. the value of the independent variable when the dependent variable is 3. 
D. f equals 3. 


34, Concept Check Give an example of a function from everyday life. (Hint: Fill in 





the blanks: depends on ____, so _____1s a function of _____.) 
Let f(x) = —3x + 4 and g(x) = —x^ + 4x + 1. Find the following. See Example 5. 
35. 410) 36. f(—3) a2) 38. e(10) 
39. F(p) 40. g(k) 4l. f(—x) 42. g( —x) 
43. f(a 4) 44. f(2m — 3) 


For each function, find (a) f(2) and (b) f(—1). See Example 6. 


45. f= (1,3), (4,7), (0, 6), (2, 2)) 46. f= (2.5),(3,9), (1,11), (5,3) 
47. y 48. y 


y= f(x) 


2 





Concept Check Use the graph of y = f(x) to find each function value: (a) f(—2), 
(b) f(O), (c) f(1). and (d) f(4). 


49. ) 50. y 





5]. Concept Check Let f(x) be the function in the y 
graph. Find each of the following. 
(a) f(0) . (b) A6) 
(c) a negative number a for which f(a) = 0 
(d) three positive values of x for which f(x) = 10 
(e) the distance between (8. f(8)) and (10, f(10)) 





52. Concept Check Use the table to answer each question for a X y 
function v — f(x). 





mM 0 3.6 

(a) What is f(2)? l jd 
(b) If f(x) = —2.4, what is the value of x? : P 
(c) At what point does the graph of y = f(x) intersect the y-axis? 4 esp 
(d) At what point does the graph of v — f(x) intersect the x-axis? 3] 5922 
6 | —3.6 
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Determine the intervals of the domain for which each function is (a) increasing, 
(b) decreasing, and (c) constant. See Example 7. 





Concept Check Solve each problem by obtaining information from the associated 
graph. 


59. 


60. 


Electricity Usage The graph shows 

the daily megawatts of electricity used 

on a record-breaking summer day in 

Sacramento, California. 

(a) Is this the graph of a function? 

(b) What is the domain? 

(c) Estimate the number of megawatts 
used at 8 A.M. 

(d) At what time was the most elec- 
tricity used? the least electricity” 

(e) Call this function f. What is f(12)? 
What does it mean? 

(f) During what time intervals is elec- 
tricity usage increasing? decreasing? 
Drug Levels in the Bloodstream When a 
drug is taken orally, the amount of the drug 
in the bloodstream at ¢ hours is given by the 
function defined by y = f(f), as shown in 

the graph. 


(a) How many units of the drug are in the 
bloodstream at 8 hr? 

(b) During what time interval is the drug 
level in the bloodstream increasing? 
decreasing? 

(c) When does the level of the drug in 
the bloodstream reach its maximum 
value, and how many units are in the 
bloodstream at that time? 

(d) When the drug reaches its maximum 


Electricity Use 


2500 
2300 
2100 | 
1900 | - 
1700 |- 
1500 | 
1300 
1100 
900 
700 


Megawatts 





0 4 8 12 16 20 234 
Noon 


Hours 


Source: Sacramento Municipal Utility District. 


Drug Levels in the Bloodstream 





Units 





Hours 


level in the bloodstream, how many 


additional hours are required for the level to drop to [6 units? 
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Graphing Techniques 


Stretching and Shrinking = Reflecting » Symmetry = Translations 


Graphing techniques presented here review how to graph functions that are 
defined by altering the equation of a basic function. 


Stretching and Shrinking We begin by considering how the graph of y = 
a - f(x) or y = f(ax) compares to the graph of y = f(x). 


EXAMPLE 1 Stretching or Shrinking a Graph 

Graph g(x) = 2x? and A(x) = ly? 

Solution Comparing the values for f(x) = x^ and g(x) = 2x” in the table be- 
side Figure 1, we see that for corresponding x-values, the y-values of g are each 
twice those of f. Thus the graph of g(x), shown in blue in Figure 1, is narrower 
than that of f(x), shown in red for comparison. 


y 
fix) = x? g(x) = 2x? 





2 

A 

2 

0 A(x) = 5 

l 

5 »2 

2 TZ 
[^N P X 

^ S 4 X5 

Figure 1 


The graph of h(x) — iy is also the same general shape as that of f(x) = x’, but 


here the coefficient 5 z causes the graph of h(x) to be wider than the graph of f(x). 
See the values in the table. The graph of h(x) is shown in green in Figure 1. 


Now try Exercises 5 and 7. 


la | is the absolute value of a NOTE Recall that the graphs in Figure | are called parabolas. The lowest (or 
number a. highest) point on a parabola is its vertex. The vertex of each of the parabolas in 


| -{ a if a is positive or 0 Figure 1 is (0, 0). 
a — 


— a if ais negative 
Thus, |2| = }2| and |-2| — |2]. The graphs in Example 1 suggest the following generalizations. 


Stretching and Shrinking 





The graph of g(x) = a - f(x) has the same man a! as the graph of f(x). 

If |a| > 1, then the graph is stretched vertically (narrower) compared to the 

graph of f(x). | 

Graph of the absolute If 0 < |a| < 1, then the graph is shrunken vertically (wider) compared to | 
value function the graph of f(x). 








(b) 
Figure 3 
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In general, the larger the value of |a |, the greater the stretch. The smaller the 


value of |a |, the greater the shrink. 


Reflecting Forming the mirror image of a graph across a line is called reflect- 
ing the graph across the line. 


EXAMPLE 2  Reflecting a Graph Across an Axis 
Graph g(x) = — V x and h(x) = V —x. 


Solution The table of values for g(x) = — Vx and f(x) = Vx are shown with 
their graphs in Figure 2. As the table suggests, every y-value of the graph of 
g(x) = — Vx is the negative of the corresponding y-value of f(x) = Vx. This 
has the effect of reflecting the graph across the x-axis. 


i 










undefined 
undefined 


undefined 
undefined 







0 0 0 
1 a undefined 
4 —2 undefined 





Figure 2 


The domain of h(x) = V —x is (—9,0], while the domain of f(x) = Vx is 
[0, 0»). If we choose x-values for A(x) that are the negatives of those we use for 
f(x), we see that the corresponding y-values are the same. Thus, the graph of h is 
a reflection of the graph of f across the y-axis. See Figure 2. 


Now try Exercises 9 and 11. 
The graphs in Example 2 suggest the following generalizations. 


Reflecting Across an Axis 


The graph of y = —f(x) is the same as the graph of y = f(x) reflected 
across the x-axis. 


The graph of y — f(—x) is the same as the graph of y — f(x) reflected 
across the y-axis. 


Symmetry The graph of f shown in Figure 3(a) is cut in half by the y-axis 
with each half the mirror image of the other half. A graph with this property is 
said to be symmetric with respect to the y-axis. As this graph suggests, a graph is 
symmetric with respect to the y-axis if the point (—x, y) is on the graph when- 
ever the point (x, y) is on the graph. 

Similarly, if the graph of g in Figure 3(b) were folded in half along the 
x-axis, the portion at the top would exactly match the portion at the bottom. 
Such a graph is symmetric with respect to the x-axis: the point (x, —y) is on the 
graph whenever the point (x, y) is on the graph. 
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Symmetry with Respect to an Axis 
The graph of an equation is symmetric with respect to the y-axis if the 
replacement of x with —x results in an equivalent equation. 


The graph of an equation is symmetric with respect to the x-axis if the 
replacement of y with —y results in an equivalent equation. 


EXAMPLE 3 Testing for Symmetry with Respect to an Axis 


Test for symmetry with respect to the x-axis and the y-axis. 


@) y-x «4 (bx-y-3 (ox-*y-16 (d2x*y—4 





Figure 5 


Solution 


(a) In y = x^ + 4, replace x with —x. 


yer+4 <% 
pep x)? + 4 Equivalent 
y=x+4 << 


The result is the same as the original equation, so the graph, shown in 
Figure 4, is symmetric with respect to the y-axis. Check algebraically that 
the graph is not symmetric with respect to the x-axis. 


(b) In x = :? — 3, replace y with —y to get x = (—))? — 3 = y? — 3, the same 


as the original equation. The graph is symmetric with respect to the x-axis, 
as shown in Figure 5. It is not symmetric with respect to the y-axis. 


(c) Substituting —x for x and —y for y in x? + y? = 16, we get 


(F + y? = 16 and x + (—y)* = 16. 
Both simplify to xrt+y = 16. 


Thus the graph, a circle of radius 4 centered at the origin, is symmetric with 
respect to both axes. 


(d) In 2x + y = 4, replace x with —x, and then replace y with —y; neither case 





Figure 6 


produces an equivalent equation. This graph is not symmetric with respect 
to either axis. 


Symmetry with respect to the origin occurs when a graph can be rotated 


180? about the origin, with the result coinciding exactly with the original graph. 
A graph is symmetric with respect to the origin if the point (—x, —y) is on the 
graph whenever the point (x, y) is on the graph. Figure 6 shows two graphs that 
are symmetric with respect to the origin. 


Symmetry with Respect to the Origin 


The graph of an equation is symmetric with respect to the origin if the re- 
placement of both x with —x and y with —y results in an equivalent equation. 





Figure 8 
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EXAMPLE 4 Testing for Symmetry with Respect to the Origin 


Test for symmetry with respect to the origin. 


(a) x^ + y? = 16 (b) y = x 
Solution In each case, replace x with —x and y with —y. 
(a) xy -—16- (D y= 
| 
(=x? + (—y)? = 16  |Equivalent —y = (—x) 
2 3 i 3 Equivalent 
x^ + y= 16 —pu —3 
y-x 


The graphs, both symmetric with respect to the origin, are shown in Figures 7 
and 8. 


Now try Exercise 23. 

A graph symmetric with respect to both the x- and y-axes is automatically 

symmetric with respect to the origin. However, a graph symmetric with respect 

to the origin need not be symmetric with respect to either axis. (See Figure 8.) 

Of the three types of symmetry — with respect to the x-axis, the y-axis, and the 
origin—a graph possessing any two must also exhibit the third type. 


Now try Exercises 19 and 21. 


Translations The next examples show the results of horizontal and vertical 
shifts, called translations, of the graph of f(x) = x’. 


EXAMPLE 5 Translating Graphs 


Graph each function. 
(a) g(x) =x? + 3 (b) g(x) = (x — 4) 
Solution 


(a) By comparing the table of values for g(x) = x? + 3 and f(x) = x? shown 
with Figure 9, we see that for corresponding x-values, the y-values of g are 
each 3 more than those for f. Thus, the graph of g(x) = x? + 3 is the same 
as that of f(x) = x’, but translated 3 units up. The vertex of the graph is at 
(0, 3), and the graph is symmetric with respect to the y-axis. 


y 





Figure 9 
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(b) The graph of g(x) = (x — 4)? in Figure 10 is the same as that of f(x) = x’, 
but translated 4 units to the right. The vertex is at (4, 0), and the graph is 
symmetric with respect to the line x — 4. 





fx =x? g(x)-(x-4Y 





Figure 10 


Now try Exercises 27 and 31. 


The graphs in Example 5 and Figures 11 and 12 suggest the following 
generalizations. 


Vertical and Horizontal Translations 







Vertical translation 


y-f()*2 3+ 2 units up 


If a function g is defined by g(x) = f(x) + c, where c is a real number, then 
for every point (x, y) on the graph of f, there will be a corresponding point 
Original graph (x, y + c) on the graph of g. The graph of g will be the same as the graph of f, 
but translated c units up if c is positive or |c | units down if c is negative. The 


Vertical translation graph of g is called a vertical translation of the graph of f. See Figure 11. 
3 units down 







12 
y2fixi-3-2 


If a function g is defined by g(x) — f(x — c), where c is a real number, then 








er for every point (x, y) on the graph of f, there will be a corresponding point 
3 (x + c, y) on the graph of g. The graph of g will be the same as the graph of 
m — - f, but translated c units to the right if c is positive or |c | units to the left if c 
2 units to pape y zfix -3) is negative. The graph of g is called a horizontal translation of the graph 
the left of f. See Figure 12. 
y=f(x+2) 


x Vertical and horizontal translations are summarized in the table, where f is 


a function, and c is a positive number. 
Horizontal 
translation SSS BR 





3 units to the p | Shi t the Graph of | 
pia To Graph: | y = f(x) by c Units: 
Figure 12 2) — frg " 
a(x) = f(x) = c down 
g(x) =f(x + c) left 
gx) = f(x — c) right 


Now try Exercise 1. 
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EXAMPLE 6 Using More Than One Transformation on a Graph 
| 
Graph f(x) = -34 — 4)? +3. 


Solution The graph of f will have the same shape as that of y = x^, but is wider 
(that is, shrunken vertically) because I3 « ]. and reflected across the x-axis 
because -i < 0. The vertex of f is translated 4 units to the right and 3 units up 
compared to the graph of v = x°. Because of the reflection, the vertex is the 
highest point on the graph, as shown in Figure 13. The graph is symmetric with 
respect to the line x = 4. 





Figure 13 


Now try Exercise 39. 


Appendix D Exercises 





1. Concept Check Match each equation in Column I with a description of its graph 
from Column II as it relates to the graph of y = x". 


I II 
(a) v— (x — 7Y A. a translation 7 units to the left 
(b y=x -7 B. a translation 7 units to the right 
(c) yx C. a vertical shrink 
(d) v — (x + 7Y D. a translation 7 units up 
(e) v—^x 47 E. a translation 7 units down 
(f) y= x F. a vertical stretch 


2. Concept Check Match each equation in Column I with a description of its graph 
from Column {I as it relates to the graph of y = x. 


I H 
(a) y = 4x* A. a translation 4 units to the left 
(b) y= —x B. a translation 4 units up 
(c) v = (—xY C. a reflection across the x-axis 
(d) v — (x + 4Y D. a reflection across the y-axis 
(e) v=x t4 E. a vertical stretch 
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3. Concept Check Match each equation in parts (a)—(h) with the sketch of its graph. 


(av—coc-2 (b v—s-2 (c) y= x + 27 
(d) v = (x — 2) (e) y= 2x (f) y= — x? 

(@) y=(x-2F+1 (h) y=(x +2} +1 

A. Y B. Y C. Y 











X X X 
0 
G y H Y 
X X 
Graph each function. See Examples 1 and 2. 
4 Ax" 5 Ax 6 Le 7 ae 
ROGA s y em y ec Ve x 
3 5 
l ; 
8. v — E D VS 3x^ 10. y —2V —x LI, y= Vaz 


Concept Check Suppose the point (8,12) is on the graph of y = f(x). Find a point on 
the graph of each function. 

l 
12. (a) y = f(x + 4) 13. (a) y = 4710 


(b) y — f(x) + 4 (b) y — 4f(x) 


14. (a) the reflection of the graph of v — f(x) across the x-axis 
(b) the reflection of the graph of v — f(x) across the v-axis 


Concept Check Plot each point, and then plot the points that are symmetric to the 
given point with respect to the (a) x-axis, (b) y-axis, and (c) origin. 


15. 65, 5) 16. (—6.1) 17. (—4.—2) 18. (—8,0) 


Without graphing, determine whether each equation has a graph that is symmetric with 
respect to the x-axis, the y-axis, the origin, or none of these. See Examples 3 and 4. 


19. y= c 42 20. y=2ĉ-1 2L. +y =l 22 y= 





2 


23. y = —3x* 24. y— x' — x 25. v —x—x—-7 26 y=x+ 12 
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Graph each function. See Examples 5 and 6. 


27. y 2x! - 1 28. y — x! 1 29. y— x! +2 

30. y 2-2 31. y - (x — 1y 32. y = (x — 2y 

33. y = (x + 2y 34. y = (x + 3P 35. y — (x - 3» — 4 
2 

36.y—(x— 5, —4 37. y=2x — 1 38. y= > - 2 


39. f(x) -2(x - 2» —4 40. fx) = -3x - 2y +1 


Concept Check Each of the following graphs is obtained from the graph of f(x) = |x| 
or g(x) = V x by applying several of the transformations discussed in this section. 
Describe the transformations and give the equation for the graph. 


41. 42. 












































44. y 



































- 1 = | i 






















45. Find the function g whose graph can be obtained by translating the graph of 
f(x) = 2x + 5 up 2 units and to the left 3 units. 


46. Find the function g whose graph can be obtained by translating the Smp of 
f(x) ^ 3 — x down 2 units and to the right 3 units. 


47. Suppose the equation y = F(x) is changed to y = c - F(x), for some constant c. 
What is the effect on the graph of y — F(x)? Discuss the effect depending on 
whether c > 0 or c < 0, and |c| > 1 or|c| « 1. 


148. Suppose y = F(x) is changed to y = F(x + h). How are the graphs of these equa- 
tions related? Is the graph of y = F(x) + h the same as the graph of y = F(x + h)? 
If not, how do they differ? 


Glossary 


A 


absolute value (modulus) of a 
complex number When a com- 
plex number x + ví 1s written in 
trigonometric (or polar) form as 
r(cos 0 + isin 6), the number r is 
called the absolute value or modu- 
lus of the complex number. 
(Section 8.2) 


acute angle An acute angle is an 


angle measuring between 0° and 
90°. (Section 1.1) 


addition of ordinates Addition of 
ordinates is a method for graphing 
a function that is the sum of two 
other functions by adding the 
y-values of the two functions at 
selected x-values. (Section 4.3) 


airspeed In air navigation, the 
airspeed of a plane is its speed rela- 
tive to the air. (Section 7.5) 


ambiguous case The situation in 
which the lengths of two sides of 
a triangle and the measure of the 
angle opposite one of them are 
given (SSA) is called the ambigu- 
ous case of the law of sines. 
Depending on the given measure- 
ments, this combination of given 
parts may result in 0, 1. or 2 pos- 
sible triangles. (Section 7.2) 


amplitude The amplitude of a 
periodic function is half the differ- 
ence between the maximum and 
minimum values of the function. 
(Section 4.1) 


angle An angle is formed by 
rotating a ray around its endpoint. 
(Section 1.1) 


angle of depression The angle of 
depression from point X to point Y 

(below X) is the acute angle formed 
by ray XY and a horizontal ray with 
endpoint at X. (Section 2.4) 


angle of elevation The angle of 
elevation from point X to point Y 
(above X) is the acute angle formed 
by ray XY and a horizontal ray with 
endpoint at X. (Section 2.4) 


Angle-Side-Angle (ASA) The 
Angle-Side-Angle (ASA) congru- 
ence axiom states that if two angles 
and the included side of one trian- 
gle are equal. respectively, to two 
angles and the included side of a 
second triangle, then the triangles 
are congruent. (Section 7.1) 


angle in standard position An 
angle is in standard position if its 
vertex 1s at the origin and its initial 
side is along the positive x-axis. 
(Section 1.1) 


angle between two vectors The 
angle between two vectors is 
defined to be the angle 0, for 

0? x 0 = 180°. having the two vec- 
tors as its sides. (Section 7.4) 


angular speed w Angular speed o 
(omega) measures the speed of 
rotation and is defined by w = f, 
where @ is the angle of rotation in 
radians and ż is time. (Section 3.4) 


argument of a complex number 
When a complex number x + yi is 
written in trigonometric (or polar) 
form as r(cos 0 + i sin 0), the angle 
0 is called the argument of the com- 
plex number. (Section 8.2) 


argument of a function The 
argument of a function is the 
expression containing the indepen- 
dent variable of the function. For 
example, in the function 

y = f(x — d), the expression x — d is 
the argument. (Section 4.2) 


bearing Bearing is used to iden- 
tify angles in navigation. One 
method for expressing bearing uses 
a single angle, with bearing mea- 
sured in a clockwise direction from 
due north. A second method for 
expressing bearing starts with a 
north-south line and uses an acute 
angle to show the direction, either 
east or west, from this line. 
(Section 2.5) 


C 


cardioid A cardioid is a heart- 
shaped curve that is the graph of a 
polar equation of the form 
r—a-cbsmnOorr-—a + bcos 0, 


= |, (Section 8.5) 


T 


b 








where 


center of a circle The center of a 
circle is the given point that is a 
given distance from all points on 
the circle. (Appendix B) 


circle A circle is the set of all 
points in a plane that lie a given 
distance from a given point. 
(Appendix B) 


circular functions The trigono- 
metric functions of arc lengths, or 
real numbers, are called circular 
functions. (Section 3.3) 


closed interval A closed interval 
is an interval that includes both of 
its endpoints. (Appendix A) 


cofunctions The function pairs 
sine and cosine, tangent and cotan- 
gent, and secant and cosecant are 
called cofunctions. (Section 2.1) 


common logarithm A base 10 
logarithm is called a common loga- 
rithm. (Section 9.3) 


complementary angles Two posi- 
tive angles are complementary 
angles 1f the sum of their measures 
is 90°. (Section 1.1) 


complex conjugates Two com- 
plex numbers that differ only in the 
sign of their imaginary parts are 
called complex conjugates. 
(Section 8.1) 


complex number A complex 
number is a number of the form 

a + bi, where a and b are real num- 
bers and i = V — I. (Section 8.1) 


complex plane The complex 
plane is a two-dimensional repre- 
sentation of the complex numbers 
in which the horizontal axis is the 
real axis and the vertical axis is the 
imaginary axis. (Section 8.2) 
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compound amount In an invest- 
ment paying compound interest, the 
compound amount is the balance 
after interest has been earned. (The 
compound amount is sometimes 
called the future value.) 

(Section 9.1) 


compound interest [n compound 
interest. interest is paid both on the 
principal and previously earned 
interest. (Section 9.1) 


conditional equation An equation 
that is satisfied by some numbers 
but not by others is called a condi- 
tional equation. (Appendix A) 


congruent triangles  Triangles 
that are both the same size and the 
same shape are called congruent 
triangles. (Section 1.2) 


constant function A function f is 
constant on an interval 7 if. for 
every x, and x» in 7, f(xi) = f(x). 
(Appendix C) 


continuous compounding As the 
frequency of compounding increas- 
es, compound interest approaches a 
limit, called continuous compound- 
ing. (Section 9.1) 


contradiction An equation that 
has no solution is called a contra- 
diction. (Appendix A) 


coordinate plane (xy-plane) The 
plane into which the rectangular 
coordinate system is introduced is 
called the coordinate plane. or 
xy-plane. (Appendix B) 


coordinates (in the xy-plane) 

The coordinates of a point in the 
xv-plane are the numbers in the 
ordered pair that correspond to that 
point. (Appendix B) 


cosecant Let P(x, v) be a point 
other than the origin on the termi- 
nal side of an angle @ in standard 
position. Let r= Va? + y^ repre- 
sent the distance from the origin to 
P. Then the cosecant function ts 
defined by csc 8 = t (v # 0). 
(Section 1.3) 


cosine Let P(x, v) be a point other 
than the origin on the terminal side 
of an angle 8 in standard position. 
Let r= Vx" + Y? represent the dis- 
tance from the origin to P. Then the 
cosine function is defined by 

cos 0 = 7. (Section 1.3) 


cotangent Let P(x, v) be a point 
other than the origin on the terminal 


side of an angle 6 in standard posi- 
tion. Let r= Vc + Y represent 
the distance from the origin to P. 
Then the cotangent function is 
defined by cot 0 = z (y # 0). 
(Section 1.3) 


coterminal angles Two angles 
that have the same initial side and 
the same terminal side, but differ- 
ent amounts of rotation, are called 
coterminal angles. The measures of 
coterminal angles differ by a multi- 
ple ot 360°. (Section 1.1) 


cycloid A cycloid is a curve that 
represents the path traced by a 
fixed point on the circumference of 
a circle rolling along a line. 


(Section 8.6) 


D 


damped oscillatory motion 
Damped oscillatory motion is oscil- 
latory motion that has been slowed 
down (damped) by the force of fric- 
tion. Friction causes the amplitude 
of the motion to diminish gradually 
until the weight comes to rest. 
(Section 4.4) 


decreasing function A function f 
is decreasing on an interval / if. 
whenever x, < x; in /, fixi) > f(x). 
(Appendix C) 


degree The degree is the most 
common unit of measure for angles. 
One degree, written 1°, represents 
3e of a rotation. (Section 1.1) 
dependent variable If the value 
of the variable y depends on the 
value of the variable x. then v is 
called the dependent variable. 
(Appendix C) 


direction angle The positive 
angle between the x-axis and a 
position vector is the direction 
angle for the vector. (Section 7.4) 


domain Ina relation, the set of 
all values of the independent vari- 
able (x) is called the domain. 
(Appendix C) 


dot product The dot product of 
two vectors is the sum of the prod- 
uct of their first components and 
the product of their second compo- 
nents. The dot product of the two 
vectors u = (a.b) and v = (c,d) is 
denoted u : v and given by 

u:v-— ac + bd. (Section 7.4) 


E 


empty set (null set) The empty 
set or null set. written Ø or { ], is 
the set containing no elements. 
(Appendix A) 


equation An equation is a state- 
ment that two expressions are 
equal. (Appendix A) 


equilibrant The opposite vector 
of the resultant of two vectors Is 
called the equilibrant. (Section 7.5) 


exact number A number that rep- 
resents the result of counting. or a 
number that results from theoretical 
work and is not the result of a mea- 
surement, is an exact number. 
(Section 2.4) 


exponential equation An expo- 
nential equation is an equation with 
a variable in an exponent. 

(Section 9.1) 


exponential function If a > 0 and 
a # l, then f(x) = a‘ defines the 
exponential function with base a. 
(Section 9.1) 


F 


four-leaved rose A four-leaved 
rose is a curve that is the graph 
of a polar equation of the form 

r = a sin 20 or r = a cos 20. 
(Section 8.5) 


frequency In simple harmonic 
motion, the frequencv is the number 
of cycles per unit of time, or the 
reciprocal of the period. 

(Section 4.4) 


function A function is a relation 
(set of ordered pairs) in which, for 
each value of the first component 
of the ordered pairs, there is exactly 
one value of the second component. 
(Appendix C) 


function notation Function nota- 
tion f(x) (read "f of x") represents 
the y-value of the function f for the 
indicated x-value. (Appendix C) 


future value In an investment 
paying compound interest, the 
future value is the balance after 
interest has been earned. (The 
future value 1s sometimes called the 
compound amount.) (Section 9.1) 


G 


graph of an equation The graph 
of an equation is the set of all 
points that correspond to all of the 
ordered pairs that satisfy the equa- 
tion. (Appendix B) 


groundspeed In air navigation, 
the groundspeed of a plane is its 
speed relative to the ground. 
(Section 7.5) 


H 


horizontal component Whena 
vector U is expressed as an ordered 
pair in the form u = (a.b), the num- 
ber a is the horizontal component 
of the vector. (Section 7.4) 


identity An equation satisfied by 
every number that is a meaningful 
replacement for the variable 1s 
called an identity. (Appendix A) 


imaginary axis In the complex 
plane, the vertical axis is called the 
imaginary axis. (Section 8.2) 
imaginary part In the complex 
number a + bi, b is called the imag- 
inary part. (Section 8.1) 


imaginary unit The number, 
defined by i? = —1 (so i = V-1), 
is called the imaginary unit. 
(Section 8.1) 


increasing function A function f 
is increasing on an interval / if, 
whenever x, < x; in J, f(xi) < f(x). 
(Appendix C) 


independent variable If the value 
of the variable y depends on the 
value of the variable x, then x is 
called the independent variable. 
(Appendix C) 


inequality An inequality says that 
one expression is greater than, 
greater than or equal to, less than, 
or less than or equal to, another. 
(Appendix A) 


initial point When two letters are 
used to name a vector, the first let- 
ter indicates the initial (starting) 
point of the vector. (Section 7.4) 


initial side When a ray is rotated 
around its endpoint to form an 
angle, the ray in its initial position 
is called the initial side of the 
angle. (Section l.1) 


interval An interval is a portion 

of the real number line, which may 
or may not include its endpoint(s). 
(Appendix A) 


interval notation Interval nota- 
tion is a simplified notation for 
writing intervals. It uses parenthe- 
ses and brackets to show whether 
the endpoints are included. 
(Appendix A) 


inverse function The inverse 
function of the one-to-one function 
f is defined as {(y,x)| (x,y) belongs 
to f}. (Section 6.1) 


L 


lemniscate A lemniscate is a 
figure-eight-shaped curve that is 
the graph of a polar equation of the 
form r^? = d? sin 20 or r^ = a’ cos 20. 
(Section 8.5) 


line Two distinct points A and B 
determine a line called line AB. 
(Section 1.1) 


line segment (segment) Line seg- 
ment AB (or segment AB) is the 
portion of line AB between A and 
B, including A and B themselves. 
(Section 1.1) 


linear equation (first-degree 
equation) in one variable A linear 
equation in one variable is an equa- 
tion that can be written in the form 
ax + b =0, where a and b are real 
numbers with a # 0. (Appendix A) 


linear inequality in one variable 
A linear inequality in one variable 
is an inequality that can be written 
in the form ax + b > 0, where a and 
b are real numbers with a # 0. (Any 
of the symbols <, =, or = may 
also be used.) (Appendix A) 


linear speed v The linear speed v 
measures the distance traveled per 
unit of time. (Section 3.4) 


logarithm A logarithm is an 
exponent. The expression log, x is 
the power to which the base a must 
be raised to obtain x. (Section 9.2) 


logarithmic equation A logarith- 
mic equation is an equation with a 
logarithm in at least one term. 
(Section 9.2) 


logarithmic function If a > 0, 

a * l, and x > 0, then f(x) = log, x 
defines the logarithmic function 
with base a. (Section 9.2) 
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M 


magnitude The length of a vector 
represents the magnitude of the 
vector quantity. (Section 7.4) 


minute One minute, written 1’, is 
&j of a degree. (Section 1.1) 


N 


natural logarithm A logarithm to 
base e is called a natural logarithm. 
(Section 9.3) 


negative angle A negative angle 
is an angle that is formed by clock- 
wise rotation around its endpoint. 
(Section 1.1) 


nth root of a complex number 

For a positive integer n, the com- 
plex number a + bi is an nth root of 
the complex number x + yi if 

(a + bi)” = x + yi. (Section 8.4) 


O 


oblique triangle A triangle that is 
not a right triangle is called an 
oblique triangle. (Section 7.1) 


obtuse angle An obtuse angle is 
an angle measuring more than 90? 
but less than 180°. (Section 1.1) 


one-to-one function If a function 
is defined so that each range ele- 
ment is used only once, then it is 
called a one-to-one function. 
(Section 6.1) 


open interval An open interval is 
an interval that does not include its 
endpoint(s). (Appendix A) 


opposite of a vector The opposite 
Of a vector v is a vector —v that has 
the same magnitude as v but oppo- 
site direction. (Section 7.4) 


ordered pair An ordered pair 
consists of two components, written 
inside parentheses, in which the 
order of the components is impor- 
tant. Ordered pairs are used to iden- 
tify points in the coordinate plane. 
(Appendix B) 


origin The point of intersection of 
the x-axis and the y-axis of a rec- 
tangular coordinate system is called 
the origin. (Appendix B) 


orthogonal vectors Orthogonal 
vectors are vectors that are perpen- 
dicular, that is, the angle between 
the two vectors is 90°. (Section 7.4) 


472 Glossary 


p 


parallel lines Parallel lines are 
lines that lie in the same plane and 
do not intersect. (Section 1.2) 


parallelogram rule The parallelo- 
gram rule is a way to find the sum 
of two vectors. If the two vectors 
are placed so that their initial 
points coincide and a parallelogram 
is completed that has these two 
vectors as two of its sides, then the 
diagonal vector of the parallelo- 
gram that has the same initial point 
as the two vectors is their sum. 
(Section 7.4) 


parameter A parameter is a vari- 
able in terms of which two or more 
other variables are expressed. In a 
pair of parametric equations x = f(t) 
and v = g(t), the variable r is the 
parameter. (Section 8.6) 


parametric equations of a plane 
curve A pair of equations x = fir) 
and y = g(f) are parametric equa- 
tions of a plane curve. (Section 8.6) 


period For a periodic function 
such that f(x) = f(x + np). the 
smallest possible positive value of 
p is the period of the function. 
(Section 4.1) 


periodic function A periodic 
function is a function f such that 
JG) = fix + np). for every real 
number x in the domain of f. every 
integer "n. and some positive real 
number p. (Section 4.1) 


phase shift With trigonometric 
functions. a horizontal translation is 
called a phase shift. (Section 4.2) 


plane curve A plane curve is a 
set of points (x, y) such that x = f(r) 
and y = g(t), and f and g are both 
defined on an interval J. 

(Section 8.6) 


polar axis The polar axis is a spe- 
cific ray in the polar coordinate 
system that has the pole as its end- 
point. The polar axis is usually 
drawn in the direction of the posi- 
tive x-axis. (Section 8.5) 


polar coordinates In the polar 
coordinate system, the ordered pair 
(r. 0) gives polar coordinates of 
point P. where r is the directed dis- 
tance from the pole to P and @ 1s 
the directed angle from the positive 
x-axis to ray OP. (Section 8.5) 


polar coordinate system The 
polar coordinate system 1s a coordi- 
nate system based on a point (the 
pole) and a ray (the polar axis). 
(Section 8.5) 


polar equation A polar equation 

is an equation that uses polar coor- 
dinates. The variables are r and 8. 

(Section 8.5) 


pole The pole is the single fixed 
point in the polar coordinate system 
that 1s the endpoint of the polar 
axis. The pole is usually placed at 
the origin of a rectangular coordi- 
nate system. (Section 8.5) 


position vector A vector with its 
initial point at the origin is called a 
position vector. (Section 7.4) 


positive angle A positive angle is 
an angle that is formed by counter- 
clockwise rotation around its end- 
point. (Section 1.1) 


present value In an investment 
paying compound interest, the prin- 
cipal is sometimes called the pres- 
ent value. (Section 9.1) 


pure imaginary number A com- 
plex number a + bi in which a = 0 
and b # 0 is called a pure imagi- 
nary number. (Section 8.1) 


Pythagorean theorem The 
Pythagorean theorem states that in 
a right triangle, the sum of the 
squares of the lengths of the legs is 
equal to the square of the length of 
the hypotenuse. (Appendix B) 


Q 


quadrantal angle A quadrantal 
angle is an angle that, when placed 
in standard position, has its termi- 
nal side along the x-axis or the 
y-axis. (Section 1.1) 


quadrants The quadrants are the 
four regions into which the x-axis 
and y-axis divide the coordinate 
plane. (Appendix B) 


quadratic equation An equation 
that can be written in the form 

ax + bx + c = 0, where a. b, and c 
are real numbers with a # 0.1s a 
quadratic equation. 

(Appendix A) 


quadratic formula The quadratic 


" . -b + wh. — Auc .. 
formula x = ———5,—— - is a gen- 


eral formula that can be used to 
solve any quadratic equation. 
(Appendix A) 


R 


radian A radian is a unit of mea- 
sure for angles. An angle with its 
vertex at the center of a circle that 
intercepts an arc on the circle equal 
in length to the radius of the circle 
has a measure of | radian. 

(Section 3.1) 


radius The radius of a circle is 
the given distance between the 
center and any point on the circle. 
(Appendix B) 


range [In a relation, the set of all 
values of the dependent variable ( y) 
is called the range. (Appendix C) 


ray The portion of line AB that 
starts at A and continues through B, 
and on past B, is called ray AB. 
(Section 1.1) 


real axis In the complex plane, 
the horizontal axis is called the real 
axis. (Section 8.2) 


real part In the complex number 
a + bi, a is called the real part. 
(Section 8.1) 


rectangular (Cartesian) coordi- 
nate system The x-axis and y-axis 
together make up a rectangular 
coordinate system. (Appendix B) 


rectangular (Cartesian) equation 
A rectangular or Cartesian equation 
is an equation that uses rectangular 
coordinates. If it is an equation in 
two variables, the variables are x 
and y. (Section 8.5) 


rectangular form (standard form) 
of a complex number The rectan- 
gular form or standard form of a 
complex number is a + bi, where 

a and b are real numbers. 

(Section 8.2) 


reference angle The reference 
angle for an angle @ written 6', is 
the positive acute angle made by 
the terminal side of angle @ and the 
x-axis. (Section 2,2) 


relation A relation is a set of 
ordered pairs. (Appendix C) 


resultant If A and B are vectors, 
the vector sum A + B is called the 
resultant of vectors A and B. 
(Section 7.4) 


right angle A right angle is an 
angle measuring exactly 90°. 
(Section 1.1) 


rose curve A rose curve is a 
member of a family of curves that 
resemble flowers and that ts the 
graph of an equation of the form 
r=asinn@ or r — a cos n8. 
(Section 8.5) 


S 


scalar A scalar is a quantity that 
involves a magnitude and can be 
represented by a real number. 
(Section 7.4) 


scalar product The scalar product 
of a real number (or scalar) k and a 
vector u is the vector k u, which 
has magnitude |4| times the magni- 
tude of u. (Section 7.4) 


secant Let P(x. v) be a point other 
than the origin on the terminal side 
of an angle 8 in standard position. 
Let r= V. + y? represent the dis- 
tance from the origin to P. Then the 
secant function is defined by 

sec 8 = $ (x # 0). (Section 1.3) 


3 


second One second. written I^. is 
«ej; of a minute. (Section 1.1) 


sector of a circle A sector of a 
circle is the portion of the interior 
of a circle intercepted by a central 
angle. (Section 3.2) 


Side-Angle-Side (SAS) The Side- 
Angle-Side (SAS) congruence 
axiom states that if two sides and 
the included angle of one triangle 
are equal, respectively. to two sides 
and the included angle of a second 
triangle, then the triangles are con- 
gruent. (Section 7.1) 


Side-Side-Side (SSS) The Side- 
Side-Side (SSS) congruence axiom 
states that if three sides of one tri- 
angle are equal, respectively, to 
three sides of a second triangle, 
then the triangles are congruent. 
(Section 7.1) 


significant digit A significant 
digit 1s a digit obtained by actual 
measurement. (Section 2.4) 


similar triangles Triangles that are 
the same shape, but not necessarily 


the same size, are called similar 
triangles. (Section 1.2) 


simple harmonic motion Simple 
harmonic motion is oscillatory 
motion about an equilibrium posi- 
tion. If friction is neglected, this 
motion can be described by a 
sinusoid. (Section 4.4) 


sine Let P(x, v) be a point other 
than the origin on the terminal side 
of an angle 8 in standard position. 
Let r= V^ + y! represent the dis- 
tance from the origin to P. Then 
the sine function is defined by 


sin @ =~. (Section 1.3) 


sine wave (sinusoid) The graph 
of a sine function ts called a sine 
wave or sinusoid. (Section 4.1) 


solution (root) A solution or root 
of an equation is a number that 
makes the equation a true state- 
ment. (Appendix A) 


solution set The solution set of an 
equation is the set of all numbers 
that satisfy the equation. 

(Appendix A) 


spiral of Archimedes A spiral of 
Archimedes is an infinite curve that 
is the graph of a polar equation of 
the form r = n8. (Section 8.5) 


standard form of a complex 
number A complex number writ- 
ten in the form a + bi (or a + ib) is 
in standard form. (Section 8.1) 


straight angle A straight angle is 
an angle measuring exactly 180°. 
(Section 1.1) 


supplementary angles Two posi- 
tive angles are supplementary 
angles if the sum of their measures 
is 180°. (Section 1.1) 


T 


tangent Let P(x, v) be a point 
other than the origin on the termi- 
nal side of an angle @ in standard 
position. Let r = V x^ + y^ repre- 
sent the distance from the origin 
to P. Then the tangent function is 
defined by tan à = 2 (x # 0). 
(Section 1.3) 


terminal point When two letters 
are used to name a vector, the sec- 
ond letter indicates the terminal 
(ending) point of the vector. 
(Section 7.4) 
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terminal side When a ray is rotat- 
ed around its endpoint to form an 
angle, the ray in its location after 
rotation is called the terminal side 
of the angle. (Section I.I) 


translation A translation is a hor- 
izontal or vertical shift of a graph. 
(Appendix D) 


transversal A line that intersects 
two or more other lines, which may 
be parallel, is called a transversal. 

(Section 1.2) 


trigonometric (polar) form of a 
complex number The expression 
r(cos 8 + i sin 0) is called the 
trigonometric form (or polar form) 
of the complex number x + vi. The 
expression cos # + i sin ĝ is some- 
times abbreviated as cis 8. 

(Section 8.2) 


U 


unit circle The unit circle is the 
circle with center at the origin and 
radius 1. (Section 3.3) 


unit vector A unit vector 1s a 
vector that has magnitude I. Two 
useful unit vectors are i = (1,0) and 
j = (0, D. (Section 7.4) 


V 


vector A vector is a directed line 
segment that represents a vector 
quantity. (Section 7.4) 


vector quantities Quantities that 
involve both magnitude and direc- 


tion are called vector quantities. 
(Section 7.4) 


vertex of an angle The vertex of 
an angle is the endpoint of the ray 
that is rotated to form the angle. 
(Section 1.1) 


vertical angles Vertical angles 
are opposite angles formed by 
intersecting lines. (Section 1.2) 


vertical asymptote A vertical line 
that a graph approaches, but never 
touches or intersects, is called a 
vertical asymptote. The line v =a 
is a vertical asymptote if | f(x)| gets 
larger and larger as x approaches a. 
(Section 4.3) 


vertical component When a vec- 
tor u is expressed as an ordered 
pair in the form u = (a,b), the num- 
ber b is the vertical component of 
the vector. (Section 7.4) 
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X 


x-axis The horizontal number line 
in a rectangular coordinate system 
is called the x-axis. (Appendix B) 


x-intercept An x-intercept is the 
x-value of a point where the graph 
of an equation intersects the x-axis. 
(Appendix B) 


Y 


y-axis The vertical number line in 
a rectangular coordinate system is 
called the y-axis. (Appendix B) 


y-intercept A y-intercept is the 
y-value of a point where the graph 
of an equation intersects the y-axis. 
(Appendix B) 


Z 


zero-factor property The zero- 
factor property states that if the 
product of two (or more) complex 
numbers is 0, then at least one of 
the numbers must be 0. 

(Appendix A) 


zero vector The zero vector is 
the vector with magnitude O. 
(Section 7.4) 


Solutions to Selected Exercises 


CHAPTER1 TRIGONOMETRIC FUNCTIONS 


1.1 Exercises (page 6) 
29. 90" — 12559! 11°" 
89? 59' 60" Write 90? as 89? 59' 60". 
= 3 IU 
17? 01' 49" 
Thus, 90? — 72? 58' 11" = 17° 1’ 49”. 
77. 600 rotations per min 


a rotations per se 
= — C 
60 P 


= 10 rotations per sec 
= 5 rotations per 1 sec 
= 5(360°) per 5 sec 
— 1800* per 4 sec 
A point on the edge of the tire will move 1800° in 5 sec. 


1.2 Exercises (page 14) 

23. Angle ] and the 55? angle are vertical angles, which are 
equal, so angle 1 = 55°. Angle 5 and the 120? angle are 
interior angles on the same side of the transversal, which 
means they are supplements, so 


angle 5 + 120? = 180? 
angle 5 = 60?. Subtract 120°. 
Since angles 3 and 5 are vertical angles, angle 3 - 60°. 
angle 1 + angle 2 + angle 3 = 180° 
55° + angle 2 + 60° = 180° 
angle 2 = 65? Subtract 115°. 


Since angles 2 and 4 are vertical angles, angle 4 = 65°. 
Angle 6 and the 120° angle are vertical angles, so 
angle 6 = 120°. Angles 6 and 8 are supplements. 


angle 6 + angle 8 = 180° 
120° + angle 8 = 180° 
angle 8 = 60° Subtract 120°. 


Since angles 7 and 8 are vertical angles, angle 7 = 60°. 


angle 7 + angle 4 + angle 10 = 180° P. 
The sum of the measures of the 
angles in a triangle is 180°. 

60? + 65? + angle 10 = 180° 
angle 10 = 55° Subtract 125°. 

Since angles 9 and 10 are vertical angles, angle 9 = 55°. 

Thus, the measures of the angles are 1: 55°, 2: 65°, 3: 60°, 

4: 65°, 5: 60°, 6: 120°, 7: 60°, 8: 60°, 9: 55°, 10: 55°. 

33. The triangle is obtuse because it has an angle of 96°, 


which is between 90° and 180°. It is a scalene triangle 
because no two sides are equal. 


1.3 Exercises (page 24) 
37. Evaluate tan 360° + 4 sin 180° + 5 cos? 180°. 


0 
tap 960° = tango = — = — — 0 
X 1 
mwer - ug 
1 
ss. Los dili" ung sm —1 


tan 360? + 4 sin 180° + 5 cos? 180? = 0 + 4(0) + 5(—1Y 


Substitute; cos? x = (cos xy. f 


=§ 
53. Since cos 0 = .8 occurs when x = .8, r= 1, and 
0 = 36.87°, cos 0 = —.8 occurs when x = —.8 and 


r= 1. As a result, 0 = 180° — 36.87? = 143.13? and 
0 = 180? + 36.87? = 216.87°. 


1.4 Exercises (page 33) 

1 
cot(58 — 8°) 
tan(30 — 4°) = tan(50 — 8°) Reciprocal identity 


21. tan(3@ — 4°) = Given equation 


The second equation above will be true if 

36 — 4° = 50 — 8°, so solving this equation will give a 
value (but not the only value) for which the given equa- 
tion is true. 


30 — 4° = 50 — 8° 
4° = 20 
0 — 2? 
S-1 





| 41. tan 30° = 








puo S-2 Solutions to Selected Exercises 





sin 30? 
n Quotient identity 
in 30? 
cos 30° < 1, so tan 30° = — Deas sin 30°; that is, 


tan 30? is greater than sin e 


15 
65. Given tan 0 = a with @ in quadrant II 


Draw @ in standard position in quadrant II. Because 
tan 6 = 2 and 0 is in quadrant IL, we can use the values 


y = 15 and x = —8 for a point on its terminal side. 
= Vx yi = N(—8y. + 15? = V64 + 225 
289 = 17 





Use the values of x, y, and r and the definitions of the 
trigonometric functions to find the six trigonometric 
function values for @. 


2. D a, ER su DM 

sin 0 17 csc 0 m 15 
x = r 17 17 
a> oT wo Lt" y 
y 15 15 x = 8 
Dao va ES 8 


CHAPTER2 ACUTE ANGLES AND RIGHT 
TRIANGLES 


12 2.1 Exercises (page 51) 


X 57. One point on the line y = V/3x is the origin, (0, 0). Let 
ES (x, y) be any other point on de line. Then, by the defini- 
tion of slope, m — E =2= WA, 3, but also, by the 
definition of tangent, tan is = 2 Thus, tan 0 = V3. 


Because tan 60° = V3, the line y= \/3x makes a 60° 
angle with the positive x-axis. (See Exercise 54.) 


61. Apply the relationships between the lengths of the sides 
of a 30? — 60? right triangle first to the triangle on the left 
to find the values of x and y, and then to the triangle on 
the right to find the values of z and w. In a 30?-60? right 
triangle, the side opposite the 30? angle is i the length 
of the hypotenuse. The longer leg is V/3 times the 
shorter leg. 


9 Ww 
mt 
x Z 
Thus, 
TA E] and rey = 2X3. 

2 2 
Since y = zV3, 

y B8 8 y3 9⁄3 VS 


at A € RU 
and w = 2z -2(74) = 3V3. 


2.2 Exercises (page 59) 


21. To find the reference angle for —300°, sketch this angle 
in standard position. 





The reference angle for —300? is —300? + 360° = 60°. 
Because —300? is in quadrant I, the values of all its 
trigonometric functions will be positive, so these values 
will be identical to the trigonometric function values for 
60°. (See the Function Values of Special Angles table 
that follows Example 5 in Section 2.1.) 


sin( —300?) — v3 csc(—300?) = 2V3 
2 3 
1 , 
cos(—300°) = * sec(—300°) = 2 
V3 


tan(—300?) = V3  cot(—300?) = = 


57. The reference angle for 115° is 65°. Since 115° is in 
quadrant II, the sine is positive. Sin @ decreases on the 
interval (90°, 180°) from 1 to 0. Therefore sin 115° is 
closest to .9. 


2.3 Exercises (page 64) 
41. sin 10° + sin 10° = sin 20° 
Using a calculator, we get 
sin 10? + sin 10° = .34729636 
and sin 20° = .34202014. 
Thus, the statement is false. 


55. For parts (a) and (b), 0 = 3?, g = 32.2, and f= .14. 
(a) Since 45 mph = 66 ft per sec, 
V^ 
i gCf + tan 6) 
66: 
32.2L14 + tan 3°) 
= 703 ft. 


(b) Since 70 mph = “B25” ft per sec = 102.67 ft per sec, 


—À 
-—— 


^ 


v? 

e(f + tan 0) 
102.677 

32.2(.14 + tan 3?) 


1701 ft. 


(c) Intuitively, increasing 0 would make it easier to 
negotiate the curve at a higher speed much like is 
done at a race track. Mathematically, a larger value 
of @ (acute) will lead to a larger value for tan 6. If 
tan 6 increases, then the ratio determining R will 
decrease. Thus, the radius can be smaller and the 
curve sharper if @ is increased. 


i 


V^ 
g(f + tan 0) 

66 
32.2(.14 + tan 4°) 
= 644 ft 

V^ 
7 g(f + tan 0) 

102.677 
~ 32.20.14 + tan 4°) 
= 1559 ft 


As predicted, both values are smaller. 


R= 


R 


2.4 Exercises (page 72) 
21. Solve the right triangle with B = 73.00°, b = 128 in., 
and C = 90°. 


B 
€ 
A b= 128 in. x 
A = 90? — 73.00? = 17.00? 
128 
tan 73.00? = —— 
a 
128 
a = ———— = 39.in. Three significant digits 
tan 73.00° . 
128 
sin 73.00? = — 
p 
128 
c= > = 134in. Three significant digits 
sin 73.00? 


Solutions to Selected Exercises S-3 


37. Let x represent the horizontal distance between the two 
buildings and y represent the height of the portion of the 
building across the street that 1s higher than the window. 


| 


A 


E 
30.0 ft le ins ft 
30.0 
tan 20.0? = —— 
x 
30.0 324 
x = ——— = 82. 
tan 20.0° 
tan 50.0° = — 
X 
\ 
y = x tan 50.0° = | ——— | tan 50.0? = 98.2 
tan 20.0° , 


——— — € 5 Ia sr 3 A cc 
7a zo tan 50.0 0.0 = 128 


height = v + 30.0 = | 
Three significant digits 
The height of the building across the street is about 128 ft. 


43. Let h represent the height of the tower. 





h — 40.6 tan 34.6* — 28.0 
Three significant digits 


The height of the tower is about 28.0 m. 


2.5 Exercises (page 51) 
17. Let x = the distance between the N 
two ships. The angle between the 
bearings of the ships is 
180° — (28? 10° + 61° 50’) = 90°. 
The triangle formed is a right 
triangle. 


First ship 





Second ship 


(continued) 








S-4 Solutions to Selected Exercises 


Distance traveled at 24.0 mph: 
(4 hr) (24.0 mph) — 96 mi 
M Distance traveled at 28.0 mph: 
vM. (4 hr) (28.0 mph) = 112 mi 
nr Applying the Pythagorean theorem gives 
"nt x= 96 + 112? 
| % | x? — 21,760 
| x = 148. 
Tub a The ships are 148 mi apart. 
TEC ! 25. Let x = the distance 
m from the closer point 











on the ground to the 
base of height A of ni ~ s 
the pyramid. S m 
In the larger right triangle: 
. h 
tan 21? 10’ = 135 +x 
m h = (135 + x) tin 21° 10 
We In the smaller right triangle: 
a: à 


tan 35° 30’ = — 
x 


h = x tan 35° 30' 

Substitute for h in this equation, and solve for x. 
i (135 + x) tan 21° 10' = x tan 35* 30' 
| 135 tan 21° 10' + xtan 21° 10’ = x tan 35° 30' 
M 135 tan 21° 10" = x tan 35° 30' — x tan 21° 10' 
a 135 tan 21° 10’ = x(tan 35? 30' — tan 21° 10’) 
in 135tan 21°10" ——— 

tan 35° 30’ — tan 21° 10’ 
ES Then substitute for x in the equation for the smaller triangle. 
dx 135 tan 21? 10'(tan 35° 30’) 
po ~ tan35? 30’ — tan 21° 10’ 
E: h~ 114 
The height of the pyramid is 114 ft. 





| CHAPTER 3 RADIAN MEASURE AND 
^4 CIRCULAR FUNCTIONS 


3.1 Exercises (page 97) 

` "77. (a) In 24 hr, the hour hand will rotate twice around the 
JU clock. Since one complete rotation measures 27r radi- 
| ans, the two rotations will measure 

TA 2(24) = 41 radians. 


= (b) In hr, the hour hand will rotate 7 = 4 of the way 
E around the clock, which will measure 
di $ (2) = radians. 





3.2 Exercises (page 103) 
23. For the large gear and pedal, 
Ss = r0 = 4.727. 


Thus, the chain moves 4.727 in. Find the angle through 
which the small gear rotates. 


180? = v radians 


The angle 0 for the wheel and for the small gear are the 
same, so for the wheel, 


$ = r0 = 13.6(3.427) = 146 in. 
The bicycle will move about 146 in. 
43. (a) 





The triangle formed by the sides of the central angle 
and the chord is isosceles. Therefore, the bisector of 
the central angle is also the perpendicular bisector of 
the chord and divides the larger triangle into two 





congruent right triangles. 
50 
sin 21? = — 
y 
= = 140 ft 
g sin 21° 
The radius of the curve is about 140 ft. 
50 
b) r = ———; 0 = 42° 
Ury sin 21° 


pus 4 = 1 = LL 1 
4 ( 18 radian) 3 radian 


= € ——— e —— A ——— mM ej 
SUP AW BO nds 
The length of the arc determined by the 100-ft chord 
is about 102 ft. 


(c) The portion of the circle bounded by the arc and the 
100-ft chord is the shaded region in the figure below. 





The area of the portion of the circle can be found by 
subtracting the area of the triangle from the area of 
the sector. From the figure in part (a), 








50 50 
tan 21? = =, = 
" h - tan 21° 
1 
BÀ enis = 2 r^ 
. 50 v 7m) From part (b), 
2 Win231/139J. 427—348. 


= 7135 ft? 





| ] 50 
Aime 2x = ph = — (100) ( | 


z 2 tan 21? 
= 6513 ft^ 
A portion = Asector ~ Ainange ^^ 7135 ft^ — 6513 ft 
= 622 ft 


The area of the portion is about 622 ft". 


45. Use the Pythagorean theorem to find the hypotenuse of 
the right triangle, which is also the radius of the sector of 
the circle. 


r> = 30° + 40° = 900 + 1600 = 2500 
r = V 2500 = 50 


] | 
— 600 yd? 


Acor m —r-B 


(50) — gst 
3 1 





12507 





Total area = Auge + A sector = 600 yd? + yd? 


~ 


= 1900 yd^ 


3.3 Exercises (page 113) 

39. cos 2 
$5 1.57 and m = 3.14, so > « 2 < qr. Thus, an 
angle of 2 radians is in quadrant II. (The figure for 
Exercises 35—38 also shows that 2 radians is in 
quadrant II.) Because values of the cosine function are 
negative in quadrant II, cos 2 1s negative. 


3 
57. ca tans = V3 


Recall that tan 7 = V3 and in quadrant III tan s is posi- 
tive. Therefore, 


T 4 
(s + z) = tan = V3, 


4 
and thus, s = 7. 


3.4 Exercises (page 119) 

25. The hour hand of a clock moves through an angle of 27r 
radians (one complete revolution) in 12 hr, so 

0 2r 


TT 
oe T bed radian per hr. 


Solutions to Selected Exercises §-5 


35. At 200 revolutions per min, the bicycle tire is moving 
200(27) = 4007 radians per min. This is the angular 
velocity w. The linear velocity of the bicycle is 


v = rw = 13(4007) = 520077 in. per min. 


Convert this velocity to miles per hour. 











52007 in. 60min lft ] mi 
poe eg . 


zs q5:5 
12 in. 5280ft vpn 


min hr 


CHAPTER4 GRAPHS OF THE CIRCULAR 
FUNCTIONS 


4.1 Exercises (page 141) 
37. E = 5 cos 12071 
(a) The amplitude is | 5| — 5, and the period is 


27 L 
1207 ~~ 60° 


(b) Since the period is x, one cycle is completed in 
z sec. Therefore, in 1 sec, 60 cycles are completed. 


(c) Fort = 0, E = 5 cos 1207 (0) = 5 cos 0 = 5. 
For t = .03, E = 5 cos 1207(.03) = 1.545. 
For t = .06, E = 5 cos 1207(.06) = —4.045. 
Fort = .09, E = —4.045. 

For t = .12, E = 1.545. 
(d) 





E = 5 cos 120rt 


4.2 Exercises (page 152) 
l 

45. y = — + sin2 x 
2 4 


This equation has the form y = c + a sin b(x — d) with 


c= L, a= |, b = 2, and d = ~f. Start with the graph 
of y = sin x and modify it to take into account the ampli- 
tude, period, and translations required to obtain the 
desired graph. 


; , 20 
Amplitude: |a! = 1; Period: rum: = 


À . De 
Vertical translation: e unit up 


Phase shift (horizontal translation): "i units to the left 








Solutions to Selected Exercises 


4.3 Exercises (page 165) 


in 1 
EH 43. y= -1 + 7 cotQx = 37) 


:] 
f 








ar) Rewrite 2x — 37 as 


l 
y= -1+ oraz- 7 an ~ 25, 


T T 


Period: ry = 2 
Vertical translation: 1 unit down 


3 
Phase shift (horizontal translation): E units to the right 


Because the function is to be graphed over a two-period 


interval, locate three adjacent vertical asymptotes. 
Because asymptotes of the graph of y = cot x occur at 
multiples of 7, the following equations can be solved to 
locate asymptotes: 


3T 3T 
(z = 3) = —2m, (> -= 3z) — —, and 
3T 
a(x T) = 0). 


Solve each of these equations. 


Divide the interval (3 1 T) into four equal parts to obtain 
the following key x-values: 


3 3 
first-quarter value: T middle value: T ) 


7 
third-quarter value: > 


Evaluating the given function at these three key x-values 
gives the following points: 


5p 1) (sv ea 
& ' aJ] 4° $ M T 


Connect these points with a smooth curve and continue 
the graph to approach the asymptotes x = f and x = 7 
to complete one period of the graph. Sketch an identical 
curve between the asymptotes x = a and x = Nm to com- 
plete a second period of the graph. 






iz 


» b 


2 
+ 





j 
| 
—2 l 
| 


y =-1 +5 cot (2x - 3r) 


4.4 Exercises (page 171) 
19. (a) We will use a model of the form s(t) = a cos wt with 
a = —3. Since 


s(0) = —3 cos(Ow) = —3 cos 0 = —3-1 = —3, 


using a cosine function rather than a sine function 
will avoid the need for a phase shift. 


Since the frequency = a cycles per sec, by definition, 


p.e 
T 27 


TO = 127 Cross products 
w= 12. Divide by 7. 
Therefore, a model for the position of the weight at 
time £ seconds is 
s(t) = —3 cos 12t. 


(b) Period = 


Sec 


3le| — 
oa 


CHAPTERS TRIGONOMETRIC IDENTITIES 
5.1 Exercises (page 185) 

4 
25. cot 0 — =, sin 0 > 0 


Since cot 0 > 0 and sin 0 > 0, 6 is in quadrant I, so all 
the function values are positive. 


1 l 3 
tan 0 = — = p= — 
cot 0 3 4 

sec? à = tan? 6+ | Pythagorean identity 


AT a 1, 25 
4 l6 16 16 


5 B5 
= Lo — S > 
sec 6 nez nt 0 
1 4 
oop FS 
f 
sin? 0 = 1 — cos? 0 Alternative form o 


Pythagorean identity 


9 3 
sin Ó = 28 s sin 8 > 0 
1 5 
a z 5 


Thus, sin 6 = 2, cos 6 = , tan 0 = 4, sec 6 = 3, and 
csc 0 — 3 


Alternative form of reciprocal 


l 
47. csc x = - jimit 


l Alternative form of 
+WV1 — cos?x Pythagorean identity 
Em 
V1 — cos?’ x 
= zl . Vl- cosx Rationalize the 
V1 — cos?x Vl- cos?x denominator. 


+V1 — cos? x 


1 — cos? x 


— 
LI 


59. — —À —n 
cos 0 


l1 | cos 8 Geta common 
cos cos@ denominator. 


— 








1 — cos? 0 
= —————— Subtract fractions. 
cos 0 

sin? 0 


= 1 — cos? 0 = sin? 0 
cos 0 





65. Since cos x — t, which 1s positive, x is in quadrant I or 
quadrant IV. 


2 
sinx--tVl-cos?x-2 *4/1 — (5) 


5 
24 2V6 
5 5 
2V6 
sin = 
tan nee <= =i = +726 
COS X E 
1 1 
eS | = 2 
COS X $ 


Solutions to Selected Exercises S-7 


Quadrant I: 
sec x — tan x $-2v6 s[5- 2v6) 
sin x ave 2V6 
25 — 10V6 V6 25/6 — 80 
~ we vw E 
Quadrant IV: 
sox tnx 5—(-2V6) 5/5 + 2V6 
sin x 26 -2V6 
_ 23+ 10V6 -V6 ——25V6 — 6b 
= r A 


5.2 Exercises (page 194) x 
T. 1 b 1  ji(1 —e9559 — 101+ usu) is 
"l1-*cosx l-—cosx (1 + cos x) (1 — cos x) Ms. 


l —908x —1 — «osx 


1 — cos?x 
_ —2cosx _ 2 cosx 
sin? x sin? x 
2 cos x COS X T 
or c. — ie 
sin’ x sin x / \sinx 
= —2cotxcscx 


15. (sin x + 1 — (sinx — 1 


= (sin? x + 2 sinx + 1) — (si x — 2sinx + 1) 
Square the binomials. 


= sin? x + 2sinx + 1 — sin? x + 2sinx — 1 


= 4 sinx 
tan^t —] tant — cott 
63. Verify that ————— = —————— —- is an identity. 
uy sec? t tant + cot t y 
Work with the right side. 
aur — —— 
tan ¢ — cot: tan ź - 1 
ce = ——————— cores 
tan t + cott 1 -— 
t+ —— 
tan 
“af — = 
_ t tan f 
tan £ 
tan t + — 


Multiply numerator and denominator of 
the complex fraction by the LCD, tan t. 


tam: 1 Distributive rt 
-————— istributive pro 
tan? f + 1 property 
tan? t — 1 
—— tan? t + | = sec?t 
sec‘ t 








S-8 Solutions to Selected Exercises 


79. Show that sin(csc s) = 1 is not an identity. 


We need find only one value for which the statement is 
false. Let s — 2. Use a calculator to find that 

sin(csc 2) = .891094, which is not equal to 1. Thus, 
sin(csc s) = 1 is not true for all real numbers s, so it is 
not an identity. 


5.3 Exercises (page 202) 


0 
35. sec 0 — «(4 t 2v 
By a cofunction identity, sec 0 — csc(90? — 0). Thus, 


«(2 + xe) = csc(90? — 8) Substitute. 


2 
0 
— + 20° = 90° — 9 

2 

= = 70° Add 6; subtract 20°. 
2 140° 
@= (10°) =- . Multiply by 5, 
57. T r false 2 C E in — sin — 
j 4 — = ——- m -n uu di 

| Tue o cos = 0515 cos -7 ai nd" 


Since $= £ 4322-47 
T T T 
cos — = cos} — + — Substitute. 
3 (= z) 
T T a. F 
= cos — cos — — sin — sin —. 
12 4 12 4 


Cosine sum identity 


The given statement is true. 


5.4 Exercises (page 209) 


eer 8 3 
pes 45. cos s = NT. and cos f = T5’ s and f in quadrant III 


In order to substitute into sum and difference identities, 
we need to find the values of sin s and sin t, and also the 
values of tan s and tan t. Because s and ¢ are both in 
quadrant HI, the values of sin s and sin t will be nega- 
tive, while tan s and tan * will be positive. 


2 
sins = —V]1 — cos*s = —4 j] — (-3) 


17 
EM o 
289 — 17 


3 
25 3 
ins -5 sin f -i 4 
me B ma. eo cx emus 
COSS  —1i3 8 cost —% 3 


(a) sin(s + t) = sins cost + cos s sint 


C9) C3) C8) 53) 


.45,32 T7 
85 85 85 
15 4 
ta + tant = 21 
(b) ane + = rr, 8 UA 
] — tan s tant 1 - (B3) 
45 32 TI 
E ou we NE 
36. 
-— Ms 36 


(c) From parts (a) and (b), sin(s + t) > 0 and 
tan(s + t) < 0. The only quadrant in which values of 
sine are positive and values of tangent are negative is 
quadrant II. 


lla T 
5L gg = = tan| 4r — — 
T (= z) 
_ tan 7 — tàn 35 
1 + tan ar tan 15 
i 0 — tan35 
1 - 0-135 


Tangent difference identity 
tan 7 = 0 


$a 
12 


Now use a difference identity to find tan 75. 


BE eniti eds 
I2 4 6 














_ fan 1 — tang 
1 + tan? - tanZ 
l — = 
a= tan = Itan f = Y 
Pw 053 
g— 3 
.__* Add and subtract with the 
3 4- V8 common denominator. 
3 
fA V3 Multiply numerator and 
3443 denominator by 3. 
$-—w8 8—va 


Rationalize the denominator. 








ll 


WO w 

| + 

C^ 

S A 

To 

di. 
a 


9-3 
Square of a binomial in numerator; product of sum 
and difference of two terms in denominator 


_ 12 - 6V3 
6 
612 — V3 
= x Factor the numerator. 
=2-V3 Lowest terms 


Thus, 


1 
tan =T = -an = = ~(2 - V3) = -2 V3. 


sin(x — y)  tanx — tany 

sin(x + y) — tanx + tan y 
Work with the left side. 

sin(x — y)  sinxcos y — cos x sin y 

sin(x + y)  sinxcos y + cos x sin y 

Sine sum and difference identities 


63. Verify that is an identity. 


sinxcosy  cosxsiny — 
————7—— ——-- Divide numerator 
COSXCOSy  COSXCOSy 

= —————————7 and denominator 
sinxcosy cosx sin y 
—————— + — —— by cos x cos y. 
COSX COSy  COSXCOSy 








sin x iaj sin y 
COS X COS y 
sin x sin 
spp p mm 
COS X COS y 


_ tanx — tan y Tangent quotient 
tan x t tan y identity 


5.5 Exercises (page 218) 
25. 1 = > sin 47.1? = val — 2 sin’ 47.1?) Factor out L, 


1 
= 4 cos 2(47.1?) 

cos 2A = 1 — 2 si? A 
= F cos 94.2° 


31. tan 3x = tan(2x + x) 


_ tan 2x + tanx Tangent sum 

] — tan 2x tan x identity 

2 tan x 
7 t tang 
__l-—tan Tangent double- 
2 tan x angle identity 
= n 
1 — ais 


2 tan x + (1 — tan? x) tan x 
Zen (1 unig Add and subtract 
1 — tan x 


a DEN EL using the common 
i —tan x - 4 tan’ x denominator. 
1 — tan? x 
— 2tanx + tata — tan? x 
1 — tay x — 2 tan’ x 


Multiply numerator and denominator by 1 — tan’ x. 


3 tan x — tan? x . 
= Ge Combine terms. 


Solutions to Selected Exercises S-9 


43. Verify that sin 4x — 4 sin x cos x cos 2x is an identity. 
Work with the left side. 
sin 4x = sin 2(2x) 
— 2 sin 2x cos 2x 


= 2(2 sin x cos x)cos 2x Sine double-angle identity 


Sine double-angle identity 
= 4 sin x cos X cos 2x 


5.6 Exercises (page 224) 
21. Find tan T. given sin 0 = =, with 90? « 6 « 180°. 


To find tan 2, we need the values of sin 8 and cos 0. We 
know sin 0 = 3. 


cos 0 = +V 1 — sin? 0 


Fundamental identity 








8r | 
=+4/] —{—] Substitute. 
5 
16 
ee a — 
25 
4 — 
cos 0 = s 9 is in quadrant II. 
Thus, 
0 sin 0 
= Half-angle identit 
aS Tito alt-angle identity 
3 
5 . " 
= = 3. Simplify. 
1 EC plify 
49. Verify that sec? z NT is an identity. 
Work with the left side. 
ME- l ' ; 
sec“ — = Reciprocal identity 
x 
ROT 
cos 7, 
I 


= ——— ——————— Cosine half-angle 


(s ttm identity 
7 2 


MEM MEER C 
I + cosx 1ldcosx 
2 




















S-10 Solutions to Selected Exercises 


^| CHAPTER 6 INVERSE CIRCULAR FUNC- 
£&! TIONS AND TRIGONOMETRIC EQUATIONS 


6.1 Exercises (page 246) 


| 71. (2 mus i) 
Let 6 = cos"! 1, so cos 0 = £. The inverse cosine func- 
n tion yields values only in quadrants I and II, and since ; 
m is positive, 0 is in quadrant I. Sketch 0 in quadrant I, 
| and label the sides of a right triangle. By the Pythagorean 
theorem, the length of the side opposite 0 will be 


V5: — P = V24 = 2V6. 





2V6 
From the figure, sin 0 = i] Then, 


] 
i 2 cos”! i — sin 20 


— 2 sin 0 cos 0 
Sine double-angle identity 
5-3 


Epi 25 


ps | 
Gy 77. sin sin ww C3) 


2 
qM Let sin ! 5 = A and tan '(—3) = B; then sin A = 1 and 
dU tan B — —3. Sketch angle À in quadrant I and angle B in 
b quadrant IV. 
X 





p 1 | 
n s sin a + C3) = sin(A + B) 


= sin Á cos B + cos A sin B 
Sine sum identity 
in el. O8. x 
) Z wi 7 VB 

M 1-89 wap-qva 
2V 10 20 

6.2 Exercises (page 254) 

15. tax -3—0, so tajx- —3. 


The square of a real number cannot be negative, so this 
equation has no solution. Solution set: Ø 





25. 2 sin Ó — 1 = csc 0 
] 
2 sin 0 — 1 — —— Reciprocal identity 
sin 0 


2 sin? 9 — sin8— 1 Multiply by sin 8. 
2si0—sin0—1-0 Subtract 1. 
(2 sin 0 + 1)(sin@— 1) =0 Factor. 


2sné+1=0 or sn@—1=0 
Zero-factor property 
| 
in 0 = -> in@= 1 
sin 2 Or sin 


Over the interval [0?, 360?), the equation sin 0 — -3 has 
two solutions, the angles in quadrants III and IV that have 
reference angle 30°. These are 210? and 330°. In the 

same interval, the only angle 0 for which sin 0 = 1 is 90°. 


Solution set: {90°, 210°, 330°} 
2 tan 0 
3— tað 
2 tan 0 = 3 — tan’ 0 
tan? 9 + 2tan8—3—0 
(tan 0 — 1)(tan 9 + 3) =0 
tan 0 = —3 


49. 


tan 0 = 1 or 


Over the interval [0°, 360°), the equation tan 6 = 1 has 
two solutions, 45° and 225°. Over the same interval, the 
equation tan 6 = —3 has two solutions that are approxi- 
mately —71.6° + 180° = 108.4? and —71.6° + 360° = 
288.4°. 

The period of the tangent function is 180°, so all solu- 
tions of the given equation are 45° + n+ 180° and 
108.4? + n - 180°, where n is any integer. 


6.3 Exercises (page 260) 
23. cos 2x + cosx = 0 


We choose the identity for cos 2x that involves only the 
cosine function. 


cos 2x + cos x = 0 
2cos?x — 1+ cosx=0 Cosine double-angle identity 
2 cos*x + cosx —1 —0 Standard quadratic form 
(2 cosx — 1)(cosx +1) =0 Factor. 


2cosx -1=0 or cosx - 120 Zero-factor 
property 
2cosx = | or cos x = —1 
1 
COS X = 5 Or x=T7 
a 5ar 
5 a Or 4 


, T 5T 
t pu Mee 
Solution se { 37 T, 3 | 


Solutions to Selected Exercises S-11 


l 


31. ? sin A = 2 cos 20 Let au = tan x. so tan u = x. 


sin B = cos 20 Divide by 2. 


sin 6 = 1 — 2 sin’ 8 


Cosine double-angle identity 


2 sin ð + sing@-1=0 








1] 2 1 = : " : X 
(2 sin 8 — I) (sin 8 + D —0 From the triangle, we find that sin u = ———-——. so the 
2sn8—1—0 or sind+1=0 Dt 
: x 
equation x = sin(tan ' x) becomes x = —————-. Solve 


sin Q = OT sin Q = —1 


VI+ x 


n | — 


this equation. 
Over the interval [0°, 360°). the equation sin 0 = - has 


X 
two solutions, 30° and 150°. Over the same interval. the X — OTe 


equation sin 0 = — 1 has one solution. 270°. 


Solution set: {30°, 150°. 270°} 





xvi +x =x Multiply by VI +2 


6.4 Exercises (page 265) 
15. y = cos(x + 3) 








v=0 or VI +x —1=0 Zero-factor property 


MV l 4 x? = ] Isolate the radical. 


X + 3 = arccos v 


e= 33 P BECCÓS Y 
V3 |* x -—1 Square both sides. 
33. arccos x + 2 arcsin Dn — T su 
x —0 


arccos x = 7 — 2 arcsin — 


arccos x = 7 — (2j arcsin ^5 
i CHAPTER7 APPLICATIONS OF 
27 TRIGONOMETRY AND VECTORS 


arccos v — To 


Solution set: {0} 





7.1 Exercises (page 282) 
qT s : s i 
arccos x = — 31. We cannot find 0 directly because the length of the side 
opposite angle 0 is not given. Redraw the triangle shown 
in the figure and label the third angle as o. 


] 
Solution set: 1+} 23 


T 
37. cos! x + tan ! xy = — 6 
2 
-| T —i 
COS x= = — tan X 1.6 

E 3.6 

TT _ 
X= cos( T — tan a) 

" sin a sin 38° Alternative form of the 


Ye | * OS | SS Ss 5.3 
Definition of cos ‘x 164-27 16+ 3.6. law of sines 











T 
VEM TENE at . . 
y= cüs ^ cos(tan ' X) sino — sin 38° 
4.3 5.2 
uec eii (tan | x) 
a M i , 4.3 sin 38° 
Be sin @ = ——— = 50910468 

Cosine difference identity 2.2 
x—0-cos(tan i ) + 1- sin(tan ! x) a = 31° 

cos 5 = 0: sin? = 1 Then 0 = 180° — 38° — 31° 


x = sin(tan ! x) 0 = 111°. 





S-12 Solutions to Selected Exercises 


l _ 41. To find the area of the triangle, use 4 = + bh, with 
T ^ b-landh- V2. 


1 v2 
xt = —(1) (V2) = — 
2 2 
Now use 4 = lab sin C, with a — 2, b — 1, and 
C = 45°. 
1 va 
A= 5 2) (1) sin 45° = sin 45° = = 


Both formulas show that the area is - 


E 7.2 Exercises (page 291) 








sin B |. SinA Alternative form of the law 
b a of sines 


sin B | sin 60? Substitute values from the 











à V6 figure. 
2 sin 60° | 
sin B = ———— Multiply by 2. 
v6 ply by 
v3 di 
2°72 l V3 
sin B = sin 60° = => 
V6 2 
V3 1 yi 
sin B = —= = — = — 
V6 2 2 
B = 45° sin 45° = X? 


There is another angle between 0° and 180° whose sine 
is y2. 180° — 45° = 135°. However, this is too large 
because A = 60° and 60° + 135° = 195° > 180°, so 

nd there is only one solution, B = 45°. 

— 19. A= 142.135, b = 5.432 ft, a = 7.297 ft 





sin B E sinA Alternative form of the 
C- af law of sines 
b sin A 

sin B — 


| 5.432 sin 142.13? 


sin B — 32089 — Substitute given values. 
sin B = .45697580 
B 21.19? Use the inverse sine 


function. 


Because angle A is obtuse, angle B must be acute, so this 
is the only possible value for B and there is one triangle 
with the given measurements. 


C = 180° —A— B Sum of the angles of any 
triangle is 180°. 
120" — 142-13° — 27.19° 
C = 10.68? 
Thus, B = 27.19? and C = 10.68°. 


7.3 Exercises (page 298) 
21. C= 45.6°, b = 8.94 m, a = 7.23 m 
First find c. 
c^? = @ + b —2abcosC Law of cosines 
c? = 7.23 + 894? — 2(7.23)(8.94) cos 45.6? 
Substitute given values. 
c? = 41.7493 
€ = 6.46 
Find A next since angle A is smaller than angle B 
(because a < b), and thus angle A must be acute. 


sinA — sinC Alternative form of the 
x law of sines 








a C 

"Y asin C 

ini 7.23 sin 45.6? 
sin A = —————— 
6.46 
sin A = .79963428 
A = 53.1? 

Finally, find B. 


B = 180°- C— A 
= 180° — 45.6° — 53.1° 
B = 81.3° 
Thus, c = 6.46 m, A = 53.1°, and B = 81.3°. 
41. Find AC, or b, in this figure. 





A 450 km B 


Angle 1 = 180? — 128? 40' = 51° 20' 
Angles 1 and 2 are alternate interior angles formed when 
two parallel lines (the north lines) are cut by a transver- 
sal, line BC, so angle 2 = angle 1 = 51? 20’. 
angle ABC = 90? — angle 2 = 90? — 51° 20' = 38? 40' 
Complementary angles 
b^ = a^ + c? — 2accos B 
Law of cosines 
b? — 359? 4- 450? — 2(359) (450) cos 38? 40' 
Substitute values from the figure. 
b^ = 79,106 
b = 281 
C is about 281 km from A. 


7.4 Exercises (page 312) 
19. Use the figure to find the components of a and b: 
a — (—8,8) and b — (4,8). 


(a) a + b = (—8,8) + (4,8) = {—8 + 4,8 + 8) = (—4,16) 


(b) a — b = (—8, 8) — (4,8) = (—8 — 4,8 — 8) 
= (—12,0) 
(c) —a = —(-8,8) = (8, —8) 
47. v = (a, b) = (5 cos(—35?), 5 sin(—35?)) ~ (4.0958, —2.8679) 
81. First write the given vectors in component form. 
3i + 4j = (3,45 j^ (01) 
c 9 = 14) 0.0 
IG. 4| KO, 1) 
= 3(0) + 4(1) 
— V9 16: VO 1 
4 zi 
= Sh | = 5 = 8 


0 = cos ! .8 =~ 36.87? 


7.5 Exercises (page 318) 

5. Use the parallelogram rule. In 
the figure, x represents the 
second force and v is the 
resultant. 


a = 180? — 78? 50' = 101° 10’ 








B = 78° 50' — 41° 10’ = 37° 40 ae 
176 Ib 
Ix] | 176 ae 
sin 41°10’ sin 37° 40’ sines 
176 sin 41° 10’ 
——— — = 190 
Ix] = in 375 40 
|v] 176 
SS melt: f A 
sin « sin 37° 40’ Law of sines 
176 sin 101° 10° 
————— = 28 
Iv] = in 375 40 3 


Thus, the magnitude of the second force is about 190 Ib and 
the magnitude of the resultant is about 283 Ib. 


27. Let v represent the posnit vector. 


400 mi N 
h. 

25h — 160 mp 

angle BAC — 328? — 180? — 148? 


|v |? = 11? + 160? — 2(11) (160) cos 148° 
Law of cosines v 


The groundspeed is ——— 


328? 
|v P = 28,706 
|v| = 170 

The airspeed must be approximately 170 mph. 


Solutions to Selected Exercises S-13 
sin B sin 148? 
11 170 


11 sin 148? 
170 


B = 2° 
The bearing must be approximately 360° — 2° = 358°. 








Law of sines 


sin B = = (034289 


CHAPTER 8 COMPLEX NUMBERS, POLAR 
EQUATIONS, AND PARAMETRIC EQUATIONS 
8.1 Exercises (page 338) 
55. —i — 2 — (6 — 4i) — (5 — 2i) 

—14-2 9-2 +1 =e} 

= 445 r3 
73. (2 + (2 — D) (4 + 3i) 

= [(2 + i)(2 — i)](4 + 3i) Associative property 


= (2? — i?) (4 + 3i) Product of the sum and 


difference of two terms 
=[4-(-)]4+3) P--1 
= 5(4 + 3i) 


= 20+ 15i Distributive property 


eË = (ity - P-—1(-i--i 
v2 ve v na v2 v2. (V2 
101. "-— = [S = B Zu jj 


2 
im of a binomial 
2 2 2 
= — + e. —i + jf? 
57.49 
] "aT 
€ ti 
2 2 
l 1 
=—+i+—(- ? = —] 
at zt m 2 
Lag l 
= I — => 
2 2 
=4 
5 
Thus, V? + -7 lisa square root of i. 


8.2 Exercises (page 345) 
29. 3cis 150? = 3(cos 150° + i sin 150°) 


/ N8 L 1 cos 150? — -Xà. 
a 2 2 sin 150° = 5 
3V3 3 
= P + E Rectangular form 








S-14 Solutions to Selected Exercises 


45. —5— Si 
Sketch the graph of —5 — 5i in the complex plane. 





Since x = —5 and y = —5, 
= Vi? + y? = NV(-5y + (-5P = V50 = 5V2 


and 


Since tan 6 = 1, the reference angle for 0 is 45°. The 
graph shows that 0 is in quadrant III, so 0 = 180° + 
45° = 225°. Therefore, 


—5 — 5i = 5V2 (cos 225? + i sin 225°). 


8.3 Exercises (page 350) 
7. [4(cos 60° + i sin 60°)][6(cos 330° + i sin 330°)] 
= 4 * 6[cos(60? + 330°) + i sin(60? + 330°)] 
Product theorem 
= 24(cos 390° + isin 390°) Multiply and add. 
= 24(cos 30° + i sin 30°) 390° and 30° are 
coterminal angles. 
= aS Ti 4 cos 30° = yi. sin 30° = i 
= 12V3 + 12i 
= 
EF 
Numerator: —i = 0 — li 
= VĚ + (-1% = 1 
0 = 270° since cos 270° = 0 and sin 270° = —1, so 
—i = 1 cis 270°. 
Denominator: 1 +i=1+1i 
=y ia Pi 


ptt es Ecce 
X ] 


Since x and y are both positive, ĝis in quadrant I, so 
0 = tan! 1 = 45°. Thus, 1 + i = V2 cis 45°. 
=} 1 cis 270° 
|-i V2cis 45° 





M 21. 





p — 45?) Quotient theorem 


s PT 


—— "gis 225^ 


ls e 


2 


-— (cos 225? + i sin 225?) 


( ya A cos 225° = — X2. 
sin 225° = E. 


i Rectangular form 


8.4 Exercises (page 356) 
11. (-2 — 2i 
First write —2 — 2i in trigonometric form. 


= V(-2y + (-2y = V8 = 2V2 


Because x and y are both negative, @ is in quadrant III, so 
0 = 225°. 


—2 — 2i = 2V/2 (cos 225° + i sin 225°) 
(—2 — 2i = [2V2 (cos 225° + isin 225°) | 
= (22) [cos(5 32259 + vise - 22577] 
De Moivre's theorem 
= 32 - 4V2 (cos 1125? + isin 1125?) 
= 128 V2 (cos 1125? + i sin 1125?) 


= 128 V2 (cos 45° + i sin 45°) 
1125? and 45? are coterminal. 


v2 EJ 
2 
cos 45° = X2. sin 45° = X2 
= 128 + 128i Rectangular form 
41. x! — (4 + 4iV3) =0 
P —4-4iv3 
— er VI6 +48 = VA =8 
"ee 


0 is in quadrant I, so 0 = 60°. 


1282 (M 





xi —4- 4i v3 
V3 
= Ti— 
x (4 i 7 
r'(cos 3a + i sin 3a) = 8(cos 60° + i sin 60°) 
r=, r= 2, 
60° 360°-k 
a= = + 3 ^ kany integer nth root theorem 


a = 20? + 120? - k, k any integer 
If k = 0, then a = 20? + 0? = 20°. 
If A = 1, then a = 20° + 120° = 140°. 
If k = 2, then a = 20° + 240° = 260°. 


Solution set: {2(cos 20° + i sin 20°), 
2(cos 140° + i sin 140°), 2(cos 260° + i sin 260°)} 


8.5 Exercises (page 367) 

53. r —2sin 6 
r- = 2rsin@ Multiply by r. 
y 35e Op r 


Yr eremi) 


x+y rsiné@=y 
Subtract 2y. 

x t+ y a ore i= | Add | to complete the 
square on v. 

Factor the perfect square 
trinomial. 


The graph is a circle with center (0, 1) and radius 1. 





y 
2 
X 
9 i 
r=2Zsiné@ 
x!«(y-13 -1 
59. r = 2 sec 0 
2 
p= Reciprocal identity 
cos @ 
rcos 6 = 2 Multiply by cos 0. 
x= 2 rcos 0 = 4 


The graph is the vertical line through (2, 0). 





r=2sec@ 
x22 


8.6 Exercises (page 376) 


9. x= +], y=f — 1. fortrin(—9) 












¥ 
(a) r= p +1 
yor-1 4 
for f in (~=, c) 
X 
(b) 





Subtract equations to eliminate / 


y=.x-—2 Solve for y. 


The rectangular equation is v = x — 2, for x in (—%, «). 


The graph is a line with slope 1 and v-intercept —2. 


Solutions to Selected Exercises $-1* 


13. x= Stang, v= 2secr. forfind|—-—.— 











x =3tant 
y=Zsecf 


à 7 dT 
for rin (-5- z) 


X 
(b) x= i = tan f. 


Y 
y = 2sect, so T ocseet. 


p 


| + tan t = sec” t Pythagorean identity 
x vY Substitute expressions for 
+{—]=[(= 
2 2 tan / and sec /. 
[pee 
v= Multiply by 4. 
Use the positive square root 
y= because y > O in the given 





interval for f. 
y 


EX X l 
The rectangular equation is v — 24/1 + 9° for x in 





(—~x, 2c). The graph is the upper half of a hyperbola. 


5-16 Solutions to Selected Exercises 


CHAPTER 9 EXPONENTIAL AND 
LOGARITHMIC FUNCTIONS 


J.1 Exercises (page 399) 


T. ga) = (+) 
1 A-2 
g(-2) = (+) — 4 — 16 


Y-F 


(e !)*—(e^?y" Definition of negative exponent 


e = eet) ( a"y = g™ 
eei Distributive property 
x= —2x —2 Property (b) 
3x = —2 Add 2x. 
2 s 
x—-— 7 Divide by 3. 


2 
Solution set: f- a 


m 2)" = 
(2!2y** = (22) Definition of a'*; write both sides as 
powers of a common base. 


202)64) -— 22 ( c ?) 


2075*? = 2% Distributive property 
l 
z +2=2x Property (b) 
3 
2 = rk Subtract ix. 


4 
rw Multiply by s. 


f 4 
Solution set: B 


1 
9. — = b” 
5 27 b 
33 = p33 
b=3 


Solution set: {3} 
Alternate solution: 


l 

7 

bad 

xp 

27 = b° 
- v 

b= 


Solution set: {3} 


9.2 Exercises (page 410) 
23. log, 25 = —2 


x 4=25 Write in exponential form. 
(x ?)'7 = 257? Raise both sides to the same power. 
1 
* 254 
1 
px 


] 
Solution set: H 


2 l 
67. —3 log m) + 5 legsQ5m) 


= logs(5m?) ?? + log;(25m) Power property 


= logs4[(5n2?) ?? - (25m?)'?] Product property 
= logs(5 ?^m ^? - 5m) Properties of 
exponents 


= logs(5 ?? - 5! - m ^? - m!) 


= logs «4 19) a" > a” = a 


513 5 
= logs; or logs g= 


73. logioV 30 = logi 30'” Definition of a 


Vn 
l 

— F3 log;o 30 Power property 
l 

= El log jo(10 $ 3) 


l 
—- (logio 10 + log 3) Product property 


] 
= z (1 + .4771) log, a = 1; Substitute. 


— 
= 


> (1.4771) = .7386 
9.3 Exercises (page 421) 


In 12 
39. lo 12 = ——  Change-of-base theorem 
ned In V13 " 








In 12 
= n: jj Definition of a” 
ln 12 p i 
= wer proper 
we 


= 1.0376 Use a calculator; round answer to 
four decimal places. 


The required logarithm can also be found by entering 
In V 13 into the calculator directly: 


lo 12 wh Change-of-base theore 
1512 = e-of- m 
d In V 13 s 





= 1.0376 Use a calculator; round answer to 
four decimal places. 


Solutions to Selected Exercises S-17 | 








83. log(x + 25) = 1 + log(2x — 7) 95, log x^ = (log x) 
log(x + 25) — log(2x — 7) = 1 2 log x = (log x Power property 
x 25 (logx —21logx —0 Subtract 2 log x; rewrite. 
og = 1 Quotient property 
24 = 7 log x(log x — 2) = 0 Factor. 
EEO log x = 0 or logx -2—0 
Apc —— í Zero-factor property 
Write in exponential 
ke log x = 2 
form; log x = log, x. 
en 19° — 1792 
x +25 = 10(2x — 7) eal om UT | T 
Multiply by 2x — 7. rite in exponential form. 
x +25 = 20x — 70 y=] of x = 100 
Distributive property Both solutions check. 
95 = 19x Solution set: (1. 100} 


Add 70; subtract x. 
5 — x Divide by 19. 
Solution set: {5} 
93. log.(log; x) = 1 
log-.x = 2' Write in exponential form. 
x = 2° Write in exponential form. 
x=4 Evaluate. 


Solution set: {4} 





Answers to Selected Exercises 


To The Student 
In this section we provide the answers that we think most students will obtain when they work the exercises using the methods ex- 
plained in the text. If your answer does not look exactly like the one given here, it is not necessarily wrong. In many cases there are 
equivalent forms of the answer. For example, if the answer section shows 4 and your answer is .75, you have obtained the correct 
answer but written it in a different (yet equivalent) form. Unless the directions specify otherwise, .75 is just as valid an answer as i. 
In general, if your answer does not agree with the one given in the text, see whether it can be transformed into the other form. If it 
can, then it is the correct answer. If you still have doubts, talk with your instructor. 

If you need further help with trigonometry, you may want to obtain a copy of the Student's Solution Manual that goes with this 
book. Your college bookstore either has this manual or can order it for you. 


CHAPTER1 TRIGONOMETRIC FUNCTIONS 

1.1 Exercises (page 6) 

3. 45* 5. (a) 60° (b) 150? 7. (a) 45° (b) 135° 9. (a) 36° (b) 126° 11. 150° 13. 70°; 110° IS. 357? 33" 
17. 80°; 100° 19. (90 — xy 21. (x — 360» 23. 83° 59' 25. 23° 49' 27. 38" 32" 29. 17° 1' 49" 

31. 20.900" 33. 91.598" 35. 274.316" 3n 31? 25’ 47" 39. 89° 54’ 1” 41. 178° 35’ 58" 45. 320° 

47. 235° 49. 179° 51. 130° 58. 30° + n - 360° 5E. 135° + m- 360° 57. —90" + n - 360° 

Angles other than those given are possible in Exercises 61-67. 





61. y 65. j 67. y 
75° 300° 
x x 
0 0 —61° 
435°; -285°; 534°; -186°; 660°; —605; 299°; —421°; 
quadrant I quadrant Il quadrant 1V quadrant 1V 
3 
69. 3/2 71. V34 73. 4 y 75. — 77. 1800? 
' 4 
(-2, 243) 
_2 0 * 





79. 12.5 rotations per hr 81. 4 sec 


1.2 Exercises (page 14) 
1. vertical angles a 21357. 5. 50°; 60°; 70? 7. 60°; 60°; 60? 9, 65°; 115? 11. 49°; 49? 13. 48°; 132? 


15. 91? IN. .2*» 29" 19. 25.4? 23. Answers are given in numerical order: 55°; 65°; 60°; 65°; 60°; 120°; 60°; 60°; 55°; 
55° 25. right; scalene 27. acute; equilateral 29. right; scalene 31. right; isosceles 33. obtuse; scalene 

35. acute; isosceles 41. A and P; B and Q; C and R; AC and PR; BC and QR; AB and PQ 43. A and C; E and D; ABE and 
CBD; EB and DB; AB and CB; AE and CD 45. Q = 42°; B = R = 48° 47. B = 106°; A = M = 44° 


49. X = M = 52° 51. a = 20; b = 15 53. a = 6; b = 7 55. x — 6 57. 30m 59. 500 m; 700 m 

61. 112.5 ft 63. x — 110 65, c = 111.1 67. The unknown side in the first quadrilateral is 40 cm; The unknown sides 
] 

in the second quadrilateral are 27 cm and 36 cm. 69. x= 10; y ^2 71. (a) about a (b) about 30 arc degrees 


73. (a) about 1,830,000 mi (b) yes 








A-2 Answers to Selected Exercises 


1.3 Exercises (page 24) 





In Exercises 5-11 and 25-31, we give, in order, sine, cosine, tangent, cotangent, secant, and cosecant. 


5, i -=; — -— -2,2 7. 1; 0; undefined; 0; undefined; 1 0 — e E 3: — ¥. 223 
11. 0; —1; 0; undefined; —1; undefined 15. 0 17. negative 19. negative 21. Eu 23. positive 
XB WS dau WA Te og wE UBER ao ias EP 
BU X. Y ^ 9 c1,m 3T = 7 i 





6 
-6x -y = 0x S0 


4v65 7V65 4 


E. MP SE. 
4 


=; E 1:5; X^ : S — 
65 : 65 ^7 31. 1; 0; undefined; 0; undefined; 1 3. —3 


38. —3 32. 5 39. 1 £i -—1 43. 0 45. 0 47. They are equal. 49. They are negatives of each other. 
Si, 45°; 225° 53. 0 = 143.13? or 0 = 216.87? (Other answers are possible.) 55. about .940; about .342 59 35° 


|. 89, decrease; increase 61. area = 3x? sin 0 
1.4 Exercises (page 33) 
I V I5 l 
1. 1; 8 = 90? Ss. —4 5. 3 Ti Ta 9. .70069071 15. U$ 17. 2V6 19. 2.5 2L 2? j^ € 
EE ond oO orl 3L Hoa D M — 3n: —3»& ——-— — i 130 


WR TR 





‘a 43. sec 33° 45. cos 26° 47. impossible 49. possible 51. possible 53. possible 55. —2V2 


57, - 59. E 61. 3.44701905 63. yes 


In Exercises 65—71, we give, in order, sine, cosine, tangent, cotangent, secant, and cosecant. 


65, D, 8, 15, 8, 17.17. gg V5.2VII V55 2V55 IVI 7VS — V, 8V67, V201 8V3 V3 V201, 
7 if TT s g'o UN CO. a A E 2 "GU ^— WV 2 €" 3^ 


IL 71. .164215; —.986425; —.166475; —6.00691; —1.01376; 6.08958 75. false; sin 0 1 for all 0. 


5 
77. (a) 13 prism diopters (b) tan 0 — 12 Tf + 81. — 


Chapter 1 Review Exercises (page 39) 
1. complement: 55?; supplement: 145? 3. 186? 5. 270° + n SP 7. 9360? 9. 119.134? 11-750 F 


13. 40°; 60°; 80° 15. .25 km 17. N = 12°; R = 82°; M = 86° 19. p=7;q=7 21. k= 14 23. 12 ft 


In Exercises 25—31, we give, in order, sine, cosine, tangent, cotangent, secant, and cosecant. 


| 4 1 

iE i uu TEL FAV au qUE V 3 8 B QE m. D SW Ws 
272 3 3 35 5 «3 4 3 4 17 17 8 15 B 15 
LIV V3 2V3 

31. “> rE "m i =2 33. tangent and secant 


Answers to Selected Exercises A-3 


34. 90 39. (a) impossible (b) possible (c) possible 


9, 5V39 8 gva39 20VS V5 l V5 
"or m 43. pee — 
39? 5 39 5 5 2 2 

















45 NRI M M EC 49. : imately 9500 f 
SS 1 3^4 3 . approximately t 
Chapter 1 Test (page 42) 
5V V 
1. 74.2983? 2. 203? 3. 2700? 4. x = 30°; y = 30? 5. 40 yd 6. sin 0 = E cos 0 = EM 
i 29 29 
t pae 7. Ul 8. si — RN. t0— ay T 0 = 2 10 + (b 
an 5 i . sin ĝ = z> tan = "E = 3 SEC = ese 773 . (a) (b) 
l | 
IL = or. 12. a tyesc o= | 
10 tan " sin 0. 
CHAPTER2 ACUTE ANGLES AND RIGHT TRIANGLES 
2.1 Exercises (page 51) 
In Exercises 1 and 3, we give, in order, sine, cosine, and tangent. 
21 20 21 ( 
jc o 45 d we SUE 
29 20 20 ppm 
In Exercises 11 and 13, we give, in order, the unknown side, sine, ~ tangent, E secant, and cosecant. 
CEN NM MEME Vis. 6 V13 6v13 7 TV 
Illes D SS 13. b= Ri NU M LE MN AT 
159. 13 5-12 5 12 7 7 6 13 6 > 


15. sin A = cos(90° — A); cos A = sin(90? — A); tan A = cot(90? — A); cot A = tan(90° — A); sec A = esc(90? — A); 
csc A = sec(90° — A) 17. csc 51° 19. tan(100? — 8) 21. cos 51.3? 23. 40? 25. 20* 27. 127 


V3 2 V2 
29. true 31. false 33. true 35, — 3T. 39. 2V3 41. V2 43. = 


3 5 3 2 


45. 46. 47. the legs; (2V2,2V2) 48. (1V3) 49. sinx;tanx 51. 60° 





V3 








53. 55.y=— x 57. 60? 59. (a) 60° (b) k (c) KV3 (d) 2: V3; 30°: 60° 
| 3vV3 > 
61. SW =3V3 63 p= ISir— I5VÀ.q = 5V6: t = 10V6 65. A= 
2.2 Exercises (page 59) 
2 2 | 
LC 32A 5D 1k V2 VÀ Vava I ec 3. = 15. —; — V3; NS 


17. V3; — 


In Exercises 19—33, we give, in order, sine, cosine, tangent, cotangent, secant, and cosecant. 


3 1 3 : 3 
De eed dry a. S is X3, 2 23, V3. X à S) INS 


— ee tO oF) 








A-4 Answers to Selected Exercises 


i v3 v9 2V3 Xe v 1 v3 V3 2N/3 
25. =- —3 77 B —! —2 zy X. = I:slà We. — 29. 3" on | 3^7 —-V3: Ex 2 
31. PL Se Mu ,.2V3. —2 33. E B RA 3i ag 2 38. — v3 37. v3 39. true 
2 2 3 3 2 2 3 * g 


1 
4l. false; 7€ V3 — 43. tue 45. (-3V3,3) 47. no 49. positive ^ 51. positive 53. negative 57. .9 


B9. 45*; 225" 61. 30°; 150° 63. 120°; 300° 65. 45°; 315° 


2.3 Exercises (page 64) 
1. sin; 1 3. reciprocal; reciprocal 5. .6252427 7. 1.0273488 A 15055723 11. 1.4887142 13. .6743024 


15. .9999905 17. .4327386 19. .2308682 21. .0825664 23. 55.845496° 25. 16.166641° 


| 27. 38491580? 29. 68.673241? 33. .3746065934 35. —1 37. y— 41. Talse — 43 tme — 45. false 





47. false 49. 65.96 lb EL 87 53. 2.866? 55. (a) 703 ft (b) 1701 ft (c) R would decrease. 644 ft, 1559 ft 


Cr 57. (a) 2 X 105 m per sec (b) 2 X 108 m per sec 59. 48.7 . 61. (a) approximately 155 ft (b) approximately 194 ft 


Connections (page 72) 


qe Steps | and 2 compare to his second step. The first part of Step 3 (solving the equation) compares to his third step, and the last 


Te i part of Step 3 (checking) compares to his fourth step. 


1 * 3 2.4 Exercises (page 72) 
© 1. 20,385.5 to 20,386.5 3. 8958.5 to 8959.5 7..05 9. B= 53°40'; a = 571 m; b = 777m 11. M = 38.8°; 


n = 154 m; p = 198 m 13. A = 47.9108°; c = 84.816 cm; a = 62.942 cm 19. B = 62.00°; a = 8.17 ft; b = 15.4 ft 


| 21. A = 17.00°; a = 39.1 in.; c = 134 in. 23. c = 85.9 yd; A = 62? 50'; B = 27° 10' 25. b = 42.3 cm; A = 24° 105; 


B = 65° 50' 27. B = 36° 36'; a = 310.8 ft; b = 230.8 ft 29. A = 50°51’; a = .4832 m; b = .3934 m 
31. The angle of elevation from X to Y is 90? whenever Y is directly above X. 35. 9.35 37. 128 ft 39. 26.92 in. 
41. 22? 43. 28.0 m 45. 13.3 ft 47. 146m 49. (a) 29,008 ft (b) shorter 


2.5 Exercises (page 81) 


* = 1. It should be shown as an angle measured clockwise from due north. 3. A sketch is important to show the relationships 


p among the given data and the unknowns. 5. 270°; N 90? W or S 90° W 7. 315°: N 45° W 9, y — LM x=0 


b 
11. 220 mi 13. 47 nautical mi 15. 120 mi 17. 148 mi Dp. i= Y 21. y = (tan 35°) (x — 25) 
=g 


B 


Due b 
(9. 23.433ft  25.ll4ft — 27. 518m 29. (a) d = (oot $ s cot e» 345.3951em — 94. Wen 


denm a 
ue 33. (a) 323 ft (b) i — cos 2 35. (a) 23.4 ft (b) 48.3 ft (c) The faster the speed, the more land needs to be cleared 





inside the curve. 


Chapter 2 Review Exercises (page 88) 
In Exercises 1, 13, and 15, we give, in order, sine, cosine, tangent, cotangent, secant, and cosecant. 


60 11 60 11 61 61 S . "i a W3 2V3 
lU 61 11 i n 8. 19 5, 7 7. true 9, true 13. - M - 3; 3^2 3 
1 V3 = 3 
15. A m —WM/4; ——. 2 17. 120°; 240°  19.150*5210  21.3— m 
EN 23. (a) X EO 1 (b) E jy: V3 25. 13563417 — 27. 10210339 29. 20834446 31. 55.673870" 


—' 33. 12.733038? 35. 63.008286" 37. 47.1°: 132.9? 39. false; 1.408832] 1 — 4L. tue 45. II 


Answers to Selected Exercises A-5 


47. B = 31? 30; a = 638; b = 391 49. B = 50.28°; a = 32.38 m; c = 50.66 m SI, 73.2 53. 18.75 cm 
55. 1200 m 57. 140 mi 61. (a) 716 mi (b) 1104 mi 


Chapter 2 Test (page 91) 
13 13 


12 5 12 5 
l. sin A = 7: Cos A = ci tan A = i cot A = 77: sec A = esc A = 7 à eS Ay SAV 4v we 


3s 1> 4. 16.16664145* 50195225 6. Take the reciprocal of tan 6 to get cot 0 = .5960011896. 7. (a) true 
(b) false: For 0? = 0 = 90°, cosine is decreasing. (c) true 8. — V3 9. (a) .97939940 (b) —1.9056082 (c) 1.9362132 
10. B = 31° 30'; c = 877; b = 458 11. 67.i? or 67? 10’ 12. 15.5 ft 13. 92 km 14. 448 m 


CHAPTER 3 RADIAN MEASURE AND CIRCULAR FUNCTIONS 


3.1 Exercises (page 97) 





T T 5T ST Sa 
. 3. 3 S. — 7. — 9, — 11. — 13. — 21. 60? 319" 25. 330° . —30? 
1. 1 5 3 5 6 3 3 > 60 23 5 0 27 30 
29, 126° 31. 48° 33. 153° 35. .68 37. .742 39. 2.43 41. 1.122 43. .9847 45. .832391 
V3 2V3 
47. 114°35' 49. 99°42'  51.19?35' 53. 287°6 57. E 59.1 — 61. — 63.1 65. —V3 
| V3 l , , 
67. E 69. —1 71. S 73. ae 75. We begin the answers with the blank next to 30°, and then proceed 
IT 7m 37 TT lla 20 

lock f th —: 45. —; 120: 135; — ——; — 5; 240; 300; —; —. 71. 4T (b) — 

counterclockwise from there: 7 3 5 Dm ay ie (a) 47 (b) 3 


BT 
79. (a) 5« (b) r1 


Connections (page 102) 
Answers will vary. The longitude at Greenwich is 0°, 


3.2 Exercises (page 103) 
ly. 27 3. 8 5. | 7. 25.8 em 9. 5.05 m 11. The length is doubled. 13. 3500 km 15. 5900 km 
17. 44° N 19. (a) 11.6 in. (b) 37^ 5' 21... 38.5" 23. 146 in. 25. 20 km 27. Or 29. 1.5 


; e .3 1^2 
3l. 1116.1 m 33. 706.9 ft 35. 114.0 cm 37. 1885.0 mr 39. 3.6 41. (a) re vs (b) 480 ft 


160 g m 23 j : : 
(C) E =~ 17.8 ft (d) approximately 672 ft^ 43. (a) 140 ft (b) 102 ft (c) 622 ft- 45. 1900 yd- 47. radius: 3947 mi; 


: L 0 0 - L 0 
circumference: 24.800 mi 49. r= 7 50. h—rcos 5 51. d= r| | — cos E 82. d — 8 ] — cos EI 


A 


E! 


rh, . 
53. The area is quadrupled. 55. V= rz (0 in radians) 


Connections (page 113) 


y , X AB AB y m 
LoS y= T = sin 0; OQ = x = rus cos 0: AB = um A0 = — = tan @ (by similar triangles) 
X 





3.3 Exercises (page 113) 
l 
1. (a) 1 (b) 0 (c) undefined 3. (a) O (b) 1 (c) 0 5. (a) O (b) -1 (c0 7. —— 9, —] 11. —2 13. —— 


2 2 
2 B V3 
15. n 17. = 49. — — 21 > 23.5736 25. 4068 — 27. 1.2065 29. 14.3338 


3l. —1.0460 33. —3.8665 35. .7 37. 4 39. negative 41. negative 43. positive 





; A-6 Answers to Selected Exercises 


M P v2 
uu 45. sin 9 =~; cos 9 = Y2, tan 6 = l; cot 0 = 1; sec 8 = V2; csc 8 = V2 


2 
| 12 5 12 5 13 13 
"m deus. ^ — i a seS 7 . 144 88. . 
47. sin 0 13; 008 0 13° tan 8 5 cot 6 rz? See 8 5 ese 8 12 49. .2095 51. 1.4426 3. .3887 
5 4 
ag, = 57, = 59, E 61. (—.8011,.5985) 63. (4385, —.8987) 65.1 67.11 69. 9846 


71. 8.6 hr; 15.4 hr 73. (a) 30° (b) 60° (e) 75? (d) 86? (e) 86° (f) 60° 


3.4 Exercises (page 119) 


5 3 6 
1. 24r sec 3. (a) E radians (b) 107r cm (c) a cm per sec 5. 27 radians il. = radian per sec 9, * min 


em E 9 
.. 1M. .180311 radian per sec 13. 84r m per sec 15. 5 radians per sec 17. 1.83333 radians per sec 19. 187 cm 


3 
zi. 12 aee 23. = radian per sec 25. u radian per hr 27. = radian per min 29. z cm per min 


2 
31. 1687 m per min 33. 1500mm per min 35. 15.5 mph 37. (a) ics radian (b) sc radian per hr (c) 66,700 mph 
39. (a) .24 radian per sec (b) 3.11 cm per sec 41. 3.73 cm 43. 523.6 radians per sec 
Chapter 3 Review Exercises (page 124) 
40 
3. Three of many possible answers are 1 + 277, 1 + 47r, and 1 + 67. & P. 7. Da 9. A M. 225° 


13. 480? 15. — 110° 17. vin. 19. 127 in. 21. 35.8 cm 23. 7.683 cm 25. 273 nY 27. 4500 km 


3 | 
29. 7; 1.5squnits — 31. (a) = radians (b 2rin. 33. V3 35. — 375.2 39 unl 4L sin2 





43. .8660 45. .9703 47. 1.9513 49. .3898 51. .5148 53. 1.1054 55. " 57. E 59, = sec 
o ea T . T , , TT 
61. 20 radian per sec 63. 285.3 cm 65. 36 radian per sec 67. (b) * (c) less ultraviolet light when 0 — 4 
Wem Chapter 3 Test (page 128) 
ANM 2 
ml T 2. x3 3. .09 4. 135° 5. —210° 6. 229.18? 7. (a) = (b) 15,000 cm? 8. 2 radians 
po r v2 V3 l 7 3 
ER 9, 4 10. CR 11. undefined 3E. 2 13. 0 14. 0 15. sin = uu edi or — S 
In V3 2 
tan — = -— 16. fs | s Æ (2n + Np where n is any integer} 17. (a) .9716 (b) - 18. (a) A radians 


2 
(b) 407 cm (c) 57 cm per sec 19. approximately 8.278 mi per sec 20. (a) 75 ft (b) = radian per sec 


CHAPTER 4 GRAPHS OF THE CIRCULAR FUNCTIONS 


Connections (page 141) 
1. X = —.4161468, Y = .90929743; X is cos 2 and Y is sin2. 2. X = 1.9, Y = .94630009; sin 1.9 = .94630009 


3. X = 1.9, Y = —.3232896; cos 1.9 = —.3232896 


Answers to Selected Exercises A-7 


4.1 Exercises (page 141) 


l. G D. E Sd 





| 
35. (a) about 2 hr (b) | yr 37. (a) 5: 60 (b) 60 (c) 5: 1.545: —4.045: —4.045; 1.545 


7 1l 
jy see 


5 9 u 3 
ESTEE minimiunms:.x = —, 
4° 4 j 


| | 
39. (A) Lix) 2.02233 55r 316. D) maximums: x = y. 


+ 3.5 sin 2x 





E = 5 cos 1201 


435 





41. (a) 1° (b) 19° (c) 53° (d) 58° (e) 49" (f) 13° 43. 24 hr 45. approximately 6:00 P.M.; approximately .2 ft 


. +r 
47. approximately 2:00 A.M.; approximately 2.6 f 49. 1: 240° or pi 


4.2 Exercises (page 152) 
l. D 3. H 5. B 7. F 9. B t1. C 13. right 15. 2; 277: none: 7 to the right 17. 4; 47: none: 7 to 
2T 





the left 19. 3: 4; none: 
2 3 





l . T l 
to the right 21. Io Up 2: p to the right 23; 





yz-3A-r2sinx 







m T 

















A-8 Answers to Selected Exercises 


yz2-1-2cos 5x 





y=-3+2sin (x+ 2) 


(b) It represents the average yearly temperature. 





(c) 14; 12; 42. (d) f(x) = 14 sin c — 42) | + 50 


(e) The function gives an excellent model for the given data. 


fio = 14 sin| £x : 42) +50 JO NOE 








EGO D fu ir 
IE UO OH M 


BF ce 
Oh IIL ¥ 





TI-83 Plus fixed to the 
nearest hundredth 


4.3 Exercises (page 165) 
1. B 3. E 5. D 











y=1- tere ( - 32) 





y= cot Ax 





me 4 
y= 5 cot dx 


y =tan (2x - m) 


Answers to Selected Exercises A-9 





yzl-cotx y 5 -L +} cot 2x - 3m) 


47. true 49. true 5]. false: tan(—x) = —tan x for all x in the domain. 53. four 


55. domain: 4 x|x # (2n + I where n is an integer ¢; range: ( —26, 2) 








y 21-2cot 2(r+%) 


57. (a) 0 m (b) -29 m (c) —12.3 m (d) 12.3 m (e) It leads to tan E which is undefined. 


: - T Dir Sr 
61. The display is for Y, + Yat X = p 3 63. 7 64. ur 65. y — T ^ n 


USE de vu 






-2T 27r 


H= 52358B?8 |Y-1.388025* 


66. approximately .3217505544 67. approximately 3.463343208 68. (x|x = .3217505544 + na} 


Summary Exercises on Graphing Circular Functions (page 168) 





yz-2-,5cos a 













D 


4dr 6m 
à RN OR 
3-4 sin (2.5x + T) y = 2-sec[a(x — 3)] 





5 5 





“wr 
II 


y = 3 tan (ZE +m) 


4.4 Exercises (page 171) 


1. (a) s(t) = 2 cos 4rt (b) s(1) = 2; The weight is neither moving upward nor downward. At t = I, the motion of the weight is 
changing from up to down. 3. (a) s(t) = —3 cos 2.5 zt (b) s(1) = 0; upward 
5. s(t) = .21 cos 55rt 3 7. s(t) = .l4 cos 1107t 3 





zd —.3 


2 l ] 
9. (a) s(t) = —4 cos i (b) 3.46 units (c) P. 11. (a) s(t) = 2 sin 2r; amplitude: 2; period: 7; frequency: — 
T 





|. A-10 Answers to Selected Exercíses 


2 8 1 
11. (b) s(t) = 2 sin 4t; amplitude: 2; period: s fzequency: — 13 — f 15. (a) 4 in. (b) after g ec 
TT T 


AM. 1 1 l ; 
— — (e)4 cycles per sec; Y sec 17. (a) 5 in. (b) 2 cycles per sec; r3 sec (c) after 4 sec (d) approximately 4; After 1.3 sec, the 


weight is about 4 in. above the equilibrium position. 19. (a) s(t) = —3 cos 12t (b) X sec 21. 0; 7; They are the same. 


Chapter 4 Review Exercises (page 175) 


; : L 2 
1. B 3. sine, cosine, tangent, cotangent 5. 2; 27r; none; none hn 3'3? none; none 9, 2; 8m; 1 up; none 


11. 3; 27; none; = to the left 13. not applicable; 7; none; a to the right 15. not applicable; z^ none; » to the 


right 17. tangent 19. cosine 21. cotangent 2» B 







yz3sinx 


-3 


35. 





47. (a) 30? (b) 60? (c) 75? (d) 86? (e) 86? 





3 
yzle2cosXx 


" 
2 
cot 0 


un 
es 


dz 
] 
(f) 60? 49. (a) 100 (b) 258 (c) 122 (d) 296 51. amplitude: 4; period: 2; frequency: E 53. The frequency is the 


$ : ~ number of cycles in one unit of time; —4; 0; -2V2 


Chapter d Test (page 178) 
BE 1. (a) 7 b) 6 © [-3,9] @ -3 © "E the left (ina is-2) à. 








] 
zx 

J 

| 

! 





y z -2- cot (-- 2) 





Answers to Selected Exercises A-11 





8. (a (b) 17.5; 12: 4 to the right: 67.5 up (c) approximately 52°F 
m fx) = 17.5 sin] c - 4)] + 67.5 | di p (c) app 
90 6 (d) 50°F in January: 85°F in July 


(e) approximately 67.5?; This is the vertical translation. 





| i ] 
9. (a) 4 in. (b) after * sec (c) 4 cycles per sec; A sec 


CHAPTER 5 TRIGONOMETRIC IDENTITIES 


5.1 Exercises (page 185) 























V7 2V5 V105 
1l. —2.6 3. .625 5, — 7. ud 9. METTE 12. —sin x 13. odd 14. cos x 15. even 
16. —tan x 17. odd 19, f(—x) = —f(x) 
V5 2 V5 b 3V5 3 
21. cos @ = ——;tan 8 = — : cot 8 = ———;sec 9 = — "csc 0 = — 
3 5 2 E 2 
l V17 AV 17 M17 M 
23. sin 0 = — : cos ĝ = : cot @ = —4;sec 8 = csc = —NVT17 
17 17 4 
, 3 4 3 5 5 
25. sin 0 = —: cos 0 = —: tan 8 = —: sec 0 = —: csc 8 = — 
5 3 4 4 3 
7 3 V7 3V7 AVI 
27. sin @ = ———; cos 0 = —;tan 0 = ———:cot 0 = — .csc 8 = ——— 29. B 31. E 33. A 35. A 
4 4 3 1 T 
CTAZ2x + 1 EE 
245 D 41. sin 8 = me 43. sin x = * VI — cos?x 45. tanx = * Vsecx — I n 
x |o 
xpo COS X i pue 
47. csc x = "WI 49. cos 0 S1. cot 8 53. cos" 0 55. sec 0 — cos 0 57. cot 0 — tan 0 | 
— COS X 


25V/6 — 60. —25V/6 — 60 
` 12 12 
sin(2.v). 69. cos(Ax) 70. It is the same function. 71. (a) ^sin(4x) (b) cos(2x) (€) 5 sin(3x) 73. not an identity 


59, tan@sin@ 61. cos 0 63. sec 0 65 67. —sin(2x) 68. It is the negative of 


75. identity 


5.2 Exercises (page 194) 
l 2 "COS Y 
l. csc 0 sec 0 or ——— ~~ 3. 1 + sec s S.l 7. 1 9, 2 + 2siníf IL = d or —2 cot x cesc x 
sin 0 cos 0 SIT X 
13. (sin 0 + I)(sin 8 — 1) 15. 4 sin x 17. (2 sin x + I) (sin x + 1) 19. (cos x + Iy 
21. (sinx — cosx)(1 + sinxcosx) 23. sin@ 25.1 27. iam B. 29. tax 31. secx 


cos 8+ | 
71. (sec 0 + tan 0) (1 — sin 0) = cos 0 73. —— — —— — — = cot 9 75. identity 77. not an identity 
sin E + tan @ 


83. It is true when sin x = 0. 85. (a) P = 16k cos (2z1) (b) P = 16k[1 — sin'(21)] 











5.3 Exercises (page 202) 
: V6 — V2 ; VU es S n $72 AVG 


E.P 3. E ji : Fi J 11. 0 13. The calculator gives a value of 0 for the 


5 
expression. 15. cot 3° 17. sin 19. sec 104° 24’ 21. (2) 23. csc( —56? 427) 


25. tan( —86.9814?) 27. tan 29. cos 3]. csc 





A-12 Answers to Selected Exercises 


For Exercises 33-37, other answers are possible. 
140° 4 — 6V6 4+ 6V6 





43, 13" 35. 37. 20? 39. cos 0 41. —cos 0 43. cos 8 45. —cos 4 47 55 35 
l6. 56 2V 638 — V30 2V 638 + V30 

A9, = =m Sh =: Ee 53. true 55. false 57. true 59. true 61. false 
65 65 56 56 
— = w2 SAVO = v2 2 V6 EX NO 

68. mau 69. —— 70. ta P= V6 i) 8 — V2 71. (a) 3 (b) 163 and —163; no 


5.4 Exercises (page 209) 





+ -V6 - V2 2 

kE RNE B js d 11. 2 — V3 13, CVV? 15. V2 17. -1 19.0 2L 1 
4. V3 cos 6 — sin 0 25. cos 0 — V3 sin 6 31 V/2 (sin x — cos x) 39. V/3tan 0 + 1 31, V2 (cos x + sin x) 

2 2 2 V3 — tan 8 2 

63 63 4V2 + VS. —  —-8V5—5V2 
33. —cos 0 35. —tan 0 37. —tan 0 41. (a) 65 (b) 16 (c) I 43. (a) 7,9 — (b) "E oam de 
6— ~V6 - V2 

forms are possible.) (c) H 45. (a) = (b) 2L (c) II 47. ve và 49. cvs va 51. —2 + V3 


53. in + J — COS X 55. an( ar <) = —cotx 67. 180° — B 68. 6= B-a 


tan B — tana 


69. tan 0 = 
= | + tan Btana 


t 
71. 18.4° 72. 80.8° 73. (a) 425 Ib (c) 0° 75. —20 cos T. 


5.5 Exercises (page 218) 





. 2V5 V5 V42 102 17 
L6 3. B NE a. 7. cos 0 — ; sin @ = —— 9, cos 6 = ————;sin 0 = ——— I1. cos 20 = —: 
s 12 12 25 
AN/ 2] 3 4 39 4N/ 55 3 3 
sin 20 — "^ s 13. cos 2x — "sen SE 15. cos T 20 = jo : Y3 19. ya 
V2 l Í 4 
21. KT 2.5. z tan 102° 25. 4 98 94.2? 27. —cos = 29. cos 3x = 4 cos? x — 3cosx 
3 tan x — tan? x 2 tan x 
31. tan 3x = anit SE E 33. cos* x — sinf x = cos 2x 35. 2n = tan 2x 55. sin 160° — sin 44° 
| — Stan x 2 — sec” x 


5 5 
517. > cos 5x + z COS X 59. —2 sin 3x sin x 61. —2 sin 11.5? cos 36.5? 63. 2 cos 6x cos 2x 65. a = —885.6; 


c = 885.6; w = 2407 


5.6 Exercises (page 224) 





2E VD EIE Dre y3 V/10 

i= r a 5.C 7D 9F li -————* 13. .N2* V3 15. _N2+V3 19. ——— 
9 2 J 4 

50 = 10V5 V5 VA42 

v Pie 23. a = 25. -V7 27. E 29, ers 31. .127 33. sin 20° 35. tan 73.5° 
x sin x tans + cot 5 

37. tan29.87° 39. cos9x 41. tan4@ 43. cos 45. — —— — — tan gnr cece x 
8 | + cosx 2 cot; — tan 3 


59. 106° 61. 2 63. They are both radii of the circle. 64. It is the supplement of a 30° angle. 65. Their sum is 
/g 

v6 + V2 v6 — V2 

—— CF. Ã< == 70. 2 — V3 


180° — 150° = 30°, and they are equal. 66.2+ V3 X 68. 7 7 





Answers to Selected Exercises A-13 


Chapter 5 Review Exercises (page 231) 














| cos 0 4 4 3 
1. B 3. C 5. D 7. 1 9, i Il. == 13. sinx = =— “tan x = ——; cot(—x) = — 
cos” 0 sin @ 5 3 4 
- V2 -V6 — V2 
15. sin 165° = Vo Na cos 165? — ——, un 165° = —2 + V3; csc 165? = V6 + V2: sec 165° = — V6 + V2: 
cot 165° = —2— V3 17%E 1%) 2.1 23H  25.G 
In Exercises 27-31, other forms are possible for tan(x + y). 
4+ 3VIS 4VIS +3 4 c 3VIS | a9, 2. 3V7 2 EA SEV m 
i 20 2 000 20 I -3 "40 7 10 '"2V3 — N21 
4 — 9V1] I2VIIL -3 4-9VI1 l AS 3 
31. "Ux a “jaar a 33. sin 0 — LAN 35. sin Meo Av Us 
l V5- ] sin 2x + sin. x sin x x 
ma 397 . aa di ——— ee -45.— — — sape 
2 2 COS 2x — COS X 2 | — cos X 2 
2(sin x — sim x ? sin 20 
gy nU ono Lupe SE eps doptoN Sd e v ae 
COS X 32 
Chapter 5 Test (page 233) 
| 5V61 6V/61 | 2-—2V42 4V2 — V21 
l. sinx = — ; cos x = — 2. =) 3. sin(x + y) = cost — y} = — ~; 
6] 61 15 l 15 
aeda 2V2 = ANTI. i jx . no : LA 
ani.x LL = — UL e e SCC X — SIN x lan x — cos x ». COL — COL X — CSC X 
: 84 Va 2 2 Í 
] 
11. (a) —sin 0 (b) —sin 0 12. (a) V = 163cos = — «t | (b) 163 vons Sig 
CHAPTER 6 INVERSE CIRCULAR FUNCTIONS AND TRIGONOMETRIC EQUATIONS 
6.1 Exercises (page 246) 
1. one-to-one 3. domain 5. T 7. (a) [71,1] (b) m P: (c) increasing. (d) —2 is not in the domain. 
l 
9, (a) (2.x) (b) ti) (c)increasing (d) no — 11. cos — — 13.0 — 15. 17. = 19.0 2l. a 
Re Ks a 
3 3 
23. — — 25. — — 273. — 29. — 3L —  33.-45  35.-60 37. 120° 39 120° 
4 6 4 6 6 
41. —7.6713835? 43. 113.500970° 45, 30.987961? 47. .83798122 49. 2.3154725 51. 1.1900238 
53. 57. y 59, The domain of y = tan ! x is (—%, %). 


T 
y — aresec ly 
« T B o. ^ 2 





60. In both cases, the result is x. In each case, the graph is a straight line bisecting quadrants I and III (1.e., the line y = x). 


61. It is the graph of y — x. 10 
¥iztanctan-Iczy3 











A- 








14 Answers to Selected Exercises 

















62. It does not agree because the range of the inverse tangent function is (F z), not (—%, %), as was the case in 
V7 V5 120 7 4 V6 
Exercise 61. 10 63. Eg 65. 67. — 69. ET 71. T5. 2 
T 1zkan-M tanc ~ 5 169 2 25 
-10 
63 V/10 — 3V/30 i — 4 
75. = 77. 79. 894427191 — 81..1234399811— 83. VESI 85. Vi 87 ——— 
ae | 2( 7 
1/2 2V4 — it 
89. = — 91. —7—7- — 93. (a) 45° (D) 9=45° 95. (a) 18° (b) 18° (c) 15° (e) 14142151 m (Note: Due to the 
2 4—u 
computational routine, there may be a discrepancy in the last few decimal places.) — Y (£) V2 
i in ( E 
| a 
Radian mode 
6.2 Exercises (page 254) 
1. Solve the linear equation for cot x. 3. Solve the quadratic equation for sec x by factoring. 5. Solve the quadratic 


equation for sin x using the quadratic formula. 


23. 
31. 


37. 


where n is any integer 45. 


7. Use an identity to rewrite as an equation with one trigonometric function. 


3a d 5 UE E dues qe 
Jm S ste" 1560 17,43 a EC NER Ww Un 
4'4 E 6 ae tr s co = 


{30°, 210°, 240°, 300°} 25. {90° 210°. 330°} 27. {45°, 135°, 225°, 315°} 29. {45°, 225°} 
{0°, 30°, 150°, 180°} 33. {0°. 45°, 135°, 180°, 225°, 315°} 35. {53.6°, 126.4°, 187.9°, 352.19} 
{149.6°, 329.6°, 106.3°, 286.3°) 39.6 41. {57.7°, 159.2% 43. 9 + 2n. 2.3 + nT, 3.6 + Ina, 5.8  2nm, 
as 
3 


2a Ag 57 
Tale à ae 2n 7, 73 a 3 + 2nm. where n is any integer 47. 33.6? + 360? n 


326.4? + 360? n, where n is any integer 49. 45° + 180° n, 108.4? + 180? n, where n is any integer 


l | 
51. {.6806, 1.4159} 53. (a) .00164 and .00355 (b) [.00164,.00355] (c) outward 55. (a) 3 ee (b) ze (c) .21 sec 


T 
57. (a) One such value is —. (b) One such value Is "E 


6.3 Exercises (page 260) 


.[ 








4 Niece os Teli 
fa 3. (609,2109.240*.3109) — 7. iz. UM d 9, {2.2 z| 





p 436 57 Uo MUR sd lT jd. E Sur Um KE EE BO ilg c 19. Ø 
ik’ ik? 18^ 1B Te’ 18 Ea oe 295 "G 





5 | 
= 23. {nS} 25. {15°, 45°, 135°, 165°, 255°, 285°} — 27. {0°} — 29. (120°. 240°} 


Answers to Selected Exercises A-15 


31. {30°, 15095,2705] 33. 0? + 360? n. 30° + 360? n, 150° + 360? n, 180? + 360° n, where n is any integer 

35. 60° + 360? n, 300° + 360? n, where n is any integer 37. 11.8° + 360° n, 78.2" + 360° n, 191.5" + 360° n. 

258.2° + 360° n, where n is any integer 39. 30° + 360? 4, 90° + 360? n, 150° + 360? n, 210? + 360? n, 270° + 360° n, 
330° + 360° n, where n is any integer 41. {1.2802} 


43. (a) Forx-t, (b) The graph is periodic, and the wave has "jagged square" tops and bottoms. 
P(t) = .003 sin 2201 + (c) This will occur when t is in one of these intervals: (0045, .0091), (.0136, .0182), 
OM sin 66071 + (.0227, 0273), 
2? sin 11007 + 
OS sin 1540mt 





-.005 
45. (a) Kory =, (b) .0007576, .009847, .01894, .02803 (e) 110 Hz (d) Rory =r. 
P(t) = isin[27(220)0] + P(r) = sin[27(110)7]. + 
l sinf27 (330) -- oe F 
i sin[27r(440)] D + 
7 sin[27(440)1] 





47. 001 sec 49, 004 sec 


6.4 Exercises (page 265) 





| l ] l 
1. C 3. C 5. x = arccos — 7. x — — arccot 2y 9. x — = arctan = 11. x =4 arccos — 
l y _fyra 
13. x = $ arceos( = 15. x = —3 + arccos y 17. x = arcsin(y + 2) 19. x = wes z ) 
23.{-2V2} 25. {r-3 27 Es 29, 1. 31. (0) 33 1l 35. 1-— 37. (0 
"ou d E uU 2c NE . 101 33. 15 ; > . {0} 


39. 41. (4.4622 


43. (a) A = .00506, $ = .484; P = .00506 sin(440ar + .484) 
(b) The two graphs are the same. For x =f. 


P(t) = .00506 sin(440ar + .484) 
P(t) + P(t) = .0012 sin(440mt + .052) + 
004 sin(440rt + .61) 


Y = arcsin X —arecos X - 2% 





—.006 
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7 (ear cap =E J (d) B — arc a (E22) 


45. (a) tana = — žan g= (bi —— 
z X 


Z tana -— — tan E 


ida. 3 
47. (a) t — arcsin —— (b) .00068 sec 49. (a) t = — arcsin 3y (b) .27 sec 
af 7 4ar 


Chapter 6 Review Exercises (page 271) 


1. false; The range of the inverse sine function is |- E zl while that of the inverse cosine is [0, 77]. 3. false; 
| d T ll T T 3T 27 Sar 
resint —— | —=—— , not ——. a i B — Ih x 13. — 15. —60" 17. 60.67924514? 
resin ;) pe 4 3 4 3 4 " 
3v 7 VI V3 294 + 125V6 


19. 36.4895081° 21. 73.26220613° 25. —1 25. ER. — aM —— M. — 33. 


Py 4 4 2 92 
1 aq 37 5r T T 3c 5" Tr Sar lie 137 1527 
.— p, ~oomm.memes 3& 47.55 0, 7 4,4 1 — 2 AS Y 
uud" - [rimum Ir A MER 
5 
43. = + Inn, T + Int, T + 2nm, where n is any integer 45. {270°} 47. (45°, 90°, 225°, 270°} 


1 2 
49. {70.5°, 180°, 289.5°} 51. x = arcsin 2y 53. x = (4 arctan ») DE? 55. (j 57. E 


59. (b) 8.6602567 ft; There may be a discrepancy in the final digits. Jis arctan(15) — arctan( 3 ) 
1 









0 20 
Haximum 
H=HGG02567 ‘Y=.52355878 
2] 
X 
61. The light beam is completely underwater. 63. | 
m y=esc x 
Radian mode 
Chapter 6 Test (page 273) 
V5 us. AD 


k a aa 24r T 2T 
t 1k - 5’ i 2. 0) 7 -7 (00 (00 $0 -. (0 9 





a —— *. (90°; 270°} 8. {18.4°, 135°, 198.4°, 315°} 


uvi — ul 2a AT 
icm 9. 40 





Answers to Selected Exercises 


ZU lm l 4 5 13] 17 
10. E + Anm. = + dna, where n is any integer 11. (a) x = 3 arccos y (b) * 12. 6 sec, 6 sec, P sec 


CHAPTER7 APPLICATIONS OF TRIGONOMETRY AND VECTORS 


Connections (page 281) 
1. house: X, — 1131.8 ft, Y, = 4390.2 ft; fire: X, = 2277.5 ft, Yp = —2596.2 ft 2. 7079.7 ft 


7.1 Exercises (page 282) 

LC 3 V3 5. C=95,b=13ma=llm 7. B= 237.3°,a = 38.5 ft, b = 51.0ft 9. C= 57.36°, 

b = 11.13 ft.c = 11.55 ft 11. B — 18.5°, a = 239 yd, c = 230 yd 13. A = 56° 00', AB = 361 ft, BC = 308 ft 

15. B = 110.0°. a = 27.01 m, ¢ = 21.37 m 17. A = 34.72°, a = 3326 ft, c = 5704 ft 19. C = 97° 34', b = 283.2 m, 
c= 415.2 m 25. 118 m 27. 17.8 km 29. 10.4 in. 31. 111° 33. first location: 5.1 mi: second location: 7.2 mi 


V3 V2 
35. about 419,000 km, which compares favorably to the actual value 37. approximately 6600 ft 39. ES 41. ES 
43. 46.4 nv 45. 356 cn 47. 722.9 in." 49. 65.94 cm 51. 100 m 53. a = sin A, b = sin B. c = sin C 
= dsinasin B 


85. x 
sin(f — a) 





7.2 Exercises (page 291) 

LA 3. (g4<h <5 (b)h—4orh > 5 ()h «4 A ] Te 2 9. 0 11. 45° 13. B, = 49.1°, 

C, = 101.2°, B. = 130.99, C, = 19.4° 15. B = 26? 30', A = 112? 10’ 17. no such triangle 19. B = 27.19", 

C = 10.68° 21. B = 20.6°.C = 116.9°, e = 20.6 ft 23. no such triangle 25. B, = 49° 20', C, = 92° 00', 

c, = 15.5 km. Ba = 130° 40’, C, = 10° 40’, c. = 2.88 km 27. B = 37.77°. C = 45.43. c = 4.174 ft 29. A, = 53.23°, 
C, = 87.09?. c, = 37.16 m, A» = 126.777, C. = 13.5525, ca = 8.719 m 31. 1: 90°: a right triangle 35. [t cannot exist. 


Connections (page 298) 
1.-3. All three methods give the area as 9.5 sq units. 


7.3 Exercises (page 296) 
1. (a) SAS (b) law of cosines 3. (a) SSA (b) law of sines 5. (a) ASA (b) law of sines 7. (a) ASA (b) law of sines 


9. 7 30: 13. a = 5.4, B = 40.7, C = 78.3° 15. A = 22.3, B = 108.2°, C = 49.5* 17. A = 33.6", 
= 50.77, C = 95.77 19. a = 2.60 yd, B = 45.7, C = 93.5 21. c = 646m, A = 53.1, B = 81.3 
23. A = 82, B = 37°, C = 61° 25. C = 102° 10', B = 35° 50', A = 42° 00' 27. C = 84° 30', B = 44° 40', 
A = 50° 50' 29. a = 156 cm, B = 64° 50', C = 34° 30' 31. b = 9.529 in., A = 64.59%, C = 40.61? 
33. a = 15.7 m. B = 21.6, C = 4S. 35. A = 30°, B = 56°, C = 94? 37. The value of cos 0 will be greater than 1; 
your calculator will give you an error message (or a complex number) when using the inverse cosine function. 
39. 2574n 41. 281 km 43. 10.8 mi 45. 40.5? 47. 26.4" and 36.3" 49. second base: 66.8 ft; first 
and third bases: 63.7 ft 51. 39.2 km 83. 350° 55. approximately 47.5 ft 57. 163.5° 89. 22 ft 
61. 16.26° 63. 24V3 65. 78 nv 67. 12,600 cm’ 69. 3650 ft 71. 25.24983 mi 73. 392,000 mi? 
75. Area and perimeter are both 36. 77. (a) 87.8" and 92.2? both appear possible. (b) 92.2? (c) With the law of cosines we 





are required to find the inverse cosine of a negative number. Therefore, we know that angle C is greater than 90°. 








C 39. 38.8,28.0 41. 123,155 43. 


Eu 5. em 7. 9, 





A-18 Answers to Selected Exercises 


7.4 Exercises (page 312) 
1. m and p; n andr 3. m and p equal 2t, or t is one-half m or p; also m = Ip and n = Ir 





17. Yes, it appears that vector addition is associative (and this is true, in general). 
19. (a) (C4,16) (b) (712,0) (0 (8, -8) 21. (a) (8,0) (b) (0,16 (c) (-4, —8) 
23. (a) 0,12) (b) 4716, —4) (c) (8, —4) — 25. (a) di (b) 7i + 3j (O —5i +j 
27. (a) (-2,4) (b) (7,4) (©) (6. —6) 

31. 





38. 17; 981.9" 85. 9; BP 87. 47, 17 





e m 2) 45. (3.0642, 2.5712) 47. (4.0958, —2.8679) 49. 530 newtons 


51. 88.2 lb 53. 94.2 Ib 55. 24.4 Ib 57. @+ob +d) 59, (2,8) 61. (8, —20) 63. (—30, -3) 

65. (8, —7) 67. —5i + 8j 69. 2i or 2i + Oj 7k T. M =3 75. 20 77 135° 79, 90° 81. 36.87° 
83. —6 85. —24 87. orthogonal 89. not orthogonal 91. not orthogonal 93. magnitude: 9.5208; direction 
angle: 119.0647? 94. (—4.1042, 11.2763) 95. (—.5209, —2.9544) 96. (—4.6252, 8.3219) 

97. magnitude: 9.5208; direction angle: 119.0647° 98. They are the same. Preference of method is an individual choice. 


) 7.5 Exercises (page 318) 


|. 1. 2640 Ib at an angle of 167.2? with the 1480-Ib force 3. 93,9? 5. 190 Ib and 283 1b, respectively 7. 18° 


9. 2.4 tons Vt. TS 13. weight: 64.8 Ib; tension: 61.9 Ib 15. 13.5 mi; 50.4? 17. 39.2 km 19. current: 
3.5 mph; motorboat: 19.7 mph 21. bearing: 237°; groundspeed: 470 mph 23. groundspeed: 161 mph; airspeed: 156 mph 
25. bearing: 74°; groundspeed: 202 mph 27. bearing: 358°; airspeed: 170 mph 29. groundspeed: 230 km per hr; 


bearing: 167? 31. (a) [RJ = V5 = 22, |A| = V1.25 = 1.1; About 2.2 in. of rain fell. The area of the opening of the rain 


gauge is about 1.1 in.?. (b) V = 1.5; the volume of rain was 1.5 in.?. (c) R and A should be parallel and point in opposite 


|^ directions. 


Chapter 7 Review Exercises (page 325) 

1. 63.7 m à 4.7? 5. 54? 20' or 125° 40' 9, (a) b —5,b— 10 (b) 5«b «10 (c) b«5 

11. 19.87? or 19? 52' 13. 55.5 m 15. 19 cm 17. B = 17.32, C = 137.59, c = 11.0 yd 19. c = 18.7 cm, 

A = 91° 40’, B = 45° 50’ 21. 153,600 m? 23. .234km* 25. 58.6 ft 27. 13 m 29. 53.2 ft 31. 115 km 


3 79 35. 37. (a) true (b) false 39. 207 lb 41. 869; 418 43. 15; 126.9? 





Answers to Selected Exercises A-19 | 


5 12 
45. —9; 142.1° 47. s = 49. 29 Ib 5]. bearing: 306°; speed: 524 mph 53. AB = 1978.28 ft; BC = 975.05 ft 





55. Both expressions equal 


Chapter 7 Test (page 329) 

l. 137.5" 2. 180 km 3. 49.0° 4. 4300 km? 5. (a) b > 10 (b) none (c) b= 10 6. 264 sq units 

7. v| = 10; 0 = 126.9? 8. (a) (1, 23) (b) (—6,18) (c) —20 (d) V10 10. 2.7 mi 
I1. (—346,451) 12. 1.91 mi 13. 28.59 ft, 37.85 tt 

14. 30.4 Ib 





CHAPTER8 COMPLEX NUMBERS, POLAR EQUATIONS, AND PARAMETRIC EQUATIONS 


8.1 Exercises (page 336) | 
1. true 3. true 5. false; Every real number is a complex number. 7. Year. ard 9. complex, pure imaginary 


11. complex 13. real, complex 15. complex, pure imaginary 17. 5i 19. ivl 21. 12i V2 23. —3i V2 


2. v2 vs V3 
. 14i) Ži: [+2 V3} 29, [- £ E = EX ja i 2 SS} 
47. —2 9. 7—J4 5l. 2 | — lOi 


> 31.13 + ivV5} 33. "E 
3 3 
37. =13 39, -2V6 | 4l Vài  43.iV3 4s. 
55. -13 +5; 57.8-i 59 -14+2%  61.5-— |]2i 63.-8-—06i 65.13 67.7 69. 25; 
71. 122 9j 73.20 15i 75.i 477-1 79. i. 81.1 £83. —-i 85.-i 89, 2-2) 
3 47 | l l >. | 233 119. 
9]. — — —i 93, —] — 2j 95, —5i 97. —8i 99. ——j 103. E = 30 + 60i 105. Z = — + — i 
S 85 3 37 * 37 
107. 110 + 32i 


2 


Un 
w |— 


ro |— 


8.2 Exercises (page 345) 





1. length (magnitude) 3. y x ds y 9. y 
X mf 
24i 
ll.1-4/  143-i .3-83i. 101.-—3-3i. 19 24+4 21.749 23. V2 iV2 25. 10i 


27. =) = DIB i 33. — V2 35. 2V3 — 5i 





5 5V3 
al. — 
9 ^7 


37. 3V2 (cos 315° + isin 315?) — 39. 6(cos 240? + isin 240?) 41. 2(cos 330? + i sin 330°) 

43. 5V2 (cos 225? + isin 225°) — 45. 2V2(cos 45? + isin 45°) — 47. S(cos 90? + i sin 90°) 

49. A(cos 180? + isin 180°) — 51. V/13(cos 56.31? + į sin 56.31?) — 53. —1.0261 — 2.8191; 

55. I2(cos 90° + i sin 90°) 57. V34 (cos 59.04? + i sin 59.04°) 59. the circle of radius | centered at the origin 
61. the vertical line x = | 63. yes 67. B 69. A 


8.3 Exercises (page 350) 


= [ox ave 
li, muliiplysadd 303343: S.-4 7.0 V3e 8 = —— Ber 1h59 13, vies 








| 
15. —2 ]*. = 19. 2V3 — 2i e ae 23. V3 +i 25. .6537 + 7.4715i 








A-20 Answers to Selected Exercises 





27. 30.8580 + 18.5414; 29. -2091 + 1.9890! SL. 5575608 = 1,256817 Joe 2 34. w = V2 cis 135°: 


z = V2 cis 225? 35. 2 cis 0° 36. 2: It is the same. AT. =i 38. cis( 90°) 39, —7; It is the same. 
43. 1.18 — .14i 45. approximately 27.43 + 11.5; 


8.4 Exercises (page 356) 





gr 27V3 ee m 
]. 27i A 1 5. WU i 7, —16V3 + 16) 9, —128 + 1287V3 11. 128 + 128i 
13. (a) cos 0° + i sin 0°, cos 120? + i sin 120°, cos 240° + i sin 240° (b) ¥ 
1 
[I] did 





. (a) 2 cis 20°, 2 cis 140°, 2 cis 260° (b) 





17. (a 


— 


2(cos 90? + i sin 90°), 2(cos 210? + i sin 210°), 2(cos 330? + i sin 330°) (b) 


19. (a) 4(cos 60? + i sin 60°), A(cos 180? + i sin 180°), 4(cos 300? + i sin 300?) (b) 





. (a) W2 (cos 20° + i sin 20°), V? (cos 140° + i sin 140°), W2 (cos 260° + i sin 260?) (b) y 





23. (a) V/A (cos 50° + i sin 50°), V/4(cos 170? + i sin 170°), V/A (cos 290? + i sin 290?) (b) " 





cos 0° + i sin 0°, 27. y cos 0° + i sin 0°, cos 60? + i sin 60°, 
cos 180? + i sin 180? cos 120? + i sin 120°, cos 180? + i sin 180°. 


cos 240? + i sin 240°, cos 300? + i sin 300? 








Answers to Selected Exercises A-21 


29. cos 45° + isin 45°, cos 2223" + rxm 225" 





31. {cos 0° + i sin 0°, cos 120° + i sin 120°, cos 240° + i sin 240°} 33. {cos 90° + i sin 90°, cos 210° + i sin 210°, 
cos 330? + i sin 330°} 35. {2(cos O° + isin 0"). 2(cos 120° + isin 120°), 2(cos 240° + i sin 240°)} 


37: Costs” + isin45", cos 135° + sin 135" cos 225° + isin 225°. cos 315° +- isin 215 39. 1608 22.5" + 7 sin 22,5", 


cos 112.5° + Sm 112.5°, cos 202.5° + ¿sin 202.57. cos 2902.3" + i sin 292.5°} 41. (2(cos 20° + i sin 20°), 
T " pd T sa D. 
2(cos 140° + i sin 140°), 2(cos 260? + i sin 260°)$ 43. 1. ms Lic E oc 45. cos 20 + isin 20 


46. (cos? 0 — sim 0) + i(2 cos Osin 0) = cos 20 + i sin 20 47. cos 20 = cos? 0 — sin 6 48. sin 20 = 2 cos 0 sin @ 
49. (a) yes (b) no (c) yes SI. 1...50901699 + 951050521, —.809017 + 287783254. —,899017 — 2:58 778531 
.30901699 — .9510565; 53, —4,2 — 27V3 55. 1597708 + 94922). —.63173 + 1.1275 — 1.2675 = «252407, 
—.15164 — 1.283477, 1.1738 — .54083;} 57. false 


8.5 Exercises (page 367) 
1. (a) H (b) I. (c) IV (d) TI 





Graphs for Exercises 3(a), 5(a), 7(a), 9(a), 11(a) 99° 
180° i (je 
ie 
Answers may vary in Exercises 3(b)—11(b). 
| v2 v2 | 
3.48) 11:405 *):091:2359) 4e Po 5. (b) (72.4989), (2.3159) (© (V2,-V2) 7. (b) (5.3007). (78.120) 











X 53 . - D oa , Lia 277 3. 3V3 
(e) |5- 9. (b) (73.1509), (3, 309) 4) | >. -5 1. (b) [3 73) © 055 


Graphs for Exercises 13(a), 15(a), 17(a), 19(a), 21(a) 





Answers may vary in Exercises 13(b)—21(b). 
13. (b) (v2.315?), (7/2, 135°) 15. (b) (3,909), (—3, 270°) 17. (b) (9:43): 29255] 
4 y 


cos 0 — sin 0 


19. (b) (V/3.60*).(—v3.240) 21. (b) (3.09). (73.180) — 23. F= 





cos 8 — sin 8 
k 


sin 0 


5 


2 cos 0 + sin 0 





25. r- 4Aorr — —4 27. r= 29. rsnO@=k 39 r— 
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- 





31. r=kcsc@ — 32. Y re3ece y 3 33. rcos a =k 3M. r= 
yss cos 0 


35. r — ksec 0 








36. Pa ee dyes IC 39. A 41. cardioid id 43. limacon 90^ 
1809... i i c mu 
270° E 3 
r=242 cos @ re ae cas’ 
45. four-leaved rose 


47. lemniscate v 49. cardioid 9 


180°. : 





180° E 
'8 
270° 270^ 
r-zácos20 r? = 4 cos 28 r=4-4dcos@ 


51. ar S3 x 4(y-ly-d1 9 55, y? = 








2 
180° Dd. o 
od 
. TU, k ü 1 a 
270° 
r= 2sin @ tan 0 
r - 2sin8 p= 
+o- =l , d-ew68 
y =4(r+1) 
57. (x - IP + (y - 1? — 59, 4 —2 y 6l. x+y=2 









rx —2c050 —2 sin B r=2sec@ is 
(x4 D ety 417 =2 = 2 cos 8+ sin Ü 


k+y=2 


2 


65. r = — 
2 cos 4+ sin 0 


67. (a) (r, —8) (b) (ra — 9) or(—r, —8) (c) (4,7 + 8) or(-r, 0) 


palsy 


T 
71. rz]l.50,-4A-mz0z4m 13; 273 p] 





Answers to Selected Exercises A-23 


4A44+V2 m 4 — V2 5r 
75. (=) i“ sa) 77. (a) 1.6 (b) 40 (c) no 


—1.6 —40 
Earth is closest to the sun. 


8.6 Exercises (page 376) 


1. C 3. A 5. (a) (b) y = x — 4x + 4, for x in [1,3] 


















7. (a) y (b) y = 3x° — 4, for x in [0,2] 0.0 3 7 (b) y = x — 2, for x in (—9,9) 
y=r-1 4 
8 (2, 8) for ! in (~œ, œ) 


x2wNt 
y=- 
for z in [0, 4] 





11. (a) y (b 2 +y? = 4, for xin [-2,2] 13. (a) 


x=2sinź 
y=2ecost 
for t in [0, 24r] 


(b) y=24/1 + = for x in (—9, o0) 





ez 


| 
I5. (a) (b) y= Y for x in (0,1] 17. (a) 


x = sint 
yrescf 
for t in (0, 7) 
(1, 1) 





Lr i 





for f in (=, o») 


19. (a) y (b) (x — 2 + (y - IY = 1, 21. (a) 


x-2-sint 





ji 
(b) y = —, for x in 
X 


ins p for x in [1.3] (—99,0) U (0,29) 





€ 


(b) qa eu I 6. for x in ( — 2c, x) 25. + xvz3cosf I q^ =g 
y-3Jsint 
3 fort in [0, 27] 


23. (a) 







x-zt- 
yzst-4 
for f in (ee, 20} 





et pl 
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A 
27. J x=3sint 9 i = 
y=2cost 
2 for tin {0, 277] 





Answers may vary for Exercises 29 and 31. 

29. x = t, y = (t + 3¥ — 1, for t in (—%, æ); x = t — 3, y = P? — I, for tin (—%,&) 

31. x =t, y = f — 2t + 3,fortin(—9,9); x = t + 1, y = °? + 2, fort in (~%,%) 

ax » 35. 4 37. 4 


x-2t-2sint,y =2-2 cost 
for t in [0, 87r] 








2a dm 67 Um 


-4 -4 
x= 2 808i, y = 38 sin 2f, for: in [076:5] x = 3 sin 4t, y = 3 cos 3t, for t in [O, 6.5] 


] 
39. (a) x = 24t, y = —16P + 24 V3t (b) y= “ae + V3x (c) 2.6 sec; 62 ft 


E x? | 
=. 41. (a) x = (88 cos 20°)t, y = 2 — 167 + (88 sin 20°)t (b) y = 2 — X + (tan 20°)x (c) 1.9 sec; 161 ft 
484 cos* 20? 
i l 
43. (a) y = E 7 + V3x + 8; parabolic path (b) approximately 7 sec; approximately 448 ft 
45. (a) x = 32t, y = 3I2V3t — 161^ + 3 (b) about 112.6 ft (c) 51 ft maximum height; The ball had traveled horizontally about 
55.4 ft. (d) yes 47. x 2 56.56530965t (b) 50.0? (c) x = (88 cos 50.0°)t, y = — 16r + (88 sin 50.09): 
y = -168? + 67.41191099; 
100 
0 400 
0 


E 49. Many answers are possible; for example, y = a(t ~ hY + k, x = t and y = at^ - kK x —t- h. 


, i t 
51. Many answers are possible; for example, x = a sin t, y = b cos t and x = t, y? = v(: — 5) 
| a 


| ^ 55. The graph is translated horizontally by c units. 


Chapter 8 Review Exercises (page 382) 


is x15 5-2—37 AGH p-ar dA o3 i 2-3 


8 6 $5 it i we 1 AG 
Srp A-r w 2h33 ho 1—5 — nw —————I 

5 5 a i P OR 1; m ae 
29. y 31. 33. 2V2 (cos 135° + isin 135) 35. -V2— iV2 


37. V2 (cos 315? + isin 315?) 39. 4(cos 270? + i sin 270°) 
41. the line y = —x 





|) 43. V/2 (cos 105° + isin 105°), W2 (cos 225? + isin 225°), W2 (cos 345° + isin 345°) ^ 45. none 
©) 47. (2(cos 45° + isin 45°), 2(cos 135° + isin 135°), 2(cos 225° + isin 225°), 2(cos 315° + isin 315°} 49. (2, 120°) 





Answers to Selected Exercises A-25 


























SI. quadrantal 55. circle 90° 55. eight-leaved rose 
180° C) Ki j- 0° 
AW LSS 2 
270° 
r 24cos 0 r= lsin 46 
- i 3 : : tan 0 
5S7. yo = ojx > pore +6r-9=0 S9. wu ge el 61. r = tan sec Por r = " 63. A 65. B 
2 COS 
2 1 —— 
67. r= 2 sec horr = 69. r = - 71]. 3 73. v= va t+ [, for x in [0. 2) 
cos 0 cos O + 2sin 8 i 
(5-1) 
1 (a7 — 1,0) (2a + 1.0) 
Ean 

oaiteos! 

ys! 

for t in [0, 27r] 
75. v — 3 ~ lora did =, 4) 77. v — 3c 5cost, v 4 + 5sinz fortin [0.27] 

5 
| . l dr . : 
79. (a) x = (118 cos 2725. y = 3.2 = Jo0r- + (118 sin 27°) (b} y = 3.2 — —— ———- + (tan 27°)vx (6) 3.4 sec; 358 ft 
l l 3481 cos: 27° 
Chapter 8 Test (page 385) 
| | uu | 3 Il. | | | |. XL. 
l. (a) 7 — 3i J (b) =3 — 5i dev l+- iš; dd) — — — i 2. (a) —i (b) 2i d. 4$ i 
i 13 4 d 





a 


AN 
2 


6. (a) 16(cos 50? + isin 50°) (b) 2V3 + 2i (c) 4V3- 4i 7. 2 cis 67.5". 2 cis 157.5". 2 cis 247.55, 2 cis 337,5? 
wW Sw 





=. l , " 3 
4. (a) 3(cos 90° + i sin 90°) (b) VS cis 63.43 (e) 2(cos 240° + i sin 2407) 5. (a) + cu (b) 3.06 + 2.577 (e) 3i 














- 3 s A m (3 A l 
8. Answers may vary. (a) (5.90°), (5, —270°) (b) (2V2,225°), (2V2, —135) 9. (a) [= 5} (b) (0, —4) 
10. cardioid d It. three-leaved rose 909° 
180^ i a 180° 
270° m 
r2l|-co8 rczcosM) 
12. (a) x — 2v = (b) x^ + y^ — 36 T 13. A 
2 (13, 16) 
2046 
(715. 9j 
X 
6 X 
«16 
Cy = 36 JE 
for fin [-3. 4| 
14. T gu Pee ]5. 2—125-1-25r2 V 5und V5 »2 





y = Z2sin 2r 
for t in [U, 27] 





b: A-26 Answers to Selected Exercises 


|. CHAPTER9 EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


] l 
1. 9 3. — & — 7. 16 9, 5.196 11. .039 13. 
9 16 
EM 17. y 23. y 25. 
| 8 
5 
f « Q) 
X 0 X 
3 
f(x) = 2/71 


9.1 Exercises (page 399) 








35. 2.3 Aim .75 3 M 


1 1 
| 45. {-2} 47. {0} 49. Hl 





-10 10 


=i0 -2 


| 51. B 53. (-7) — 55. H1 57. isl 59. {3} — 61. (-8,8) — 63. (a) $13,891.16; $4984.62 


1. (b)$13,968.24; $5061.70 ^ 65. $21,223.33 67. $3528.81 69. 4.5% 71. Bank A (even though it has the highest 


e stated rate) 73. (a) 1200 (b) exponential (c) P(x) = 101360001341 


1200 


11,000 





—1000 11,000 
0 


| (d) P(1500) ~ 828 mb; P(11,000) ~ 232 mb 75. (a) about 63,000 (b) about 42,000 (c) about 21,000 





9.2 Exercises (page 410) 
1. (a) C b) A (© E (d) B(oF(fD 3. log,81=4 5. loga — =-3 79-338 9. (V3f=81 


| 1 1 2 1 
13. {-4} 15. {-3} M E 19. {8}  21.(9) 23. H 25. (64) 27. H 29. B 


Answers to Selected Exercises A-27 


33. 39. E 41. B 43. F 





51. f(x) =x logyy x 








_ 


| 
53. log, 6 + log; x — log. v 55. | + > log: 7 — log; 3 57. cannot be simplified 


i ie ». | 1/3 
89, — (log, 5 + 3 log, r — 5 log,, =) 61. log, > 63. log, — 65. log, [(z — D (3z + 2)] 67. logs — Or 
2 m b m^ 
5 | 
logs 4| — 69. .7781 11, 3522 73. £7386 75. (a) 5 77. (a) —4 (b) 6 





9.3 Exercises (page 421) 
l. increasing 3. f (0 = log«x 5. natural; common 7. There is no power of 2 that yields a result of 0. 


9, log 8 = .90308999 11. 1.5563 13. —1.3768 15. 4.3010 17. 3.5835 19; —»1201 21. 4.6931 
23.3.2 25. 1.8 27. 20 X 10 ° 29. L6 10° 31. poorfen 33. richfen 35. 2.3219 37. —.2537 


| 
39. 1.9376 41. —1.4125 43. (a) 3 (b) 5° or 25 (c) — 45. (a) 5 (b) In 3 (c) 21n 30r In 9 47. (a) 20 (b) 30 
e 


(c) 50 (d) 60 (e) about 3 decibels 49. (a) 3 (b) 6 (0 8 51. about 126.000.0007; 53. about 70 million visitors; 
We must assume that the rate of increase continues to be logarithmic. 55. (a) 2 (b) 2 (c) 2 (d) ] 57. 1 
log 19 In 19 log12 In 12 


61. log ip 12; "rs 
NIMM 
Og ) n ) 








89, log; 19: 


: : 63. {1.6309} 65. {—.0803} 67. {2.2694} 
log7 (n7 





l 
69. {2.3863} Ti 7227 73. Ø Te. 12} TI I 79. Ø 81. {1} 83. (5] 85. {5} 
9 

87. E 89. (—17.5314] 91. {8} 93. {4} 95. {1.100} 97. during 2011 99, (a) about 24% (b) 1963 
Chapter 9 Review Exercises (page 426) 

4 
1l. B 3. C 5. log; 32 — 5 7. logs y = -] 9. log, 4 10. ? 11. 3 12. it lies between 2 and 3. 

log 16 In 16 
13. By the change-of-base theorem, log; 16 = los3 Ind = 2523719014. 14. —1:0 15. It lies between —1 and 0; 

Og | n; 


log.68 |n .68 
log 5 In 5 





log; .68 = == — 2396255723 17. 1055 = 3.45 19. 3 21. log. m + login — log; 5 — logyr 








ri gru 





yah 


| a Appendix A Exercises (page 440) 


zu A-28 Answers to Selected Exercises 


3 
23. cannot be simplified 25. —1.3862 27. 11.8776 29. 1.1592 31. B 33. [—3138) 35. {4} 
37. {3} 39. (5) 41. (a) about 200,000,000/, (b) about 13,000,000/, (c) The 1906 earthquake had a magnitude almost 
16 times greater than the 1989 earthquake. 43. 5.196 45. $60,602.77 47. 17.3 yr 49. 2007 


Chapter 9 Test (page 431) 
1. (a) B (b) A (YC (AD 2 [5] 3. log, 8 = 


No | ve 


4. 8? —4 . 85. They are inverses. 





g(x) = logy. x 


Tb P 5 
= 6.2]log;x + = logs y — 3 log; z $* 2.3755 8. —3.0640 9. 1.1674 10. —2.6038 11. {5} 12. B 


13. {2} 14. {4.7833} 15. {20.1246} 17. 10 sec 18. (a) about 18.9 yr (b) about 18.8 yr 


1. tue 3.fale 5.B  7.(-4) 9 {1} 1L 3 13. E 15. {-1} 17. (10) 19. {75} 


me 21. {0} 23. identity; {all real numbers} 25. conditional equation; {0} 27. contradiction; f "P Gy Eed © 





o {-5 + 2V0} 45. B 47. (EMI 49.13 + v2) 51. [Y 53. [MEI 


(d B(e) D 31. B; [2d 33. {2,3} 35. {-2.1| 37. EA 39. {+4} 41. {+33} 


3 2 4 
l+V13 
55. pe 


- | 57. (a) F (b) J (e) A (DH (e) 1L ( D(p Bn G(ODE(DC 


59. (—90, 4]; —À— —— Gl. [— 1, 00); Hattie G3, (— 5,6]; mmi 
0 4 -1 0 0 6 
11 
65. (—,4); <tt> — 67. = o); a 69. (—5,3); + 
0 4 3 -5 0 3 


0 


wd 


1€ 7L[36]-———-—9—-—- 73. (4,6); j-cese- 75. [-9,9]; pa 
0 3 6 -9 0 9 


Appendix B Exercises (page 447) 
1.-7. il, 9. II 11. IH 15. (a) I (b) IV (e) III (d) IV 17. yes 19. no 21. 58.02 ft 





23. 316ft 25.6 — 27. (a) 8V2 (b) (-9,—3) — 29. (a) V34 (b) (2. i) et) SE NY (-2.-4) 


3V5 
33. (a) V133 (b) (22333) 35. 5-1 37. 9+ V119,9— VII9 39. 





Answers to Selected Exercises A-29 


41. 74.2%; This is 1.1% less than the actual percent of 75.3. 


Other ordered pairs are possible in Exercises 43-47. 





43. (a) x | y (b) 45. (a) x |y 
D em 2 0|0 
4| 0 1} 1 
251 —214 





Ne 


49. (a) x7 + y? = 36 (b) 51. (a) (x — 2Y + y? = 36 (b) 





(x -2Y «y^ = 36 


55. (x — 3? + (y 2? — 4 


¥ 


53. (a) (x + 2Y + (y — 5y = 16 (b) 






(-2, 5) 


(x + 27 + (y - 5 = 16 


Appendix C Exercises (page 457) 





3. The graphs in (a), (c), and (d) represent functions. The graph in (b) fails the vertical line test; it is not the graph of a function. 
5. function 7. not a function 9. function 11. not a function; domain: (0, 1, 2k range: (—4, —1,0, 1,4} 

13. function; domain: (2, 5, 11,17}: range: 11, 7, 20] 15. function; domain: (— oo, o»); range: (©, oc) 17. not a function; 
domain: [3, ©); range: (— æ, x) 19. not a function; domain: [—4, 4]: range: [ - 3,3] 21. function; domain: (—~, 2%); 


range: [0, x) 23. not a function; domain: [0, ©); range: (—, %) 25. function; domain: (—°, o»); range: (—oo, oo) 


| 
27. function; domain: [0, ©); range: [0, ») 29. function; domain: |-L5) range: [0, œ) 31. function; domain: 





(—2c, 9) U (9, æ); range: (—x,0) U (0, ~) 33. B 35. 4 37. —11 39. —3p + 4 41. 3x - 4 43. 34 — 8 
45. (a) 2 (b) 3 47. (a) 3 (b) —3 49. (a) 0 (b) 4 (02 (d)4 51. (a) 11 (b) 9 (c) —2 (d)2, 7, 8 (e) V104 

53. (a) [4,%) (b) (—o5, —1] (o [71.4] 55. (a) (—2..4] (b) [4. 9») (c) none 57. (a) none (b) (—9, —2]; [3, c») 
(c6)(—2.3) 59, (a) yes (b) [0.24] (c) 1200 megawatts (d) at 17 hr or 5 P.M.; at 4 A.M. (e) f(12) = 2000; At 12 noon, 
electricity use is 2000 megawatts. (f) increasing from 4 A.M. to 5 P.M.; decreasing from midnight to 4 A.M. and from 5 P.M. 


to midnight 


Appendix D Exercises (page 465) 
1. (a) B (b) E (c F (d) A (e) D (f) C 3. (a) B (D A (0G (d) C (e9 F (D D (p H ME 





13. (a) (8, 3) (b) (8.48) 





19. y-axis 21. x-axis, y-axis, origin 23. origin 25. none of these 








A-5350 








Answers to Selected Exercises 


29. 


39. 








zi : 
fix) = 2 22) -4 





y 33. y=ir+ ay T 
9 
fh 
4 
x 2023574 
KE | x yrirt3y-- 
41. It is the graph of f(x) = jx] translated 1 unit to the left, reflected across 
the x-axis, and translated 3 units up. The equation is y = —|x + 1| + 3. 


43. It is the graph of g(x) = Vx translated 4 units to the left, stretched 
vertically, and translated 4 units down. The equation is y = 2V x + 4 — 4. 
45. e(4) = 2x + 13 


Index of Applications 


Astronomy 

Angle of elevation of the sun, 72. 87, 
112-113. 116 

Angle the celestial North Pole moves, 42 

Angular and linear speeds of Earth, 121 

Circumference of Earth. 107 

Diameter of the moon. 107 

Diameter of the sun, 75 

Distance between the sun and a star, 27 

Distance to the moon, 285 

Eclipse on a planet. 20 

Fluctuation in the solar constant. 
144-145 

Height of a satellite, 90-9] 

Hours in a Martian day, 121 

Orbital speed of Jupiter. 129 

Orbits of a space vehicle, 99 

Phase angle of the moon, 126 

Planetary orbits, 370 

Rotation and roll of a spacecrait, 234 

Satellites, 119 

Simulating gravity on the moon, 377 

Sizes and distances in the sky, 20 

Solar eclipse. 13—14 

Velocity of a star, 321 

Viewing field of a telescope, 8 


Automotive 

Accident reconstruction, 255 

Area cleaned by a windshield wiper, 106 
Braking distance. 68 

Car's speed at collision, 68 

Force needed to keep a car parked, 318 
Grade resistance. 63. 66 

Measuring speed by radar. 65 

Pickup truck speedometer, 104—105 
Rotating tire, 8, 42 

Rotation of a gas gauge arrow, 128 
Speed limit on a curve, 67 

Stopping distance on a curve, 85 


Biology and Life Sciences 
Activity of a nocturnal animal, 143 
Deer population, 402 

Diversity of species, 417, 424 

Fish's view of the world, 67, 68 

Lynx and hare populations. 177 
Movement of an arm, 268 

Position of a moving arm, 143 

World population growth, 401 


Business 
Cost from inflation. 430 
Emplovee training. 402 


Chemistry 
Distance between atoms, 284 
pH. 414 


Construction 

Carpentry technique. 16-17 

Distance between a beam and a cable. 
301 

Distance between points on a crane, 300 

Height of a building. 19 

Layout for a playhouse, 303 

Length of a brace, 326 

Required amount of paint. 304 

Roof trusses, 296 

Square corners, 448 

surveying. 8, 79, 91, 292, 294 

Truss construction, 300 


Education 

Aging of college freshmen, 449 

Average annual public university costs, 
425 

Two-year college enrollment, 449 

Volunteerism among college freshmen, 
123—424 


Energy 

Alternating electric current. 201 - 202. 
262. 267. 340 

Amperage, wattage. and voltage. 220. 
233 

Area of a solar cell. 26 

Electricity usage, 457 

Land required for a solar-power plant. 
106 

Wattage consumption, 216, 220 


Engineering 

Angle formed by radii of gears, 284 

Angular speed of a pulley, 118, 121 

Antenna mast guy wire, 91 

Communications satellite coverage, 249 

Distance across a canyon, 283, 325 

Distance across a lake or river, 74, 
278—279. 283, 284, 300 

Distance of a rotating beacon, 166. 167 

Distance through a tunnel. 84 

Electrical current, 204. 352 

Electromotive force. 255 

Engine specifications, 127 

Error in measurement, 77 

Force needed to hold a monolith, 319 

Gears. 101 


Ground distance measured by aerial 
photography, 285 

Height of a mountain, 72, 76— 77. 83 

Height of a tree, 18, 79-80, 124, 326 

Height of an object or a structure. 13. 
18, 19, 36, 44, 74, 76. 83, 90. 92, 
284. 425 

Highway curves, 66—67, 85 

Highway grades, 66 

Impedance, 340, 352 

Latitudes, 104 

Length of a sag curve, 61 

Length of a structure, 301 

Linear speed of a belt, 118, 121, 123 

Linear speed of a flywheel, 126 

Longest vehicular tunnel, 73 

Longitude. 102 

Measurement using triangulation, 302 

Pipeline position, 326 

Programming language, 267 

Pulley raising a weight. 104 

Radio direction finders, 329 

Radio towers and broadcasting patterns, 
370 

Radio tuners. 193, 196—197 

Railroad curves. 106, 226 

Railroad engineering, 98 

Revolutions, 8 

Rope wound around a drum, 100 

Rotating pulley, 8. 39, 99 

Rotating wheels, 104 

Transistors on computer chips, 
430-43] 

Voltage, 143. 212, 234, 255 

Wires supporting a flagpole, 330 


Environment 

Atmospheric carbon dioxide, 144, 
397 — 398 

Atmospheric effect on sunlight, 127 

Atmospheric pressure. 401 

Classifying wetlands. 414 

Forest fire location. 279 

Pollution trends, 177 

Ruggedness of a coastline, 386 


Finance 

Company loans, 401 

Compound interest, 394—395, 397 
Continuous compounding, 396 
Future value, 400, 401 

Growth of an account, 429, 430, 432 
Interest rate, 400, 401, 412, 429 
Present value, 395, 400 


l-2 Index of Applications 


Retirement planning, 432 
Utility bills, 179 


General Interest 

Angle of a hill, 318, 328 

Angle measure of a star on the 
American flag, 9 

Basins of attraction, 358 

Colors of the United States flag, 330 

Control points in photography, 328 

Cutting on the bias, 448 

Daylight hours in New Orleans, 262 

Depth of field in photography. 267 

Distance between a whale and a light- 
house, 83 

Distance between transmitters, 82 

Distance between two factories, 301 

Distance from the ground to the top of a 
building, 76 

Distance of a plant from a fence, 84 

Fatherless children, 425 

Hanging sculpture, 326 

Julia set. 344, 386 

Landscaping formula. 248 

Length of a day. 116 

Length of a shadow, 76 

Mandelbrot set, 358, 385 

Measurement of a folding chair, 284 

Measures of a structure, 106 

Measuring paper curl, 107 

Observation of a painting, 249 

Oil in a submerged storage tank, 274 

Rotating hour hand on a clock, 99 

Viewing angle, 176, 267—268, 272 

Visitors to U.S. National Parks, 423 

Walking dogs on leashes, 330 

Weight of an object, 319 


Geology 

Age of rocks, 415—416 

Depth of a crater on the moon, 42 
Earthquake intensity, 423, 429 
Height of a lunar peak, 42 

Tides, 145. 176 

Volcano movement, 304 


Geometry 

Altitude of a triangle, 75 

Angle in a parallelogram, 302 

Angle of elevation, 72, 75, 245, 248 

Area of a lot, 106 

Area of a quadrilateral, 327 

Area of a triangular-shaped object or 
region, 286, 297, 304, 326 

Circumference of a circle, 73 

Diagonals of a parallelogram, 300 

Distance between ends of the Vietnam 
Memorial, 301 

Height of a pyramid, 83 

Heron triangles, 304 

Incline angle, 316, 319 


Length of a diagonal, 90 

Length of a side of a piece of land, 85 

Length of the sides of an isosceles 
triangle, 90 

Lengths of the sides of a quadrilateral, 
19 

Perfect triangles, 304 

Radius of a spool of thread, 121 

Radius of an Indian artifact, 129 

Side lengths of a triangle, 18, 75 

Slant height of a pyramid, 448 

Theorem of Ptolemy, 286 

Triangle inscribed in a circle, 286 

Volume of a solid, 108 


Medical 

Back stress, 211 

Blood pressure variation, 142 

Double vision, 36 

Drug levels in the bloodstream, 430. 
459 

Pressure on the eardrum, 255 


Music 

Frequency of a note on the piano, 171 
Hearing beats in music, 261 

Hearing difference tones, 261—262 
Musical sound waves, 145 

Musical tone. 253 

Pressure of a plucked string, 261 
Pressures of upper harmonics, 259 
Tone beard by a listener, 266, 267 


Physics 

Analyzing harmonic motion, 170, 178 

Angle between forces, 318, 319 

Angle of depression of a light, 76 

Decibel levels, 414—415, 422, 423, 429 

Direction and magnitude of an equili- 
brant, 315, 318 

Distance traveled by a stone, 233 

Finding a required force, 316 

Flight of a model rocket, 375, 377 

Flight of an object, 382 

Force placed on a barge, 327 

[ntensity of a lamp. 196 

Magnitude of forces, 308. 314, 318 

Motion of a spring, 169, 171, 172, 178 

Oscillating spring. 196 

Particle movement, 171, 256 

Path of a projectile, 378 

Path of a rocket, 377 

Pendulum. 171 

Snell's law, 272 

Sound waves, 204 

Speed of light, 67 

Weight of a crate and tension of a rope, 
319 


Sports and Entertainment 

Distance on a baseball diamond, 30] 

Ferris wheel, 126, 129 

Flight of a baseball or softball, 377. 
378, 385 

Golf, 121, 374. 377 

Kicking a football, 382 

Leading NFL receiver, 72 

Movement of a runner's arm, 274 

New York Yankees' payroll, 430 

Race speed, 425 

Revolutions of a CD player, 6 

Shot-putter, 92, 245, 248 

Skydiver fall speed. 432 

Swimmer in distress, 43 

Top WNBA scorer, 73 

Weight of a sled and passenger, 328 


Transportation 

Airplane distance, 76, 81, 302 

Airspeed of a plane, 320, 321 

Angular speed of a motor propeller, 
12] 

Bearing, 77—78, 81, 302, 317—318. 
319, 320, 321 

Bicycle chain drive, 104 

Direction and speed of a plane, 328 

Distance, 81, 90, 105, 283, 300, 319 

Distance and direction of a motorboat, 
320 

Distance between two cities or towns, 
19, 82, 100, 103—104, 125. 297, 
303 

Distance between two structures or 
objects, 82, 84, 90, 92, 283, 284, 
300. 301, 303, 320, 326 

Groundspeed of a plane. 320, 32] 

Height of an airplane, 84 

Hot-air balloon, 329 

Length of a road, 40 

Length of a train, 105 

Mach number, 226 

Movement of a motorboat, 320 

Nautical miles, 106, 273 

Path of a ship, 302 

Path traveled by a plane, 320 

Railroad track expansion, 448 

Rotating propeller, 8, 39 

Speed and direction of a boat, 328 

Speed of a bicycle, 120 


Weather 


Average annual temperature, 142 

Average monthly temperature, 
139—140, 151—152, 154, 177. 
178, 179 

Cloud ceiling, 75 

Maximum temperatures, 116, 176 

Measuring rainfall, 321 

Temperature in Fairbanks, 116, 144 


Index 


A 
Abscissa, 164 
Absolute value, 460 
of a complex number, 342 
Absolute value function, graph of, 460 
Acute angles, 2 
trigonometric functions of, 46 
Acute triangle, 277 
Addition 
of complex numbers. 335 
of ordinates, 164 
property of equality, 433 
Adjacent side to an angle, 46 
Aerial photography. 275. 281 
Airspeed, 317 
Alternate exterior angles, 9 
Alternate interior angles, 9 
Alternating current, 201 
Ambiguous case of the law of sines. 
287 
Amplitude, 135 
of cosine function, 135 
of sine function, 135 
Angle(s), 2 
acute, 2 
alternate exterior, 9 
alternate interior, 9 
between vectors, 31] 
complementary. 3 
corresponding. 9 
coterminal, 5 
of depression, 71 
of elevation, 71. 79 
of inclination, 316 
initial side of, 2 
measure of, 2, 58, 62 
negative, 2 
obtuse. 2 
positive, 2 
quadrantal, 5 
reference, 55 
right, 2 
side adjacent to, 46 
side opposite. 46 
significant digits for, 69 
standard position of, 5 
straight, 2 
supplementary. 3 
terminal side of, 2 
types of, 2 
vertex of, 2 
vertical, 9 
Angle-Side-Angle (ASA). 276 
Angle sum of a triangle. 10 


Angular speed, 117 
applications of, 118 
Applied trigonometry problems. steps to 
solve, 71 
Approximately equal to, 51 
symbol for, 51 
Arc length, 99 
arccos x, 239 
arccot x, 242 
arccsc x, 242 
Archimedes, spiral of, 365 
arcsec x, 242 
arcsin x, 237 
arctan x, 241 
Area of a sector, 10] 
Area of a triangle, 280 
Heron’s formula for, 297 
Argument, [46 
of a complex number, 342 
Asymptote 
pseudo-, 155 
vertical, 155 
Axis 
horizontal, 341 
imaginary, 34] 
polar, 359 
real, 34] 
vertical, 341 
x-, 442 
y-, 442 


B 

Bearing, 77 

Bezier curves, 373 
Braking distance, 68 
British nautical mile, 273 


C 
Calculator graphing of polar equations. 
362 
Cardioids, 366 
Cartesian coordinate system, 442 
Cartestan equations, 361 
Center of a circle, 446 
Center-radius form of the equation of a 
circle, 447 
Change-of-base theorem for logarithms, 
416 
Circle, 446 
arc length of, 99 
center of, 446 
circumference of, 94 
equation of, 446 


eraph of, 446—447 
polar form of, 361—362, 366 
radius of, 446 
sector of, 101 
unit, 108 
Circular functions, 108 
applications of, 112 
domains of, 110 
evaluating, 110 
eraphs of, 113 
Circumference of a circle, 94 
cis 0, 342 
Clinometer, 36 
Closed interval, 438 
Cofunction identities, 47, 199 
Cofunctions of trigonometric functions, 
97 
Combined functions, graph of, 164 
Common logarithms, 413 
applications of, 413 
Complementary angles, 3 
Complex conjugates, 337 
Complex number(s), 332 
absolute value of, 342 
argument of, 342 
conjugate of, 337 
De Moivre's theorem for, 352 
graph of. 341 
imaginary part of, 332 
modulus of, 342 
nth root of, 353 
nth root theorem for, 354 
operations on, 335 
polar form of, 341 
powers of, 352 
product theorem for, 347 
pure imaginary, 332 
quotient theorem for, 348 
real part of, 332 
rectangular form of, 341 
roots of, 353 
standard form of, 332, 341 
trigonometric form of, 341 
Complex plane, 341 
imaginary axis of, 341 
real axis of, 341] 
Components of a vector, 306 
horizontal, 306 
vertical, 306 
Compound interest, 394 
Conchoids of Nicodemes, 373 
Conditional equation, 405 
Conditional trigonometric equations, 249 
factoring method for solving, 250 


1-3 


l-4 index 


Conditional trigonometric equations. 
(continued) 
with half-angles, 256 
linear methods for solving, 249 
with multiple angles, 257 


solving with the quadratic formula, 


250 
steps to solve algebraically. 253 
using trigonometrie identities to 
solve, 252 
Congruence axioms, 276 
Congruent triangles. ] 1. 276 
Conjugate of a complex number. 337 
Constant function, 156 
Continuous compounding, 396 
Contradiction. 435 
Coordinate system 
Cartesian, 442 
polar, 132, 359 
rectangular, 359, 442 
Coordinate (xv) plane, 442 
Coordinates, photographic, 281 
Corresponding angles, 9 
Cosecant function, 21. 29. 155 
characteristics of. 156 
domain of, 156 
graph of, 156 
inverse of, 242 
period of, 156 
range of, 29, 156 
steps to graph. 157 
Cosine function, 21 
amplitude of, 135 
characteristics of, 134 
difference identity for, [98 
domain of, 134 
double-angle identity for, 213 
graph of, 134 
half-angle identity for. 222 
horizontal translation of, 146 
inverse of, 239 
period of, 134. 137 
range of, 29 
steps to graph, 135 
sum identity for. 198 
translating graphs of, 146 
vertical translation of, 148 
Cosine wave, 134 
Cosines. law of, 293 
Cotangent function, 21 
characteristics of, 160 
domain of, 159 
graph of, 159 
horizontal translation of, 164 
period of, 160 
range of, 159 
steps to graph, 161 
vertical translation of, 163 
Coterminal angles, 5 
Curve fitting. 151 
exponential, 397 
sinusoidal, 151 


Cycloid. 373 


D 


Damped oscillatory motion, 170 
Decay. exponential, 397 
Decibel, 414 
Dccimal degrees, 4 
Decreasing function, 456 
Degree measure, 2 
converting to radian measure, 96 
Degree/radian relationship. 94 
table of, 95 
De Moivre, Abraham, 353 
De Moivre's theorem, 352 
Denominator, rationalizing, 28 
Dependent variable, 450 
Depression, angle of, 71 
Derivatives 
of natural logarithmic functions, 415 
of parametric equations, 70 
of trigonometric functions, 189 
Difference identity 
application of, 200, 205 
for cosine, 198 
for sine, 205 
for tangent, 206 
Difference tones, 26] - 262 
Digits, significant, 69 
Direction angle for a vector, 306 
Distance formula, 443 
Division of complex numbers, 338 
Domain(s) 
of circular functions, 110 
of inverse circular functions, 242 
of a relation, 451 
Dot product of vectors. 310 
geometric interpretation of, 311 
properties of, 310 
Double-angle identities, 213 
application of, 216 
simplifying expressions using, 215 
verifying, 215 


E 

e, 370, 396 

Eccentricity, 370 

Elevation, angle of, 71 

Empty set, 435 

Epicycloids, 373 

Equation(s), 433 
Cartesian, 361 
of a circle, 447 
with complex solutions, 333—334 
conditional, 435 
conditional trigonometric, 249 
equivalent, 433 
exponential, 392, 417, 42] 
first-degree, 433 


with inverse trigonometric functions. 


262 
linear, 433 
logarithmic, 403, 421 
parametric, 37 | 


polar, 361, 366 


quadratic, 436 
rectangular, 365 
second-degree, 436 
solution set of, 433 
solution of, 433 
steps to graph, 445 
trigonometric, 249 
types of, 435 
Equilateral triangle, | | 
Equilibrant vector, 315 
Equivalent equations, 433 
Even function, 134 
Exact number, 69 
Exponential decay, 397 
Exponential equations, 392, 417 
solution of, 418, 421 
Exponential functions, 389 
characteristics of the graph of, 391 
graph of, 390 
Exponential growth, 397 
Exponents, 388 
properties of. 388 


E 
Faraday, Michael, 181 
Four-leaved rose. 364 
Fractals, 331. 344 
Frequency, 169 
fundamental, 259 
Function(s), 450. See also 
Trigonometric functions 
absolute value, 460 
circular. 108 
constant, 456 
decreasing. 456 
derivative of, in calculus, 236 
domain of, 451 
even, 134 
exponential, 389 
horizontal translations of, 464 
Increasing, 456 
inverse, 236 
inverse cosine, 239—240 
inverse sine, 237-239 
inverse tangent, 240-241 
logarithmic, 404 
notation, 454 
odd. 133 
one-to-one, 236 
periodic. 132 
range of, 451 
trigonometric, 21, 46 
vertical line test for, 453 
vertical translations of, 464 
Fundamental frequency. 259 
Fundamental identities, 182 
Future value, 394 


Grade resistance, 63 
Graph(s) 
of circular functions, 113 


of combined functions, 164 
of complex numbers, 34] 
compressed. 135 
of cosecant function, 156 
of cosine function, 134 
of cotangent function, 159 
of equations, 445 
of exponential functions, 390 
of inverse cosecant function, 242 
of inverse cosine function, 240 
of inverse cotangent function, 242 
of inverse functions, 239—242 
of inverse secant function, 242 
of inverse sine function. 239 
of inverse tangent function, 241 
of logarithmic functions, 405 
parametric, 371 
of polar coordinates, 361 
of polar equations. 365 
of secant function. 156 
of sine function, 132 
slope of tangent line to, 396 
stretched, 135 
summary of polar. 366 
of tangent function, 160 
Groundspeed, 317 
Growth, exponential, 397 


H 


Half-angle identities, 222 
application of, 222 
simplifying expressions using. 223 
trigonometric equations with, 256 
verifying, 224 
Half-open interval, 439 
Harmonic motion, 168 
Heron of Alexandria, 297 
Heron's formula, 297 
application of, 297 
Heron triangles, 304 
Horizontal axis. 341 
Horizontal component of a vector, 306 
Horizontal line test for one-to-one 
functions, 236 
Horizontal translations, 146, 464 
Hypocycloids, 373 
Hypotenuse, 443 


| 
1.332 
powers of, 337 
simplifying powers of, 337 
Identities, 27, 435. See also 
Trigonometric identities 
i, j unit vectors, 309 
Imaginary axis, 34] 
Imaginary numbers, 332 
operations on, 332 
Imaginary part of a complex number, 
22 
Imaginary unit, 332 
Impedance, 340, 352 


Inclination, angle of. 316 
Increasing function, 456 
Independent variable. 450 
Inequality. 438 
properties of, 438 
three-part, 439 
Initial pomt of a vector, 305 
Initial side of an angle, 2 
Inner product of vectors, 310 
Interest. compound, 394 
Interval, 438 
Interval notation, 438 
Inverse cosecant function, 242 
graph of, 242 
Inverse cosine function, 240 
graph of, 239 
Inverse cotangent function, 242 
graph of, 242 
Inverse functions 
general statement about, 236 
eraph of, 237 
notation for, 236 
summary of. 237 
Inverse secant function, 242 
graph of, 242 
Inverse sine function, 237 
graph of, 239 
Inverse tangent function, 240 
graph of, 241 
Inverse trigonometric equations, 262 
Inverse trigonometric functions 
domains and ranges of, 242 
equations with, 262 
graphs of. 239, 240. 241. 242 
notation for. 238 
summary of, 242 
Isosceles triangle, | | 


J 
Julia set, 344 


L 

Lambert's law, 196 

Latitude, 100 

Law of cosines, 293 
applications of, 294 
derivation of, 293 

Law of sines, 277 
ambiguous case of, 287 
applications of, 278 
derivation of, 277 

Law of tangents, 304 

Legs of a right triangle, 443 

Leibniz notation, 415 

Lemniscate. 366 

Limacons, 366 

Line(s). 2 
parallel. 9 
segment, 2 

Line segment, 2 

Linear equation in one variable, 433 


index l-5 


Linear inequality in one variable, 438 
Linear methods for solving trigono- 
metric equations, 249 
Lincar speed, 116 
Lissajous figures, 373 
Locating points in a plane, 442 
Logarithmic equations, 403 
solution of, 419 
summary of solving methods. 421 
Logarithmic functions, 404, 417 
characteristics of the graph of, 406 
graph of, 405 
Logarithms, 402 
change-of-base theorem for, 416 
common, 413 
definition of, 402 
natural, 415 
properties of, 407 
Longitude, 102 


M 


Mach number, 226 

Magnitude of a vector, 305 
Mandelbrot, Benoit B., 331 

Measure of an angle, 2 

Midpoint formula, 444 

Minute, 3 

Modulus of a complex number. 342 
Mole, 413 

Multiple-angle identity, deriving, 216 
Multiple angles, trigonometric equa- 
tions with, 257 

Multiplication 

of complex numbers. 336 
property of equality, 433 








N 


Natural logarithms, 415 
Nautical mile. 106 
Negative angle, 2 
Negative-angle identities, 182 
Negative-number identities, 182 
Newton, Sir Isaac, 308 
Notation 
function. 454 
interval, 438 
inverse function, 236 
inverse trigonometrie function. 
238 
Leibniz, 415 
set-builder, 438 
nth root of a complex number. 353 
nth root theorem for complex numbers, 
334 
Null set. 435 
Number(s) 
complex. 332 
exact. 69 
imaginary, 332 
mach. 226 








1-6 Index 


O 
Oblique triangle, 276 
data required for solving, 276 
solving procedures for, 278 
Obtuse angle, 2 
Obtuse triangle, 277 
Odd function, 133 
One-to-one function, 236 
horizontal line test for, 236 
Open interval, 438 
Opposite of a vector, 306 
Opposite side to an angle, 46 
Orbital period of a planet, 370 
Ordered pair. 442 
Ordinates, addition of, 164 
Origin, 442 
Orthogonal vectors, 311 


P 
Parabola, 460 
vertex of, 460 
Parallel lines, 9 
transversal of, 9 
Parallelogram rule for vectors. 305 
Parametric equations, 371 
derivatives of, 70 
of a plane curve, 371 
Path of a projectile, 375, 378 
Periodic functions, 132 
period of, 132 
pH, 413 
Phase shift, 146 
Photographic coordinates, 281 
Pi (7). 94 
Plane curve, 371 
Polar axis, 359 
Polar coordinate system, 132, 359 
polar axis of, 359 
pole of, 359 
Polar coordinates of a point, 361 
graph of, 361 
Polar equations, 365 
calculator graphing of, 365 
classifying, 366 
eraph of, 365 
Polar form of a complex number, 341 
Pole of a polar coordinate system, 359 
Polya, George, 72 
Polya’s four-step process for problem 
solving, 72 
Position vector, 306 
Positive angle, 2 
Powers 
of complex numbers, 352 
of i, 337 
Present value, 394 


Product theorem for complex numbers, 


347 
Product-to-sum identities, 216 
Properties 
of equality, 433 
of exponents, 388 


of inequality, 438 

of logarithms, 407 
Pseudo-asymptotes, 155 
Ptolemy. 286 
Pure imaginary numbers, 332 
Pythagorean identities, 31. 183 
Pythagorean theorem, 443 


Q 

Quadrantal angles, 5 

Quadrants, 442 

Quadratic equation, 436 
standard form of, 436 

Quadratic formula. 437 

Quotient identities, 32, 182 


Quotient theorem for complex numbers, 


348 


R 
Radian, 2, 94 
Radian/degree relationship, 94 
table of, 95 
Radian measure, 94 
applications of, 99 
converting to degree measure, 94 
Radius of a circle, 446 
Range(s) 
of inverse circular functions, 242 
of a relation, 451 
of trigonometric functions, 29 
Ray, 2 
r cis 0, 342 
Real axis, 341 
Real part of a complex number, 332 
Reciprocal identities, 27, 182 
Rectangular coordinates, 360 
converting to polar coordinates, 360 
Rectangular coordinate system, 442 
Rectangular equations, 361 
converting to polar equations, 361 


Rectangular form of a complex number, 


341 
converting to trigonometric form, 
342 
Reference angles. 55 
table of, 55 
Reflecting a graph, 461 
Regression, sine, 151 
Relation, 450 
domain of a, 451 
range of a, 451 
Resultant vectors, 308 
Right angle, 2 
Right triangles. |] 
applications of, 77 
hypotenuse of, 443 
legs of, 443 
solving. 68 
Right-triangle-based definitions of 
trigonometric functions, 46 


Root, 433 
Roots of a complex number, 353, 355 
Rose curves, 364, 366 


S 
Scalar product of a vector, 306 
Scalars, 305 
Scalene triangle, 11 
Secant function, 20, 156 
characteristics of, 156—157 
domain of, 156 
graph of, 156 
period of, 157 
range of, 156 
steps to graph, 157 
Second, 3 
Sector of a circle, 101 
area of, 101 
Segment of a line, 2 
Semiperimeter, 297 
Set-builder notation, 438 
Shrinking a graph, 460 
Side adjacent to an angle, 46 
Side-Angle-Angle (SAA), 276 
Side-Angle-Side (SAS), 276 
Side opposite an angle, 46 
Side-Side-Side (SSS), 276 
Significant digits, 69 
Signs of trigonometric functions, 28 
Similar triangles, I 1 
conditions of, | 1 
Simple harmonic motion, 168 
Sine function, 133 
amplitude of, 135 
characteristics of, 135 
difference identity for, 205 
domain of, 133, 135 
double-angle identity for, 213 
graph of, 132 
half-angle identity for, 222 
horizontal translation of, 146 
inverse of, 237 
period of, 133, 137 
range of, 133 
steps to graph, 138 
sum identity for, 205 
translating graphs of, 146 
Sine regression, 151 
Sine wave, 133 
Sines, law of, 277 
ambiguous case of, 287 
Sinusoid, 133 
Snell’s law, 67, 272 
Solar constant, 144 
Solution, 433 
Solution set, 433 
Solving triangles, 69, 276 
Sound waves, 145, 204 
Special angles, trigonometric function 
values of, 49, 55 
Speed 
angular, 117 
linear, 116 


Spiral of Archimedes, 365 
Square root property, 436 
standard form 

of a complex number, 332, 341 

of a quadratic equation, 436 
Standard position of an angle, 5 
Straight angle, 2 
Stretching a graph, 460 
Subtense bar method, 79 
subtraction 

of complex numbers, 335 

of vectors, 306 
Sum identity 

application of, 200, 206 

for cosine, 198 

for sine, 205 

for tangent, 206 
Sum-to-product identities, 217—218 
Supplementary angles, 2 
Swallowtail catastrophe curves, 373 
Symmetry, 461 —463 


T 


Tangent function 
characteristics of, 160 
difference identity for, 206 
domain of, 160 
double-angle identity for, 213 
eraph of, 160 
half-angle identity for, 222 
inverse of, 241 
period of, 160 
range of, 160 
steps to graph, 161 
sum identity for, 206 
vertical translation of, 163 

Tangents, law of, 304 

Terminal point of a vector, 305 

Terminal side of an angle, 2 

Theorem on inverses, 410 

Three-part inequality, 439 

Threshold sound, 414 

Tournachon, Gaspard, 275 

Translations, 392, 463—465 

Transversal, 9 

Triangle(s). 10 
angle sum of, 10 
applications of, 13 
area of, 280, 297 
congruent, I] 
oblique, 276 
perfect, 304 
similar, 11 
solving, 69, 276 
types of, 11 

Triangulation, 302 

Trig viewing window, 135 

Trigonometric equations 
conditional, 249, 250, 256, 257 


with half-angles, 256 
inverse, 262 
linear methods for solving, 249 
with multiple angles, 257 
quadratic methods for solving, 250 
solving by factoring, 250 
solving by squaring, 252 
solving using the quadratic formula, 
251 
Trigonometric form of a complex 
number. 341 
Trigonometric functions, 20, 27 
of acute angles, 20 
circular, 108 
cofunctions of, 47, 199 
combinations of translations of, 149 
definitions of, 20, 27 
derivatives of, in calculus, 189 
domains of, 110 
finding values of, 21 
inverses of, 236 
of non-acute angles, 55 
of quadrantal angles, 23 
ranges of, 29 
right-triangle-based definitions of, 
46 
of special angles, 49, 55 
translation of, 146 
undefined function values of, 24 
using a calculator to find values of, 
62 
values for angles in radians, 96 
Trigonometric identities, 27, 182 
cofunction, 47, 199 
difference, 197, 205, 206 
double-angle, 213 
fundamental, 182 
half-angle, 222 
negative-angle, 182 
negative-number, 182 
product-to-sum, 217 
Pythagorean, 31, 183 
quotient, 32, 182 
reciprocal, 27, 182 
sum, 198, 205, 206 
sum-to-product, 217—218 
verifying, 188 
Trigonometric model, 139 
Trochoid, 373 


U 

Unit, imaginary, 332 
Unit circle, 108 

Unit vector, 108 
Upper harmonics, 259 


V 
Variable 
dependent, 450 


Index l-7 


independent, 450 
Vector(s), 305 
algebraic interpretation of, 306 
angle between, 311 
applications of, 315, 317 
components of, 306 
directton angle for, 306 
dot product of, 310 
equilibrant of, 315 
horizontal component of, 306 
i, j units, 309 
initial point of, 305 
inner product of, 310 
magnitude of, 305 
operations with, 308 
opposite of, 306 
orthogonal, 311 
paralielogram rule for, 305 
position, 306 
quantities, 305 
resultant of, 308 
scalar product of, 306 
symbol for, 305 
terminal point of, 305 
unit, 309 
vertical component of, 306 
zero, 306 
Verifying trigonometric identities, 188 
Vertex of an angle, 2 
Vertex of a parabola, 460 
Vertical angles, 9 
Vertical asymptote, 155 
Vertical axis, 34] 
Vertical component of a vector, 306 
Vertical line test, 453 
Vertical translations, 148, 464 


W 
Wave 

sine, 133 

sound, 145, 204 
Witch of Agnesi, 373 


X 
x-axis, 442 
x-intercept, 445 


Y 


y-axis, 442 
y-intercept, 445 


Z 


Zero-factor property. 436 
Zero vector, 306 


Concept Check exercises focus on 
mathematical thinking and 
conceptual understanding. 
Mathematics involves more than 
notation, calculations, and formulas; 
pausing to think about the 
underlying concepts will help you 


equation. 


3. S sec? x = 6 sec x 
5. 9six— 5sinx 
7. tanx — cotx — 0 


remember and apply them correctly 
when the time comes. 


Additional complete, step-by-step solutions 
are now provided at the back of the text for 
selected exercises. These are solutions to 







exercises that extend the skills and concepts 
presented in the examples — actually 
providing you with a pool of examples to 
different and/or more challenging problems. 





Chapter 1 Summary | 1 


KEY TERMS 


3! Wee Negative angle i — congroeet triangics | 


tine segment (or degree angle in standard 13 sine 
segment) acute angle position cosine 

ray right angle quedrantal angle tangent 

angle obtuse angle coterminal angles cotangent 

initial side straight angle 12 vertical angles secant 

vertex of an angle transversal 

es oe supplementary angles sattarttiacigles 
NEW SYMBOLS " | 
8 Greek letter theta ' minute 
o degree " second 
QUICK REVIEW | 

CONCEPTS ELAM PLES 

13 Trigonometric Functions Ex Le 


Definitions of the Trigonometric Functions 


If the point (—2, 3) is on the terminal side of angle 0 in 
Let (x. y) be a point other than the origin on the terminal side 


standard position, then x = —2, y = 3, z = V4 + 9 = 


of an angle @ in standard position. Let r = Vx? + y?, the "13. and 
distance from the origin to (x, y}. Then i 
i 3 uil. ing 33 . avi eae 
sin 9= © cos 0 = = tanos (x # 0) sin 8 TEL os 8 TER tan 8 A 
Y 13 Vi 
esc = ( #0) ee = E #0) em O= “ly 9. ce B=, iis RES TEE 


See the summary table of trigonometric function values [or 
quadrantal angles on page 24. 


7.4 Using the Definitions of the Trigonoaseirir 
Functions 


Reciprocal Identities 
42 5 Tes 1 The preceding examples given for Section 1.3 satisfy these 
ade Ly OOS identities. For example, 
1 1 1 L 1 3 
= — = — —— tan f = — = m = -—, 
cac 0 zn 6 sec 0 ae mon cae —i > 


Mark dar. 


ae Concept Check Refer to the summary box on solving a trigonometric equation. Decide 
! on the appropriate technique to begin the solution of each equation. Do not solve the 


1. 2cotx - 1=-] 


SEE. 31. Solve 2 sin 6 = 2 cos 20. 












2. sinx + 2 = 3 
4. 2co?x — cosx = 1 
6. tax — 4tanx + 2=0 
8. cos? x = sin’? x + 1 


= | 





2 sin 0 = 2 cos 20 
sin 0 = cos 20 
sin 0 = 1 — 2sin’ @ 


i 







2sin'0--sin0—1-20 
(2 sin 8 — 1)(sn 6+ 1) - 0 
2sin0—1-70 sin@+1=0 










Or 





OT sin @ = -1 





I 
: = — 
sın - 





Over the interval [0°, 360°), the equation sin 0 = $ has 
two solutions, 30° and 150°. Over the same interval, the 
equation sin 0 = —1 has one solution, 270°. 


Solution set: {30°, 150°, 270°} 


dE Extensive end-of-chapter summaries 
help you prepare for quizzes and 
tests. Each end-of-chapter summary 
includes a section-by-section list of 
Key Terms and/or New Symbols, 
and a Quick Review of Concepts 
illustrated by a multitude of 
Examples. This comprehensive 
review is a hallmark feature of the 
Lial/Hornsby/Schneider systematic 
approach to student success. 


3.1 Conversion of Angular Measure 


Degree/Radian Relationship: 180° = 7 radians 


Conversion Formulas: 
Multiply by 


Degrees Radians 


Radians Degrees 
5.1 Fundamental Identities 


] 
sec 0 = 
cos B 


cot 0 = 


cos 0 
cot d= 


tan 0 — 
sin 8 


sin 8 + cos 8— | tan 0 + ] = sec’ 0 


sin( — 8) = —sin 8 cos( — 0) = cos 0 tan(—80) = —tan 0 


csc( —0) = —csc 0 sec( — 0) = sec 0 cot(—@) = —cot 8 
5.3, 5.4 Sum and Difference Identities 

cos(A + B) = cosA cos B — sinA sin B 

cos(A — B) ^ cos A cos B + sin A sin B 

sin(A + B) = sin A cos B + cos A sin B 

sin(A — B) ^ sin A cos B — cos A sin B 


tan A + tan B 


tan(A + B) = —————— 
| — tan Á tan B 


tan A — tan B 


tan(A — B) = —————— 
1 + tan A tan B 


5.3 Cofunction Identities 
cos(90° — 0) = sin 0 
sin(90° — 0) = cos 8 
tan(90° — 0) = cot 8 
cot(90? — 8) — tan 0 
sec(90° — 0) = esc 0 


csc(90? — 0) = sec 0 


7.1 Law of Sines 
In any triangle ABC, with sides a. b, and c, 

a b a E b é 
F x dm i = : and - = — 
sin A sin B sin Á sin C sing sinC 
Area of a Triangle 


The area of a triangle is given by half the product of the lengths of 
two sides and the sine of the angle between the two sides. 


1 l | 
a= ei bc sin A. a= > ab sin C, A= = ac sin B 


_ - = 


1 + cot? 8 = esc? 0 


3.2 Applications of Radian Measure 
Arc Length: s = r, ĝin radians 


l, l i 
Area of Sector: A = yro, 0 in radians 


à 


3.4 Angular Speed Linear Speed 


0 

w = — 

f 

(w in radians per 
unit time, @ in 
radians) 


5.5 Product-to-Sum and Sum-to-Product Identities 
| 

cos A cos B = 7; [cos(A + B) + cos(A — B)] 
l , 

sin Á sin B = => [cos{A — B) — cos(A + B)] 

sin Á cos B = L [sin(a + B) + sin(A — B)] 


[sin(A + B) — sin(A — B)] 


: : {A+B A— B 
sinA + sin 8 = 2 sin = e = 


A+B A 
ina = sin B = 2 con( m )sin( 
A-—B 
2 


.(A*- BV . f{A-B 
cos A — cos B = —2 sin z sin : 


cos A sin B = 


°) 


2 


OS 
COS 


A+B 
cos A + cos B = 2 cos : 


— 


d 


5.5, 5.6 Double-Angle and Half-Angle Identities 
cos 2A = cos? A — sin A cos 2A = ] — 2 sir A 


2cos'A — | sin 2A = 2sinAcosA 


] + cosA 
= +, /———— 
2 
| — cos A 
Eá 
| + cosA 


_ b= 0s A 


cos 2A 


2 tan A A 


tan 2A = —————— 
l — tan A 2 


sin Á 
1.3 Law of Cosines 
In any triangle ABC, with sides a. b, and c. 
ad? = b c — 3bccos A, b = q + c* — Rac cos B, 
and c^ aq db» — ab cos C. 
Heron's Area Formula 


If a triangle has sides of lengths a. b. and c, with semiperimeter 
s — Iia + b + c), then the area of the triangle is 





al = Vsls — a)(s — b)(s — c). 





